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PUBLISHER’S NOTE 


Professor R. J. T. Bell’s Elementary Treatise on Coordinate 
Geometry of Three Dimensions embodied a course of geometry 
wliich was designed to meet the needs of students of botli pure 
and appbed mathematics. For the former it is an introduction 
to longer works on tiie subject wliich they will come to later in 
their course ; for the latter, it gives a fairly complete e.xpositiou 
of the properties of the plane, the straight line and the coni- 
coids. 

It is realised, however, that there is now a number of 
students, who.se interest in pure mathematics will not 
extend beyond the requirements of pass degree examinations 
in mathematics. For them Chapters MX of the complete 
treatise, completing the work on the central surfaces, is 
suflicient. It has accordingly been arranged to i.ssue the first 
nine cliapters of the book as a separate book. For this pur¬ 
pose the author has selected the appropriate Miscellaneous 
Examples (II) and has provided a new set in addition (I). He 
ha.s also added an appentlix suggesting some simplified 
methods he has developed since the original book was written, 
and made a number of minor alterations. 

Hay, 1938. 
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CHAPTER 1. 


SYSTEMS OF COORDINATES. THE EQUATION 

TO A SURFACE. 


1. Se^entS. Two segments AB and CD are said to 
have the same direction when they are coilinear or paiallel, 
and when B is on tlie same side of A as D is of C If AB 
and CD have tlie same direction, BA and CD have opposite 
directions. If AB and CD are of the .same lem^th and in 

O 

the same direction they are said to be equivalent segments. 

2. If A, B, C, ... N, P are any points on a .straight 
line X'OX, and the convention is made that a seinnent of 
the straight line is po.sitive or negative according as its 
direction is tliat of OX or OX', then we have tiie Ibllowim^ 
relations; 


AB=-BA; OA + AB = OB, or AB = OB-OA, 

or OA + AB+BO = (): 

OA + AB + BC+... NP = OP. 

If Xj^, are tlie ineasure-s of OA and OB, ie. the ratio.s of 
OA and OB to any positive .segment of unit length, L, tlien 

OA = a:,L, 0B = X 2 L, 
and AB=(a-.t,)L, 

or the measure of AB is x^ — x^. 

3. Coordinates. Ut x'OX, Y'oy. Z'OZ be any three 
fixed intersecting lines which are not coplanar, and who.se 
positive directions are chosen to be X'OX, Y'OY, Z'OZ; and let 
planes through any point in space, P. parallel respectively 
to the planes YOZ, ZOX, XOY, cut X'x, Y'Y, Z'z in A, B, C, 
(fig. 1), then the position of P is known when the segments 
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OA, OB, OC are given in magnitude and sign. A con¬ 
struction for P would be: cut off from OX the segment OA, 
draw AN, through A, equivalent to the segment OB, and 
draw NP, through N, equivalent to the segment OC. OA, 

OB, OC are known when their measures are known, and 
these measures are called the Cartesian coordinates of P 
with reference to the coordinate axes X'OX, Y'OY, Z'OZ. 
The point O is called the origin and the planes YOZ, ZOX, 
XOY, the coordinate planes. The measure of OA. the 
segment cut off from OX or OX' by the plane through P 
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parallel to YOZ, is called the x-coordinate of P; the measures 
of OB and OC are the i/ and c-coordinates, and the symbol 
P. (‘V, ?/, s) is used to denote, “ the point P whose coordinates 
arc X, I/, r.” The cooixlinate planes divide space into eight 
parts called octants, and the signs of the coordinates of a 
point determine the octant in which it lies. The following 
table shews the signs for the eight octants: 

Octant joXYZloX YZIoX'Y'ZioXY'Z OXYZ' OX'YZ't OX'Y'Z’ OXY'Z' 
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It is generally most convenient to choose niutnally 
perpendicular lines as coordinate axes. The axes are then 
“ rectangular,” otherwise they are “ oblicjue.” 

Ez. 1. Sketch in a figure the positions of the points : 

( 8 , 0, 3), (- 2. -1, 5;, ( - 4, - 2, 0), (0, 0, - G). 

Ex. 2. What is the locus of the point, (i) whose j -cooi clinate is 3, 
(ii) whose .r-cooi'dinate is 2 and whose y-coordinate is -4 ? 

Ez. 3. What is the locus of a point whose coordinates satisfv 
(i)x= 0 and y= 0 ; (ii) a-=« and y =0 ; (in) j and ; {iv); = c 
andy= 6 ? 

Ez. 4. If OA = a, OC=*c, (fig. 1), what are tlio eipiutions to 

the planes PNBM, PMCL, PNAL? What equations are satislied hv 
the coordinates of any point on the line PN I 

4. Sign of direction of rotation. By assigning positive 
directions to a system of rectangular axes X'X, Y'Y, z'z, we 
have fixed the positive directions of the normals to the 
coordinate planes YOZ, ZOX, XOY. Retaining the usual 
convention made in plane geometry, the positive direction 
of rotation for a ray revolving about O in the plane XOY 
is that given by XYX'Y', that is, is counter-clockwise, if the 
clock dial bo suppo.sed to coincide witli the plane and fi'onl 
in the positive direction of the normal. Hence to fix the 
positive direction of rotation for a ray in ani/ plane, we 
have the rule: if a dock dud is considered to coincide 
with the plane and front in the positive direction of the 
normal to the plane, the positive direction of rotation 
for a ray revolvivy in the plane is counter dockwm. 
Applying this rule to the other coordinate planes the 
positive directions of rotation for the planes YOZ, ZOX 
are seen to be YZY'Z'. ZXZ'X'. 

The positive dii-ection of rotation for a nlatic can also he foiitul by 
coiisidui irig that it is the direction in which a riglit-liaiulcd gimlet or 
corkficrew ha.s to he turned so that it may move forward in the jawilive 
direction of the normal to the plane. 

Ez. A plane ABC meets the axes OX, OY, OZ in A. B, C, and 
ON in the normal from O. If ON i.s cho.sen a.s the jaisitive direction 
of the norma!, and a point P moves rmiml the perimeter of the 
triangle ABC in the direction ABC, wliat is the sign of tlje direction 
of roution of NP when OA, OB, OC are (i) all positive, (ii) one 
negative, (iii) two negative, (iv) all negative ? 
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6. Cylindrical coordinates. If x'ox, y'oy, z'OZ, are 
rectangular axes, and PN is the perpendicular from any 
point P to the plane XOY, the position of P is determined 
if ON, the angle XON, and NP are known. The measures 
of these quantities, u, tp, z, are the cylindrical coordinates 
of P. The positive direction of rotation for the plane XOY 
has been defined, and the direction of a ray originally 
coincident with OX, and then turned through the given 
angle tp, is the positive direction of ON. In the figure, 
u, <p, z are all positive. 

If the Cartesian coordinates of P are x, y, z, those of N 
are x, y, 0. If we consider only points in the plane XOY, 
the Cartesian coordinates of N are x, y, and the polar, u, <p 
Therefore 

a; = ucos0, y = u&mip\ v?=x^-{-y'^, iATHp—yjx. 



6. Polar coordinates. Suppose that the position of the 
plane OZPN, (lig. 2), hits been determined by a given value 
of <p, then we may define the positive direction of the 
normal tlii'ough O to the plane to be that which makes an 
angle f;i + 7r/2 with X'OX. Our convention, (§4), then fixes 
the positive direction of rotation for a ray revolving in the 
plane OZPN. The position of P is evidently determined 
when, in addition to <p, we are given r and 6, the measures 
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of OP and lZOP. The quantities r, Q, 0 are the polar 
coordinates of P. The positive direction of OP is tliat of a 
ray originally coincident with OZ and then turned in the 
plane OZPN through the given angle d. In the figure, OM 
is the positive direction of the normal to the plane OZPN, 
find r, d, <f> are all positive. 

If we consider P as belonging to the plane OZPN and OZ 
and ON as rectangular axes in that plane. P has Cartesian 
coordinates z, u, and polar coordinates r, d. Therefore 

2=rcosd, u = rsind; tand=-. 

A 

But if P is (x, y, z), x = u cos 0 , ?/ = u sin 0. 

Whence a; = r sin d cos 0, i/ = rsin dsia 0, c = )*cosd; 

= tan d = tan0 = ^^ 

z ^ X 

Cor. If the axes are rectangular the distance of (a:, y, z) 
from the origin is given by Jx'^^yi^zK 


Ex. 1. Draw figures shewing the positions of tlie jwints 
What are the Cartesian cooidinatcs of the points f 

Ex. 2. Fitidthepolarcoordinatesofthenoitits(3,4,5),(-2.1. -2) 

so that r may be positive. ’ 


A71I. ( 5 ^ 2 , ( 3 , ^+taii->^ ^ + taD-‘ 2 ), 

where tan-‘ | 2 are acute angles. 


Ex. 3. Shew that the distance of the point (1, 2, 3) frojn the 
coordinate axes are Vl3, -s/lO, V.'). 

^ ('*) the cylindrical, (iii) the polar 

equation of the sphere whose centre is the origin and radius 4 

Ans. (i)x*+yH 2 * = 16. (ii) w*+r*=16, (iii) r = 4. 

(0 the polar, (ii) the cylindrical, (iii) the Cartesian 
ef)uation of the right circular cone whoso vertex is O, axis OZ and 
eeniivertica) angle a. ’ 

Ans. (i) d=a^ (ii) « = ztana, (iii) j:®+y*=j*tan®a. 

Er 6 . Find (i) the cylindrical, (ii) the Cartesian, (iii) the polar 
equation of the right circular cylinder whose axis is OZ and radius a. 

Am. (i) u=a, (ii) .t^+y*=a*, (iii) rsin^sa. 
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Ex. 7. Find (i) the polar, (ii) the Cartesian equation to the plane 
through OZ which makes an angle a with tlie plane ZOX. 

Atu. (i) (ii) =x tan a. 

7. Change of origin. Let x'ox, y'oy, Z'OZ ; a wa, /3'(o/3, 
y'tay, (fig. 3), be two sets of parallel axes, and let any point P 
be (x, y, z) referred to the first and (^, t], referred to the 
second .set. Let <a have coordinates a, b, c, referred to 
OX, OY, OZ. NM is the line of intersection of the planes 
/3<oy, XOY, and the plane through P parallel to ^wy cuts 
in GH and XOY in KL. 



Fio. s. 


Then OL = OM + ML = OM + a)H, 

therefore cr = a4-^. Similarly, y^b-\-t}, 5 = c+^; 

whence ,} = y — b, ^=s —o. 

Ex. 1. The cwrdiiiate.s <.tf (.3, 4, 5), (-1 -5,0), referred to parallel 
axes thio\igh { - 2, - 3, - 7), are O'), 7, 12), (1, -2, 7). 

Ex. 2. Kind the ilistanec between P, (.r,, >/,, s,) and Q, (.rg, .j), 

the axes being rectangular. 

Change the origin to P, and the cooi-dinates of Q become .Tj-Xj, 
Vi~y\t nnd the distance is given by 

{(-^3 - + 0 ^ 3 -HiP-I? ) 

Ex. 3. The axes are rectangular and A, B are the points (3, 4, 5), 
(-1. 3, -7). A variable point P has ooorxlinates x, v, z. Find the 
equations s.atislied bv x, v, if (i)PA=PB, (ii) PA2+PB2=2R 
(iii) PA-^-PB-‘ = 2/(--. 

Ajis. (i) ar + 2v + 24-- + 9 = 0, 

(i i) 2.I.-2 + 2.y2 + 2z^ - 4,r - 14y + 4; +109 = 2^-*, 

(iii) 8x + 2//+24.- + 9 + 2Z2 = 0. 
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Ex. 4, Find the centi-e of the sphere through the four points 
(0, 0,0), (0, 2, 0), (1, 0, 0), (0, 0, 4). Am. (i I, 2). 

Ex. 5. Find the equation to the sphere whose centre is (0, 1, - 1) 
and radius 2. Ans. x^+^-+z^-'2i/ + '2z=2. 

Ex. 6. Prove that j:*-/+**--4j-+2y+6z+12 = 0 represents a 
right circular cone whose vertex is the point (2, 1, -3), whose axis 
is parallel to OY and whose seniivertical angle is 45*. 

Ex. 7. Prove that i- 24 -y 2 + 2 ®- 2 x+ 4 y- 62-2 = 0 represents a 
sphere whose centre is at (1, - 2, 3) and radius 4. 


8. To find the coordinates of the point which divides the 
join of P, (Xi. yp and Q, (x,, y,. 0.) in a given ratio, 

X:l. 

Let R, {x, y, 2 ), (fig. 4), be the point, and let planes through 
P; Q, R, parallel to the plane YOZ, meet OX in P', Q', R'. 



Then, since tliree parallel planes divide any two straight 
lines proportionally, P'R': P'Q' = PR: PQ = X:X + 1 . 'Iherefore 


X—.Xj X 

Xj —Xi~X + l’ 



Xx.>+x, 

“'=ic+r- 


Similarly, 


^"T+T’ X+I 


These give the coordinates of R for all real values of X 
positive or negative. If X is positive, R lies between P and 
Q; if negative, R is on the same side of both P and Q. 

Cor. The mid-point of PQ is 


/Xj-I-X., yi + ?/2 2 i+2.A 

2 /■ 
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£x. 1. Find the coordinates of the points that divide the join of 
(2, - 3, 1), (3, 4, - 5) in the ratios 1:3, -1 : 3, 3 : - 2. 



Ex. 2. Given that P, (3, 2. - 4); Q, (5, 4, - 6) ; R, (9, 8, -10) are 
collinear, find the ratio in which Q divides PR. Why can the ratio be 
found by considering the .r-coordinatea only 1 Am. 1 ; 2. 

Ex. 3. A, (j?i, .Vi, ^j); B, (uj, yj, Sj); 
are the vertices of a tetrahedron. Prove that A, the centroid of the 
triangle BCD, has coordinates 

j-a +j3+.r4 ^a+^3+^4 

3 ’ 3 ’ 3 ■ 

If B', O', D' are the centroids of the triangles CDA, DAB, ABC, prove 
that AA', BB’, CC’, DD' divide one another in the ratio 3 : 1. 

Ex. 4. Shew that the lines joining the mid-points of opposite 
edges of a tetrahedron bisect one another, and that if they be taken 
for coordinate ase-s the coordinates of the vertices can be written 
(a, h, c), (ff, - h, - c), ( - a, b, - c), ( - a, - b, c). 

Ex. 5. Shew that the coordinates of any three points can be put 
ill tlie form (<i, b, 0), (o, 0, c), (0, 6, c), a fourth given point being taken 
as origin. 

Ex. 6. The centres of gravity of the tetiabedi-a ABCD, A'B'C'D', 
(Ex. 3), coincide. 

Ex. 7. Find the ratios in which the coordinate planes divide the 
line joining the |)oints ( - 2, 4, 7), (3, - 5, 8). Am. 2:3, 4:5, —7:8. 

Ex. 8. Find the ratios in wliich the sphere j;^+y-+r2=504 divides 
the line joining the points {12, - 1, 8), (27,-9, 18). Am. 2:3, —2:3. 

Ex. 9. 'I'lie .sphere _2.C+6//+14*-|-3a»0 meets the line 

joining A, (2, - 1, - 4); B. (.5, 5, 5) in the points P and Q. Prove 
that AP: PB «-AQ: QB = 1 :2. 

Ex. 10. A is tlie ])oint (-2, 2, 3) and B the point (13, —3, 13). 
\ point P moves so tlnii 3PA = 2PB, Prove that the locus of P is 
I lie sfiln.Tc given liy 

-I- z- + 2ai- - 12v -I-10; - 247 = 0, 

■ir.d verify that thi.s sphere divide.s AB internally and externally in 
the ratio 2 ; 3. 

Ex. 11. From the point (1, -2,3) lines are drawn to meet the 
-Sphere .i--f-y--j-c- = 4, and they are divided in the ratio 2:3. Prove 
that the point.s of section lie on the sphere 

:y.i^ + 5.1/2 + 5;2 - C.r +12y - 18; -t- 22 = 0. 

9. The equation to a surface. Aiiy equaiion involviTig 
one or more of the cni'rent coordinates of a vaHahle 
yoint represents a surface or system of surfaces which 
is the locus of the varinhlc point. 
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The locus of all points whose a'-coordinates are equal 
to a constant a, is a plane parallel to the plane YOZ, and 
the equation x = a. represents that plane. If the equation 
/^(®) = 0 has roots ap 04, ... a.„, it is equivalent to the 

equations x=i(x^, x = ... x = a„. and therefore represents 
a system of planes, real or imaginary, parallel to the plane 
YOZ. 

Similarly,/(i/)= 0 , /(2)=0 represent systems of planes 
parallel to ZOX, XOY. In the same way, if polar coordinates 
be taken, /(r) = 0 represents a system of spheres with a 
common centre at the origin,/( 0 ) = O, a system of coaxal 
right circular cones whose axis is OZ./(0)=O, a system of 
planes passing through OZ. 

Consider now the equation /{.r, i/)“ 0 . This equation is 
satisfied by the coordinates of all points of the curve in the 
plane XOY whose two-dimensional equation is f{x, y )=0 



P. (fig- ■^)> point of the curve, have coordinates 
® 0 ‘ Vo' Draw through P a parallel to OZ, and let Q be 
any point on it. Then the coordinates of Q are x^, i/q, z^, 
and since P is on the curve, y(,) = 0 , tlms the coordinates 
of Q satisfy the ecpiation f{x,y) = il Therefore the co¬ 
ordinates of every point on PQ .satisfy the equation and 
every point on PQ lies on the locus of the equation. But 
P is any point of the curve, therefore the locus of the 
equation is the cylinder generated by straight lines drawn 
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parallel to OZ through points of the curve. Similarly, 
/(2/» 2) = 0> = 0 represent cylinders generated by 

parallels to OX and OY respectively. 

Ex, What surfaces are represented by (i) (ii)y8=4aa*, 

the axes being rectangular? 

Two equations are necessary to determine the curve in 
the plane XOY. Tlie curve is on the cylinder whose equa¬ 
tion is f{x, y) = 0 and on the plane whose equation is z = 0, 
and hence" the equations to the curve”are f(x,y) = (),z = 0. 

Ex. What curves are represented by 
(i) +//-**a®, 3=0 ; (ii) z=h ; (in) z^=AaXy 



(The surface shewn is represented by the equation 

Consider now the equation /(.r, y, s) = 0. The equation 
z = h represents a plane parallel to XOY, and the equation 
y< /'■) = 0 represents, as we have just proved, a cylinder 
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generated by lines parallel to OZ. Tlie e(]uatio!i/(a', y, k) - 0 
is satisfied at all points wliere f{.c, y, ::) = 0 and z = k arc 
simultaneously satisfied, i.c. at all points common to the 
plane and the locus of the equation/(.r, y, c) = 0, and licncc 
f{Xy y, k) = 0 represents the cylinder generated by lines 
parallel to OZ which pass through the common points, (fig, (i). 
The two equations /{.r, y,k) = 0, z = k represent the curve 
of section of the cylinder l)y the plane z = k, which is tlie 
curve of section of the locus by the plane z = k. If, now, 
all real values from — x to +x l)e given to k. the curve 
/(^. y> k) = 0, z==k, varies continuously and generates a 
surface. The coordinates of every point on this surface 
satisfy the equation f{x, y, :) = 0, for they sjilisfy, for some 
value of k, f{x, y, k) = 0, ; = /.•; and any point (.rp y^, Cj) 
whose coordinates satisfy /(.r, y, 2) = 0 lies on the .surface, 
for the coordinates satisfy f{.c, y, 0 ,) = O, : = 5j,and there¬ 
fore the point is on one of the curves which generate the 
surface. Hence the etpiation /(.»•, y, :) = () represents a 
surface, and the surface is the locus of a variable point 
whose coordinates .satisfy the equation. 


Ex. 1. Discius.? the form of tlie sui face represented by 

.r-2/aH//W+jV'=l- 

The section by the plane z=k has ecinations 

z = l\ 

The section is thciefore a real ellipse if i.s inia-^iiiaiy if 

and reduces to a point if lr-=c’. Tlie .surf.ice i.'s tlu-rcfurc gcin-ratcd 
by a variable ellipse wliose plane is parallel to XOY and whoso centre 
18 on OZ. The ollipso inrri’ase.s from a jK)int in the plane := -e to 
the ollipso in the plane XOY which i.s »iven by 1, and 

then decreases to a point in the iilaiie 'Hie surface is the 

eilipMoul, (fig. 29 ). 


Ex. 2. What surfaces are repiesentcd by the eipiations, referred 
to rectangular axe.s, 

(i) + = (ii) jr+.y- = 2a;? 

Ex. 3. Discuss the forms of the surfaces 





.r 


a 


+• - 



(i) The hyperboloid of one sheet (fig. 30). 

(ii) The hypei boloid of two sheets (tig. 31). 
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Ex. 4. What loci are represented by 

(i) /(«)=0, (ii) f{z)=0, (iii) /(r, 0)=O, 

(iv) /(0, (v) /(r, <^)=0, (vi) /(u, ^)=0 ? 

Ans. (i) A system of coaxial right cylinders ; (ii) a system of planes 
parallel to XOY ; (iii) the surface of revolution generated by rotating 
the curve in the plane ZOX whose polar equation is /(r, 0)=O about 
the z-axis ; (iv) a cone whose vertex is at O ; (v) a surface generated 
by circles whose planes pass through OZ and wnose dimensions vary 
as the planes rotate about OZ ; (vi) a cylinder whose generators are 
parallel to OZ, and whose section by the plane z=0 is the curve 
f {u, <^)=0. 

10. The equations to a curve. The two equations 
/j(x, y, s) = 0, f^ix, y, s) = 0 represent the curve of inter¬ 
section of the two surfaces given by fi{x,y,z) = 0 and 
y. s) = 0. If we eliminate one of the variables, z, 



Fig. 7 .shews part of the curve of intersection of the sphere 
+ + And the right circular cylinder + The 

cylinder wlnoli projects the curve on the plane x = 0 is also shewn. 

Its equation is + Tho projection of the curve 

nn the plane ZOX is the parabola whose equations are 
2* = a{a - x). 

say, between the two equations, we obtain an equation, 
y) — 0, which represents a cylinder whose generators are 
parallel to OZ. If any values of x, y, s satisfy y, z) = 0 
and f„(x, y, c) = 0, they satisfy <p{;x, y) — 0 , and hence the 
cylinder passes through the curve of intersection of the 
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surfaces. If the axes are rectangular (p{x, y)=0 represents 
the cylinder which projects orthogonally the curve of 
intersection on the plane XOY, and the equations to the 
projection are <p{x, i/)=0, 2 = 0. 


. Ei. 1. If the axes are rectangular, what loci are repi-esented by 
2 (ii) y^=4a^; (ii!) a'"+/=a^ 


“ft*, (a 2 > 62 )? 


Ex. 2. Find the equations to the cyliiidei's with geiieiatnr.s parallel 
to OX, OY, OZ, which pass through the curve of intersection of the 
surfaces represented by +f' +2;* = 12, x -//+:= 1 . 

Ant. 2y2-2yr+3^*+2y-2.’-ll=0, 2a-2 + 2.r; + 3;2-2x-2r-11 =0, 

Sx* - 4xy+3y 2 - 4x+4y -1 0 = 0 . 


11. Surfaces of revolution. Let p. (0, y,, 2 j). (fig, 8), 
be any point on the curve in the plane YOZ wliose Cartesian 
equation is f{y, z) =0. Tlten 






The rotation of the curve alwut OZ produces a surface 
of revolution. As P move.s round the surface, 2 ,, the 
^•coordinate of P remains unaltered, and a, the distance 
of P from the 2 -axiH, is always equal to y^. 'I'herefore, 
by (1), the cylindrical coordinates of P satisfy the equation 
f{u,z)s=0. But P is any point on the curve, or surface, 
and therefore the cylindrical equation to tlie surface is 

g ) = 0. Hence the Cartesian equation to the surface 

k/(^x'‘+y\ «) = 0 . 
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Since the distance of the point {x, y, z) from the y-axis 
is v/s'-l-x-, it follows as before that the equation to the 
surface for med by rotating tlie curve f{y, z) = 0,x = 0 about 
OY i8/(y, V3“+a:“) = 0, and similarly a:)=0 repre¬ 

sents a surface of revolution whose axis is OX. 


Ex. 1. The equ.ation represents the sphere formed 

by tlie revolution of the circle j2-f-y2=a2, ^=0, about OX or OY. 

Ex. 2. The surface generated by the revolution of the parabola 
y =4/u:, 5=0, about its axis has equation v*+^=4ajr; about the 
tangent at the vertex, equation /= 16u2(^2+^), 

Ex. 3. The surfaces generated by rotating the ellipse 
t=0, about its axes are given bv = li “^”+^=1- 

find the etpiations to the cones formed by rotating the 
hne c=0, y = 2a-about OX and OY. 

.1«A. •la'2-y'J-i2=o^ 4.,a_j,j + 4.2=Q 


Ex. 5. Find the e(|uation to the surface generated by the revolu¬ 
tion of the circle a^+.v- + 2«.r+i2,o, r=0, about the y-axis. 

.1 ns . {.>.-2 + y 2 + .-2 + J ^ + ^ 2 ), 

Ex. 6. Sketch the forms of the surfaces : 


(i) 0/-+--*)(2r<-r)*.r3, (ii)7^=a3cos20, (iii)«9=2c3. 

The sm faoos are generated by rotating (i) the curve yH'ita~x)=3? 

^in the plane ZOX, r2=a^co8 2A about 
; (HI) the parabola in the f.laiie Y02, y2=2«, about OZ. 


^ l>oint, the sum of whose distances 
finm the points 0,0), o, 0) is constant, (2i'), is the ellipsoid 

of i-evohitionp+-p^‘.;=l. 




CHAPTER 11. 


PROJECTIONS. 

12. The angle that a given directed line OP makes with 
a second directed line OX we shall take to be the smallest 
angle generated by a variable radius turning in the plane 
XOP from the position OX to the position OP. The sign of 
the angle is determined by the usual convention. Tims, in 
figures 9 and 10, is the positive angle, and 6^ the negative 
angle that OP makes with OX. 



13. Projection of a segment. If ab w « (jiven seyment 
and A', B' are the feet of the ■perpendiculars from A. B to a 
given line X'X, the segment A'B' is the projection of (he 
segment AB on X'X. 

From the definition it follows that the projection of BA 
is B'A', and therefore that the projections of AB and BA 
difier only in sign. 

It is evident that A'B' is the intercept made on X'X by 
the planes through A and B normal to X'X, and hence the 
projections of equivalent segments ore equivalent segments. 

14. If is a given segment of a directed line MN 
whose positive direction, MN, mokes an angle d with a 
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given line X'X, tlie projection of AB on X'X is equal to 
AB. cos 9. 

In figures 11 and 12, AB is positive, in figures 13 and 14, 



Fio. 13. Fia. 14. 


Draw OQ from O in the same direction as MN. If AB is 
positive, cut ofi’ OP, tl»e segment equivalent to AB; then 
tlie projection of AB = the projection of OP, 

= OP. cos 9, (by the definition 
= AB. cos 9. of cosine), 

If AB is negative, BA is positive, and therefore 

tJie projection of BA = BA . cos 9, 
i.e. — (t)ie projection of AB) — AB, cos 9, 
i.r. the projection of AS = AB. cos 9. 

16. If A, B. c, ... M, N are any n points in space, the 
sum of the projections of AB, BC,... MN, on any giv&n line 
X'X 15 equal to the projection if the straight line AN on X'X. 

Let the feet of tJie perpendiculars from A, B,... M, N, to 
X'X be A', B'. ... M', N'. Then, (J^ 2), 

a'b'+b'c'+...'m'n'=a'n', 

which proves the proposition 
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16. The angle between two planes we shall take to be 
the angle that the positive direction of a normal to one 
makes with the positive direction of a normal to the other. 

17. Projection of a closed plane figure. If the jpro- 
jections of three points A, B, C on a given plane are A', B’, C', 
then AA'B'c' = cos0 AABC, where 6 is the angle between the 
planes ABC. A'B'C'. 

Consider first the areas ABC, A'B'C' without regard to 
sign. 

(i) If tlie planes ABC. A'B'C' are parallel, the equation 
AA'B'C' = eas0 AABC is obviously true. 

(ii) If one side of the triangle ABC, say BC, is parallel to 
the plane A'B'C', let AA' meet the plane through BC parallel 
to the plane A'B'C' in A,, (fig. 1.5). Draw A.,D at right 
angles to BC, and join AD. Then BC is at right angles tc 


C 



Ap and AAo, and therefore BC is normal to tlie plane AA^D 
and therefore at right angles to AD. Hence the angle A^DA 
is equal to 6, or its supplement. 

But AA'B'C'=AA.,BC. 

and A AjBC : A ABC = A.p ; AO = COS l A>0A ; 

therefore A A'B'C' = cos 6 a ABC. 

(iii) If none of the sides of the triangle ABC is parallel 
to the plane A'B'C', draw lines through A, B, C parallel to 
the line of intersection of the planes ABC. A'B'C'. These 
lines lie in the plane ABC and are parallel to the plane 
A'B'C', and one of them, that through A, say, will cut the 
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opposite side, BC, of the triangle ABC, internally. And 
therefore the triangle ABC can always be divided by a line 
through a vertex into two triangles, with a common side 
parallel to the given plane A'b'C', and hence, by (ii), 
AA'b'C' = cos0 AABO. 

Suppose now that the areas ABC, A'B'c' are considered 
positive or negative according as the directions of rotation 
given by ABC, A'B'C' are positive or negative. Then, 
applying the convention of §4 to figures 16 and 17, we 



see that if cosfi is positive, the directions of rotation ABC, 
ABC’ liave the .same sign, and tliat if cos0 is negative, 
tliey have opposite signs. That is, the areas have the 
same sign if cosd is |jositive, and opposite signs if cosfi 
is negative. Hence tlie equation A A’B’C' = cos 6 A ABC is 
true for tlie signs as well a.s the magnitudes of the areas- 

18. If A. B, C, ... N are any coplanar points and 
a', B', C', ... N' arc their projections on uny given plane, 
then area A'B'C'... N' -.area ABC ... N=co30, 

ivhere fi iw the angle between the planes. 

Let O be any point of the plane ABC ... N, and O' be its 
projection on the plane A'B'C' .. N'. 

Tlien area ABC ... N = A OAB +AOBC -f-... AONA, 
and area A'B’C'... N'= AO'A'B' + A0’B'C'+... AO'N'A'. 

But ao’A'b' = cos0 AOAB, etc., and therefore the result 
follows. 
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19. If Aq w the arm of any phnie cnrrc and A is the 
area of its projection on any yiven plane, A = cos0.A^, 
where 6 is the anyle between thr jdunes. 

For Ag is the limit, as n tends to infinity, of the area of 
an inscribed ?i-gon, and A is the limit of the area of the 
projection of the n-oon, and. by § 18, the ratio of tlieso 
areas is cos 8. 


A h ■ cliaiiietoi- of a ‘Tivotj citvle, and P is a )>laiie tliroiedi 

AA iiiakiitg an angle H wiili iln- plain- of i}*e ciivK-. If B is anv 
point on tlie circle an<l B' i.s its projection on the plane P the 
perpemhenhu^ from B and B' to AA' are in the constant ratio 1 ; cos d 
and the projection is therefore a curve such that its onlinate to AA’ is 
111 a constant ratio to the corresponding (ndinate of tlie circle ; that 
i.s, the projection is an ellipse whose major axis is AA' and \iho*e 
auxdiary circle is cpial to the given circle. Tim minor axis is 
cost/. AA : therefore if AA' = 2cr and cos(/=/..-(/, the minor axis is -lb 
By § 19, the area of the ellip.se = cos(/.ro* = s-ot». 

Ex. 2. Find the area of the section of the eviinder lG.r’-t.9y-^= 144 
by a plane \vho.se normal makes an angle of (K)' with OZ. ,!».<. 24r 


DIRECTION-COSINES. 

20. If a, y are the angle.s that a griven dii-ected line 
itiakeg witli the positive direetion.v X'OX, Y'OY, Z'OZ of the 

cooidinate axes, cos a, cos^ff, eo.sy are the direction-cosines 
of tlie lino. 



21. Direction-cosines referred to rectangular axes. 

Let A'OA be the line through O which has direction-co.siiies 
cos a, cos/?, cosy. Let P, {x, y, z) be any point on A'OA, 
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and OP have measvu'e r. In tig. 18, r is positive, in fig. 19, 
r is negative. Draw PN perpendicular to the plane XOY, 
and NM in the plane XOY, perpendicular to OX. Then the 
measures of OM, MN, NP are x, y, z respectively. Since 
OM is the projection of OP on OX, 

a5 = rcosa, and similarl}', j/ = rcos 2: = rcosy.(1) 

Again the projection of OP on any line is equal to the sum 
of the projections of OM, MN, NP, and therefore, projecting 


on OP, we obtain 

r = a:cosa4-ycos/3 + scosy..(2) 

Butx/r = cosa, y/r = coSjS, 2 /?'=scosy; therefore 

1 =cos-a+cos-j8+cos*y.(3) 


Thia ia the forrmila in thr^e jiiinensiona which corresponds to 
co3-0+sin-0 = l in plane trigonometry. 

Got. 1. By substituting for cos a, cos/3, cosy in (2) or (3), 
we obtain = .r- + y-+ (cf. (i, Cor.). 

Cor. 2. If (x, y, z) is any point on the line through O 
wliose direction-co.sines ax*e coscc, cos/3, cosy, we have, 

X y ^ i \ 

COS<X COSjS cosy’ 

Cor. 3. If (.r, y, z) is any point on the line through 

(•*1 - !/i > ~i) "’hose direction-cosines are cos a, cos /3, cos y, by 

chanirintr the oriirin we obtain 

n r> 

® “ ^-1 ==iufi 

COS a. cos cos y 


Ex. 1. Prove th.it .sin-a.+8in-/3+sin*7s=2. 

Ex. 2. If P is the point (.r,, y,, r,). prove that the projection of OP 
on a line whose direotion-cosincs arc n, is fi'i + + 

The proieotioii of OP = pro 3 n. of OM +j)rojn. of MN 

+projn. of NP, (figs. 18, 19), 

= Vi + »»i.v,+ 

Ex. 3. If P, Q are the points fr,, y,, ?,), yj, X'), prove that the 
projection of PQ on a line whose direction-cosineVare f,, ni,, «, is 

If (.r^ - r,) -f- m, (vj - J/i) + {--3 - z,). 

(Change the origin to P and apply E.x. 2.1 






§§21, 22] 


DIRECTION-COSINES 


21 


Ez. 4. The projections of a line on the axes are 2, 3, 6. 
the length of the line ? 


What 13 
An$. 7. 


Ex. 5. A plane makes intercepts OA, OB, OC, whose measures are 
a, 6, c, on the axes OX, OY, OZ. Find the area of the triangle ABC. 

Let the positive direction of the normal from 0 to the plane 
ABC have airection-cosines cosol, cosjS, cosy, and let denote the 
area ABC. Then since AOBC is the projection of AABC on the 
plane YOZ, cosa. and similarly, Co.'s jS. A=ica, cosy. 

Therefore, since 

cos*a.+cos-j3+cos-y = 1, A = A{6V++«-?<■}*. 


Ex. 6. Find the areas of the projections of the curve x*+/r+r2= 25, 
a:+2y+22=9 on the coordinate plane.s, and having given that the 
curve is plane, find its area. 

(Cf. Ex. 2, § 10.) J/ni. I6a-/3, 32-;3, 32r/3 ; IOtt. 


22. If a, b, c are given proportionals to the direction- 
cosines of a line, the actual direction-cosines are found 
from the relations 

cos a _ cos /5 _ cos y _ s^cos-a -{- cos'-/? -I- cos-y _ ± 1 

•t- ~~ir~ c ~ 


If P is the point {a, h, c) and the direction-cosines of the 
directed line OP arc co.sa, cos/3, cosy, then, since OP is 
positive and equal to 


cosa = 


a _ a ^ (i— 

OP“7f7+6^’ 


c 

cos V = , ■■ ■ - • 

The direction-cosines of PO are 

— ft —— c 

Ex. 1. Find the dircctiou-cosincs uf a line that makes equal anglc.s 
with the axes. 

Aiu. c<j8fj(.=c<is/3=cf)sy=* f l/\^3; (whence the acute angles which 
the line makes with the axes are equal to 44'). 

Ex. 2, P and Q are (2, 3, -G), (3, -4, T)). Find the dircction- 
cosineB of OP, OQ, PO, 

2 3 -6. ^4 I . -2 -3 6 

■ V’ V’ 7 ’ 5n72’ s/2’ 7 ’ 7 ’ 7' 

Ex. 3. If P, Q are (r,, r,), (r^, r^) the direction cosines 

of PQ are proportional to 
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Ex. 4. If P, Q are (2,3,5), (-1,3,2), 6nd the direction-cosines of PQ. 



Ex. 5. If P, Q, R, S are the points (3, 4, 5), (4, 6, 3), (-1,2, 4), 
(1, 0, 5), find the projection of RS on PQ. A7ts. — 

Ex. 6. If P, Q, R, S are the points (2, 3, -1), (3, 5, -3), (1, 2, 3), 
(3, 5, 7), prove by projections that PQ is at right angles to RS. 


23. The angle between two lines. 1/ op and OQ have 
direction-cosines cos a, cos^S, cosy; cas a', cos yS', cosy', 
and 6 is the angle that OP makes tvtih OQ. 

cos d — cos CL cos cl' + cos yS cos ^ +cos y cos y'. 

If, as in 21, P is {t, y, s) and the measure of OP is r, 
projecting OP and OM, MN, NP on OQ, we obtain 

r cos 9 = if cos (L+y cos ^'+z cos y. 

But .T = 7*cos«., i/ = rcos/3, 2 :=?‘COSy; 

therefore cos 9 = cos cl cos a' + cas yS cos j8'+cos y cos y. 

Cor. 1. Wc have the identity 

?)i-+?!-)(/'-— mm' 

= {mn' — m'v f + {nV — n'l)- (Im' — 

(This identity is known as Lagrange's identity. Wo 
shall frequently find it advantageous to apply it.) 

Hence 


sin-6 = (cos'(x + cos^yS + cos-y )(cos2a'+cos-/3'+cos-y') 

— (cos fx cos (L + cos yS cos yS'+cos y cos y')“, 
= (cos /3 cos y — cos y cos yQ')- -f (cos y cos tL — co.s a cos y')" 

-f (cos a. cos yS' — cos yS cos a')-. 

Cor. 2. If 9 is an angle l>etween the lines whose 
direction-cosines are proportional to a, b, c ; a', b', c', 

±(aa'A-hh'+cc') 


cos 6 = 


and 


sin 6 = 


^/n;-+6-+t-2s/(r-+ b'-- +c'2’ 

( ca' — c'a — a'by_ 
+ + b'^-\- c'2 

Cor. 3. If tlie lines are at right angles. 
cosacosa'+cosyScosyQ'+cosycosy' = 0, or art'-}-66'+cc' = 0l 
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Cor. 4. If tlie lines arc parallel, 
cos /3 cos y - cos y cos jQ' = 0, cos y cos <x' - cos -X cos y = 0. 

cos fx cos /S' — cos /3 cos a' = 0. 

whence cos a. = cos rx', cos jS = cos/S', ami cosy = cosy' (as is 
evident from the definition of ilirection-cosines); or 

f/ h c 

^ JO)L'le tlirjt OP 

niako.s with OO. 

--1 «x cos 0 = - ■ 

Ex. 2. P. Q. R are (2, 3,5). ( - ], 3. 2), (3, 5. -2). Find the a'nt'Ie.s 
of tlie triangle PQR. . /a ^ 

^ 90-. cos-‘^C ,s3 

3 ’ ' ■ "3 • 

Ex. 3. Und the angles l>et\veen the lines whose direotioii-cosines 
are proportional to (i) 2, 3. 4 ; 3. 4, 5 ; (ii) 2, 3, 4 ; 1, - 2. 1. 

Alts, (i) cos-*-:^, (ii)‘J0'. 

Ex. 4. Tlie lines whose direction-cosines are pi<ip<n tiotiaI to 2,1, 1; 

4, vd-1, -n/ 3-1; 4, \^3-l arc iiirliiied to one another 

at an angle ?r/3. 

^i» ; ^2* rts ,; /3» w,, ^3 are the direct ion-cosines 

or three mutually peipeudiciilar linos, the line wliosc direction>c<isines 
are proportional to + + «,+«>+^^3 iimkcs eijual 

angles with them. 1 - j 1 

Ex. 6. Und the angle hetwcon two diagonals of u cuho. 

A 7 IA. C03-* 1/3. 

^^’7* Prove hy direct ion-cosines that the points (3. 2, 4), (4, 5 2) 
V>> 8, 0), ( 2 ^ -1,0) are collinear. ’ ’ 

Ex. 8. A line makes angles fx., /i, y, 8 with the four diagonals of 
a ciihe : prove lliat 

cos^a. + + ((.s^y + c<*s-5 = 4 3. 

, ‘-•‘ly'* ''f a rectangular patallelepipcd are o, h, c, 

shew that the angles betw.-.-,. the four diagoiial.s are given by 

co8-> 

Ex. 10. If a variable line in two adjacent pr.-sitions lias direction- 
^smes /, ni, n ; / + 8f, ;/?+8 m, «+8«, shew that tlie small angle, 66 
between the two po.Hitions is given by 66’' = 6A* + 6»«- + 6«''. 

We have '^P=\ and V(/ + 3 /)vr=]^ therefore i:(6f)^* -2i76f 

t cos 86=i7(f+80 * 1 + 8/. 

lliereforo 


Tliat i8, since 


2sin''^|=-:i75/=N'(5/)*. 

o£?--=S(8/)* 
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Ez. 11. Lines OA, OB ai^e drawn from O with direction-cosines 
proportional to (1, —2, —1), (3, —2, 3). Find the direction-cosines of 
the normal to the plane AOB. 4 3—2 

■ ^/M■ 

Ex. 12. Prove that the three lines drawn from O with direction- 
cosines proportional to (1, -1, 1), (2, -3, 0), (1, 0, 3) lie in one plane. 


Ex. 13. Prove that the three lines drawn from O with direction- 
cosines f], TRi, Ttj; ^ 3 , m 3 , Aj, are coplauar if 


^ 3 > 





Ex. 14. Find the direction-cosines of the axis of the right circular 
cone which passes thi*ou"h the lines di-awn from O with direction- 
cosines proportional to (3, 6 , -2), (2, 2, -1), (-1, 2, 2), and pi-ove 
that the cone also p>a3ses through the coordinate axes. 

A ns. \ls% 1/v^, l/s'3. 


Ex. 15. Lines arc drawn from O witb direct ion-co^ines proportional 
to ( 1 , 2,2), (2,3, 6 ), (3, 4, 12). Prove that the axis of tlie right cii*cular 
cone through them luis direction-cosino^^ — I/s^3, 1/V3, and that 
the semi vertical angle of the cone is cos"^ 1 /s/3- 


24. Distance of a point from a line. To find the 
dUUuice of P, {x', y', s') from the line through A, (a, h, c), 
whose direction-cosines are cos a, cos cos y. 

T>'t PN, tlie perpendicular from p to the line, have 
nieiistire o. Tlicn AN is the projection of AP on the line, 
and its measure is, (Ex. 3, § 21), 

(.r' — a) cos «. -f (y' — 6) cos jS -f (s' — c) cos y. 

But PN= = Ap2-AN^ 

therefore 


= {(.r '— cf } (cos-a+cos-/3+cos®y) 

— {{x' —a) COSO.+(y' — b) cos 0-\-{s' —c) cosy}2 
which, by Lagrange’s identity, gives 

S'- — {((/' — 0) cos y — (s' — c) cos ' 

-f ((— c) cos a — (r' — rr) cos y} ^ 

-f {(.7!' — a ) cos — (y' — h) cos a .} - 
Cor. If {x',y',z') is any point on the line, ^=0, and 

j:' — a v' — h z' — c 


cos «. cos ^ cos y 


. (Cf. §21. Cor. 3.) 
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§§24,25] DIRECTIOX-COSINES—(OBLIQUE AXES) 

Ex. 1. Find the distance of (-L 2, '>) from the line through 
(3, 4, 5) whose direction-cosines are proportional to 2, -3, 6. 

, 4v/(B 

Atis. —-—. 

t 

Ex. 2. Find the distance of A, (1. -2, 3) from the line, PQ, 
througli P, (2, -3, uX which makes equal angles witli the axes. 



Ex. 3. Shew tliat the expiation to the tight circular cone whoso 
vertex is at the origin, whose axU has dircctum-cosujes cos.c, cos/i, 
cosy, and whose semivertical angle Is 0, ia 

0/ cos y - 2 cos /3)* + (: cos - .r cos y)- + (.r cos /i - j/ cos a)- 

Ex. 4. Find the equation to the right riicular cone whose vertex 
is P, axis PQ (Ex. 2), and semivertical angle is 30 . 

Ans. 4(0/-^ + 8)* + (‘ - ' 

= 3{ (.r - 2)* -I- {j/ + 3)- + (.- - 5)*}. 

Ex. 5. Find the equation to the right circular cone wlio.se vertex 
is P. axis PQ, and which passes through A (Lx. 2). 

A713. 3{(^-2-l-8)2 + (2-.r-3)-^ + (j-.'/-&)') 

= 7 {(jr - 2)* -I-(// + 3)- + {: - 5)-}. 

Ex. 6. Tlie axis of a right cone, vertex O, inak.-s equal aiigU-.s witli 

the coordinate axes, and the eone ^ 

O with direction-cosine.s proportional l<i (1. 2o ■, -o 

to the cone. 4 y^+-iy + -l.- + i»y: + !):.c + ;>.-.v = <>. 

Ex 7 Find the equation to the right . ireular cylinder of radius 2 
who.se axis passes thro.igh (1, 2. 3) and has dirclion-cosines pro¬ 
portional to (2, -3, (i). 

Ant. 9 ( 2 ^-f 2 -7)2-h4(s -3.r)2 + (3.r + 2y-7)'-’ = 19(5. 


*25. Direction-cosines referred to oblique axes. Let 
X'OX, Y'OY, Z'OZ, (fij?. 20), be obIi<iue axes, tlie an^'lo.s 
YOZ, ZOX, XOY lieint; X. fi. v respectively. Let A OA the 
line thronoh O whose direetinn-cosines are cos a, cos/i 
cosy. Take P.{j% y. «) (^ny on A'OA, and let the 

measure of OP be r. Draw PN parallel to OZ to meet 
the plane XOY in N, and NM parallel to OY to meet OX 
in M. Then, since tlie pnijection of OP is equal to the 
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sum of tlie projections of OM, MN, NP, projecting on OX. 
OY, OZ, OP in turn, we obtain 

r cos cL—x-^y cos v+z cos fi, .(1) 

r cos ^ = x cos v-\-y-\-z cos X, .(2) 

r cos y = x cos M + 2/ cos X + 2 , .(3) 

r=x cos a+y cos /3+s cos y.(4) 



Tlierefore, eliiniiiating r, x, y, z, we liave the relation 
eatisfied l)y tlie direction-cosines of any line 


1, cos I', cos n. cos a 
cosi'. 1, eosX, cos/S 
cos^, cosX, 1, cosy 
cos a, cos^, cosy, 1 

whieli may be written, 



siii-X cos-(x—22(cos X —cos fx cas i')cos ^ cos y 

= 1 — cos- X — cos'ju — cos- v-\-2 cos X cos y. cos V. 


Cor. 1, Multiply (1), (2), (3) hy x, y, z respectively, and 
add, then 


X- + y- -f- c- -f 2yz cos X + 2z.v cos y + 2xy cos v 
= r(x cos a + 2 / cos ,5 + - cos y), 

= r^[by (4)].(A) 

Cor. 2. If P, Q are (.r,, ;f/j, jj), (.v.,, y,, zA PQ- is given by 
2 " ‘*^ 1 )“ + 2 - (//i — 2 /i ) cos X. 
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§§25-27] THE ANGLE BETWEEN TWO LINKS 

Ex. 1. If P, (j-, y, :) is any |i<.int on the j)Iaiie tliiou;'li O at right 
angles to OX, the projection of OP on OX is zero, aitd t licit fore 

.r+//cos v-h: cos »0. 

Ex. 2. If P, (x, y, :) is any point on tlie normal throngli O to the 
plane XOY, x+^cos v+zcos /i=0=.« cos r-f-.y + ^cos A. 

*26. If a, h, c are given proportionals to tlie direction- 
cosines of a lino, the actual tlirection-cosinos are giv en by 
cos a. _ cas /? cos y 
a ~ b ~ c 

± {2 sin-/\ cosVx — 22('cos X — cos ^ cos i')cos /S cos y)- 
{ 2 sin-X . O' — 22(cos X — et)s /i cos r)V} ^ 

_ ^ ( 1 —cos- X — cos- ^ — co.s-r-f *2 cos X cos /i cos r} ^ 

{ 2 siii'-X . a-— 22(cos X — cus/i cos ■ 

*27. The angle between two lines. If OQ Ims direction- 
cosines cosot', cos/S', cosy', an<l makes an angle with OP, 
projecting on OQ. we obtain 

r cos 0 = .r cos f/.' + // cos /S' -f-:: cos y .(5) 

Therefore eliminating .r, //. c, r between erjuations (,1) 
(2), (3) of § 25, and (5). wc have 

1, cost', cos^, cos^x =0, or 

cost', 1, cosX, cos/S 

cos fj., cosX, I, co.sy 

CO.s a', cos cos y', cos 
2(sin^X cos fxcos fx.') — 2 {(cos X — cos ft cos r) 

X ((•( )S ft cos y' + cos ft’ (•( )S y) } 

= co.s f)(i — COS-X — cos'/j — cosh'-f 2 cos X cos CO.s r). 
Ct/r. 'riic am'^les I)etwccn the lines wlio.'^c direction- 

o 

cosines are proportional to rt, h, c; a', //, <■' are given by 
a ± { — sin-X) — 2(/« '-|-5'c)(cos X — cos ft cos r)} 

cos Q = ———- - -- - - - —. 

{2a^8in-X — 225c(cos X — cos ft cos r)} • 

X { 2rt'^sin^X — 225'c'{cos X — cos ft cos ^ 

Ex. 1. If A = /js = t' = 7r'.3. find tl>e aiighs hetwern tlie lines whoso 
directioii-cosincK are iiroportioiiul to 

<i) 2,3,4; .3,-1, r.; (ii) 2,3,4; 1, -2,1. 

Am. (i) co8“*—”5_ : (ii) irl2. 

7V10 
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_ Ex. 2. Prove that the lines whose direction-cosines are propor¬ 
tional to m, fi; — are at right angles if A^/x—v. 

Ex. 3. The edges OA, OB, OC of a tetrahedron are of lengths 
a, b, c, and the angles BOC, COA, AOB are fi, v •, find the volume. 

Take OA, OB, OC a.s axes, and draw ON at right angles to the 
plane AOB. Then if ON is of length p, and V denotes tne volume, 

^— ’p, and /J=ccosz.OCN. But the direction-cosines of 
ON are 0, 0, cos^OCN, therefore, by § 25, 

sin^r C03*^ OCN = 1 — cos*A — cos^/z —cosV+2 cos A cos/z cos v, 

V ={1 - cos-A - C 037 Z - cos"V +2 cos A cos /z cos 


DIRECTION-RATIOS. 


28. Let OL be drawn from O in the same direction as a 
given directed line PQ and of unit lengtli. Tlien tlie co¬ 
ordinates of L evidently depend only on tlie direction of 
PQ, and when given, determine that direction. They are 
therefore called the direction-ratios of PQ. 

1/ the axes are rectangular the direction-ratios are tlie 
same as the direction-cosines. 


29. It P, (.r, 7 /, z) is any point on a given line A'OA 

mhose direction-ratios are I, m, v, and the measure of OP 
is r, then 

; X V 5 

I— y = 71 =! — 




In fig. 21, r is positive, in fig. 22 ?• is negative. LK, PN 
are parallel to OZ; KH. NM are parallel to OY. Then since 
tlie parallel planes PNM, LKH cut X'OX. A'OA proportionally, 

OP:OL = OM:OH, 

where OP, OL, OM, OH are directed segments. 
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29 


But the measures of OM and OH arc x- and I respectively, 
and therefore l = xjr. Similarly. ■in = y/r, 7 i ^zjr. 

Cor. 1. If p, {x, y, z) is any point on the line tlirough O 
whose direction-ratios are I, m, ??, 

M = (Cf. §21. Cor. 2.) 

Cor. 2. If (x, y, z) is any point on the line through 
(®> z') whose direction-ratios are /, m, -it, 


V = ^ = (Cf-§21, Cor. 3.) 


Cor. 3. If p, Q are (x,, y,, z^), (.r_,, y^, z.,), and the 
measure of PQ is r, tlie direction-ratios of PQ are 

hsh, ~ - 1 - 

r r V 

, B** !• ^ii^d the (lirection-i-atio^ of the lines hisecti/ig the angles 
between the lines wliose (lirecti(iii-iati()s are /,. >/i,, n, ; 1.,. m... 

- ^ ”i)* (4i "' 2 > then OL and OL' are the lines 

tronj O with the given direction-rati«)s, and OL and OL' are of unit 

length. 

The nu'd-point, M, of LL' has coordinate.^. 

and OM^cos-, where ^ LOL'= tlierefore the direction-i-atiosof OM 
are 2 

2 cos 0i2' 2 CO.S 0i2' 2 cos Oii 

Similarly', the direction-ratios of the other bisector arc etc. 

2 sin e;2 

Bx, 2. OX, OY, OZ are given rectangular axes : 

OX,, OY,, OZ, bisect the angles YOZ, ZOX, XOY ; 

0 X 3 , OY 3 , OZ .3 bisect the angle.s Y,OZ,, Z,OX,, X,OY, 
Prove thatiY,OZ,=iZ,OX, = '.X,OY,=a-AT and that 
L Y 2 OZ .3 = L Z.,OX 3 =X .OYj=cos-'.') 0. 

n. 2. 3). (.3, .3, -3), (-2, 0. \r>), 

• ^ are rectangular. Find the ilirection-co.sines of the 

mterior bisector of the angle BAG. ,j;„. 1 Vl82, n7/^,^T82, 0':.s'l82. 

30. The direction-ratios of any Hno satisfy tlic eouation 
(§25. Cor. 1 , (a)). 

l^+m- + -n} + 2mv cos X-|-2n^ cos/z-f 2^7n cos »' = 1, 

which it is convenient to write, ^(l, m, ?j)= 1- 
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*31. To find the direction-cosines of the line whose 
direction-ratios are I, m, n. 

Project OL, (figs. 21 and 22), on the axes and on itself, 
and we obtaii., as in § 25 (1), (2), (3), (4), 

; I 1 1 

cosa=t+mcosi/+7icos/i s- 

M Cv 

cos/3=^cosj/+m+7? cosX 

2 ?nn 

; , . 1 

COS y = tC0S;i4-W-C0SA + ?l = ;S 

1 = i cos a+?« COS /3 + 9i. cos y. (Cf. § 21 (3).) 

*32. To find the angles between the lines whose direction- 
ratios are I, m, ??; V, m', n'. 

Let OL', the unit ray from O whicli has direction-ratios 
I', ni', n', make an angle 6 with OL. Then projecting OL' 
on OL, we o]>tain, 

cos 6=1' cos (x +m' cos + n' cos y, 

= W-\- m in' ■\-nn'-\- {mn' + m'n) cos X 

+ n'l ) cos fji -i- (/7)i' cos t/y 

2\ ?t jm dn J 

Cor. If the lines are at riglit angles, 

fi'<h , rv 

cm dn 

which may be written in the forms, 

/ cos a -h m' co.s /3 + a' cos y = 0 
or I cos a' -|- m cos /?' + » cos y = 0, 
where cos a. co.s,i3, eosy' are the direction-cosines of OL'. 

Ex. 1. If A=/i = i- = - ’3j tinil the direction-ratios of the line joining 
the origin to the |Hnnt {1. 2, -1). Find also the direction-cosines. 

/Ihs. -L. ; JL 2 1 
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Ex. 2. Shew that the direction-ratios of a normal to the plane XOV 
are given hy 

I _ m 71 1 

cos V cos A •• cos /4 cos fi cos V — cos A siir^ sin 
where A s 1 - cos"A — cos“/x - cos-r + 2 cos A cos /i cos y. 

Ex. 3. Prove tliat the lines ^liich bisect the angles YOZ, ZOX 
XOY, internally, have dircctioii-c()>ine.s 

cos/^+coftr A A 

—t-, c<*s cos - : etc., 

2 cos A/2 ’ 2’ 2' ' 

and that the angles between them are 

cos-' ( I + C03A +C 0 S,.^C 0 S 2 \ 

\ 4 cos /i/2 cos v/2 / 
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CHAPTER III 

THE PLANE. 

33. Let ABC, (fig. 23), a given plane, make intercepts OA, 
OB, OC on tlie axes, measured by a, 6, c; and let ON, the 
normal from O to the plane, have direction-cosines cosa, 
cos cos y, and have mea.sure p, (p is a positive number). 

Equation to a plane, (i) To find tlic equation to tlie 
'plane ABC in terms of cos cc, cos cos y, p. 



Let P, (.r. //, c) be any point on the plane. Draw PK 
parallel to OZ to meet tlie plane XOY in K, and KM parallel 
to OY to meet OX in M. Then the measures of OM, MK, KP 
are >/, c respectively, and since ON is the projection of 
OP on ON, and thert'hirc e(|ual to the sum of the projections 
of OM. MK, KP on ON. 

p = X con »x + y cos /3+r co.s y. 

Tliis equation, sati.slied by the coordinates of every point 
on the plane, repre.sents tlic plane. \ 
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(ii) I'o Jhid the equation to the plane in terms of a, b, c. 

ON = projection of OA on ON = OA cos oc; 

y = acosoL Similarly, 6cos/S = ccosy = j?. 

Hence, by (i), the equation to the plane is 

X cos a. 7/ cos /3 _j_ z cos V _ j 
" 'P~ V ^ 

t.e. - + ■/ + -= 1. 
a b c 

Ex. Find the intercepts made <in the coordinate axes V)y the plane 
af+2»/-2j —9. Find also the directitni-cosines of the noiinal to the 
plane if the axes are rectangular. 9,9 2, -9 2; 

34. General equation to a plane. The tjenend equation 
of the first (Jrrjf'fie in x, y, z rrjireseuts a plane. 

For Ax+By + C:-f D = 0 can be written 


X 


+ 


+ 


= 1 , 


-DA -DB -D/C 

and tlierefore represents a plane making intercepts —D/A. 
— D/B. —D/C on the axes. 

36. If Ar-f By -f C- + D = 0 and /> = .rcostx -f //cos/? + ccosy 
represent the same plane, 

cos a _ cos ft _ cos y _}•. 


-A -B -C D 


( 1 ) 


therefore tlie direction-cosines of the normal to the piano 
Ax-f By-pCsd-D = 0 are proportional to A, B, C. If the 

axes are rectansulai’, each of the ratios in (1) = 

° v' A*-t-B'4-C- 

Butp is a positive number; therefore it D is positive, 


D 


— A 




-C 




+ B- + C 


•i 


If D is negative, we mnat change the sign of s/A"+B -fO^. 
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Cor. 

planes 


If tlie axes are rectangular, the angle between the 
ax-\-hy+cz-\-d = 0 , a'ic + 6'^+c'^ + d' = 0 
, { ±iaa'+1)})' -\-cc') 1 


Ex 1. If the axes are rectangular, tind the angle between the 

(i) ir-^+2=G, x+y + 22=3; 

(ii) ai*+4y-52=9, 2x+6y+62*7. 

Ans. (i) 7r/3, (ii) jr/2. 

Ex. 2. If the iixe.s are rectangular, 6nd the distance of the origin 
from the plane ftr - 3y+22 -14 = 0. Am. 2. 

Ex. 3. Shew that the e(iuationa hii+cz+d=0, C2+a.r+d=0, 
fl.i+6v+(/*0 represent planes paiallel to OX, OY. OZ respectively. 
Find the equations to the planes through the points (2,3,1), (4, —5,3) 
pai-allel to the coordinate axe.s. 

y + 4s-7 = 0, ar-2-l=0, 4x+.i'/-n=0. 

Ex. 4. Find the ecpiation to the plane through (1, 2, 3) parallel 
to 3.r f4y-5; = 0. Jtw. 3.r+4y-5j+4=0! 

Ex. 5. Prove that the equation to the plane through (a, )3, y) 
parallel to a.v+i>y+«=:0 i.s n.i:+fjj/+c:=aa.+l*fi+cy. 

Ex. 6. If the a.xes arc rectangular and P is the point (2, 3, -1), 
find till' equation to the plane tbjx>ugh P at right angles to OP. 

.!//.<. ir+3//-2=14. 

Ex. 7. Prove that the equation 2a'5-6v2-12c®+18y2+2ar+.ry=0 
repte.ients a pair fif plnne.<, and find the angle between theiiL 

cos“‘ 

Ex. 8. Prove that the equation 

+ by- + cz- + 2/y.* + Igzx + 2^.ry = 0 
represents a pair of planes if a6c+2/((/A —w/'* —iy--cA-=sO. 

Prove that tlie angle between the planes is 

U„-. ( 

\ a+6+c / 

Ex. 9. A variable plane is at a constant distance p from the origin 
and meets the axes, which are rectangular, in A, B, C. Through A, 
B, C planes are drown parallel to the cooi-dinate planes. Shew that 
the locus of their point of intersection is given by 

36. Plane through three given points. The general 
equation to a plane contains tliree arbitrary constants, and 
therefore a plane can be found to satisfy tliree conditions 
which each involve one relation between the constants: 
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e.(j. a plane can be found to pas-s tluougli any three non- 
colliiiear points. 

To find the equation to the plane throvyh (x^, ij^, s) 

(^ 2 ’ Vi’ ^ 2 )’ ('^ 3 > ^ 3 * %)• 

Let the equation to the plane be ax-\-by + cz-j-d = 0. 

ax^-^-by^-^cz^-\~d = 0, 

+ by., + C 2 ., + d=^0, 

«“’3 + ^'/. + C2-, + ^/ = 0. 

Therefore, eliminatiii«r d, 1,^ c, d, we obtain the re^iuired 
equation. I ^ ] > = 0. 


•C, 

y. 

5, 

1 


yi. 


1 

^2' 

y-y- 


j 

•^ 3 . 

y;> 


1 


Ex. 1. Find the equation to the plane tinougli ilie tlin-e points 

( 1 , 1 , 0 ), ( 1 , 2 , 1 ), (- 2 , 2 ,- 1 ). 

Ans. 2j + 3y-;L = 5. 

" h h - 1), (1, 1, 1), 

(Oj •>, 0) ai u coplaiiar. '' 

37 .* Distance from a point to a plane. To finu the. 
diHlance 0 /the point P, (x, y z ) Do,a the plane 

p = x cos IL + y c. )S + 2 cos y. 

Suppose that p is a positive inmiber .sf) that cosfx, cos/?, 
cos y are the direction-cr>.sines of the noniial Jron, the ori^dti 
to the plane. Chun<,M; the origin to {x, y, z), and the 
equation to the phute betaanes 

P = (x + x ) eoH (/. + (y-\~ fj eos fi + (z + z') cos y, 
or p =x cos o. + y cos + 3 cos y, 
where J)' = p-x cosrx- y' cos (t-z cosy. 

Hence the distance of {x!, y\ 3 '), the new orifrin, from the 
plane is p' = p- x cos 01 - y v.o^ H - z cos y. 

If P is on tli(! same side of (lie plane us the orij^inal 
orijrin O, cos^x, cos/3, cosy are still the ilirection-cosiiu-s (jf 
the nonnal/rom the new origin. P. to tlie plane, juid there¬ 
fore // or />-ar'eos rx-;y'cos Z":#-;'cosy is p<,.sitive. If P 

* Soo Ap[>crMlix» |>. j. 
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and O are on opposite sides of the plane, cos a, cos j0, cos y 
are the direction-cosines of the normal from the plane to 
P, and therefore p' or ^ —jr'cosa—y'cos/S—^^'cosy is 
negative. Hence, if p is positive, 

p^x' cos a— y cos /8 — a' cos y 

is positive if (x', y, z') is any point on the same side of the 
plane as the origin, and negative if (x', y', z) is any point 
on tlie side of the plane remote from the origin. 


Cor, 1. The distance of {x, y', z') from the plane 

ax-\-by-^cz+d=0, 

, > . • 1 ax'+by'+cz'+d 

if the axes are rectangular, is given by ^ 

If d is positive the positive sign is to be taken, as it gives 
a positive value for the perpendicular fi*om the origin. 


Cor. 2. If d is positive, the expres.sion ax'by'+ cz'+ d 
is positive if (x', y', s') and the origin are on the same side 
of the plane ax-\-hy-\-cz-\-d = 0, and negative if they are 
on opposite sides. 


Ex. 1. If P is (.r', y, shew that the projection of OP on the 
normal to the plane 

pss.r cosa.- 1 -^/coa /3+zcosy is ycosoL-hy'cos/J-f-^'cosy, 
and deduce the results of § 37. 

Ex. 2. Find the distances of the points (2, 3, —5), (3, 4, 7) from 
the ]>lanQ x-|-2y- 2c=9. Ai-e the points on tlie same side of the plane ? 

/bj/f. 3, 4, No. 

Ex. 3. Find the locus of a point wliose distance from the origin 
is 7 times its distance from the plane ir+3y — 6r'=2. 

.1 n ai“ + 8/ -I- 35z- - - 24c.r + I '2iy ~6.r - 1 2// + 24: -t- 4 = 0. 

Ex. 4. Find the locus of a point the sum of the squares of whose 
distances from the planes .r-Hy + :»0, x—«=0, x —2y-|-: = 0, is 9. 

A 713. .r2+y--|-:- = 9. 

Ex. 5. Tlie Sinn of the squares of the distances of a point from the 
planes .r+y+2=0, x-2>/4-: = 0 i.s equal to the square of its distance 
from the plane x= 2 . Prove that the equation to the locus of the point 
is y •f2x:=0. By turning the axes of .r and z in their plane through 
angles of 4.'>”, prove that the locus is a right circular cone whose semi- 
vertic^il angle is 45°. 
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38. Planes bisecting the angles between given planes. 

To find the planes bisecting the angles between the given 
planes ax + hg-\-cz-\-d—0, ax-\-b'y-\-cz-\-d' =^0, the axes 
being rectangular. 

We can always write the equations so that d and d' oxe 
positive. Then tlie equation 

ax-\-by-\-cz-{- d a 'x + b'g + c'z + d' 

represents the locus of points equidistant from the given 
planes, and since the expressions 

ax + by + cz-\-d, a'x-^-b'y + c'z + d' 
in the equation have tlie same sign, t)ie points are on the 
origin side of both planes or on the non-origi!i side of hotli. 
The locus is therefore the plane bisecting that angle 
between the given planes which contains the origin. 
Similarly, 

ax + by + cz + d _ a'x+ h' yi-e's + <l' 

J a? -f //' + c'^ -Ja + b'- 4- f - 

represents the plane bisecting the other ajigle between the 
given planes. 


Ex. 1. Shew tliat the orij'iii lie-s in the acutu aiifTle bet\voi-n the 
planes x + 4r-3y+l2^ H.3 = 0. Fiixl the planes bisecting 

the angles between them, and point out whicli bisects tin- .aento angle. 
Aru. Acute, 25x+17v + 62j- 78*0: obtuse, x + .35y-IO j- lfif>*0. 
*Ex. 2. Show that the plane a.K+bj/ + c:+d = 0 divides the join of 
(•*^11 2fi> h)> (-^8. l/-iy ^i) 

_ «■»■,+ f> , //i+c;,4-(/ 
n.r.. + + <7.^ + d 

[The point 

\A+1 A“rJ A + 1/ 


+ ^/) + «.f, + f»yj + r:, + f/^ 0.] 

*Ex. 3. Jlence shew that the pl.’uic.s m * «/.r + 6// + f? + f/ = 0, 
i) = a'x + Fy + c'8 + d'*0, M + At’ = 0, u-Ar = 0 divide an.v transversal 
hurriionically. 

I/Ct P,(x,,y,, 2 ,) l>e on the idane m = 0, then w, sox, + ty, +c;| +»/ = 0. 
Let Q, (xj, Sj) be on tlie pfano v = 0, tlien r, = «'x^ + f<'y 2 + c' 2 ; + t/’ = 0 
Tlie planes it ± Av*0 divide PQ in the ratio.s 


V, + Aw 


u.^ -1: AWj 


J, I’.e. 


i.t. divide PQ harmonically. 
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*Ex. 4. If A, P, B, Q are any fourcolUnear pointe, the anharmomc 
ratio, or crosw-mtio of the range APBQ, is defined to be 

AP . AQ AP. QB 
PB ■ QB AQ. PB' 

Prove that four given planes that i>ass through one line cut any 
transversal in a range of constant cross-ratio. 

If u=0, r = 0 are two planes through the line, the equations to the 
four given planes can be written, w + Arr=0, r=l, 2, 3, 4. Let A, B, 
(■^i. .Vn 2 y), (r.^, ?/ 2 , s,^ lie on the planes «-}-A,r=0, m+AsV'^O 
respectively. Then i/,-i-A|i’|=0 and «o-4-A 3 i’ 2 = 0 . If P, Q lie on 
the planes H-\-\.^v=Oy + then by Ex. 2, 

AP »| + Aa>*j AQ _ K; + AjV; 

PB ^^2+A-;^'2’ QB «2+A4i'2 

and therefore 

AP. QB (A,-A.)(A3-A^) 

AQ. PB (Aa-AjKA.-A^y 

This constant cross-ratio is called the croas-ratio of the four planes. 

*F>X. 5. P, Q, R, S are four coplanar points on the sides AB, BC, 
CD, DA of a skew quadrilateral. Prove that 

AP BQ CR DS 
PBQCRDSA 


THE STRAIGHT LINE. 


39. The equations to a line. Every equation of the 
first decree represents a plane. Two e(jnation8 of the first 
degree are satisfied by the coordinates of any point on tlie 
line of intersection of tlie planes wliieh the}' represent, and 
tlu-refore tlie two e<iuatious togetlicr repre.sent that line, 
'rims <tx-i‘ht/-\-cz-{-(l = 0, a'.c-{-b'i/-i-c'z-\-d' = 0 represent a 
.straight line. 


40. S 3 Tnnietrical form of equations. T!ie eijuations to 
a straioht- line can be found in a more .symmetrical form. 
If the lino passes through a given point Py{x\i/, s')and has 
direction-ratios /, viy 



7)1 = 



n 




$ 


wliere Q. (.r, y, s) is any point on it, and the measure of 
PQ is r, (§21, Cor. .3; §29. Cor. 3). And therefore the 



§§39.40] 


THE EQUATIONS TO A LINE 


coordinates of any point on the line satisfy the ecjnations 


x — x y-n z — z 


K = '•)- 


These equations enable us to express the coordinates of a 
variable point on the line in terms of one jjaraineter r, for 

x = x' + lr, y = y’-\-mi', z = z'-\-nr. 

Conversely, any equations of the form 

x — o._y — h_z — c 

I ~ m n 

represent a straij^ht line passing through the point («, h, c) 
and having direction-ratios proportional to /, m, ii. 

Ex. 1. Find where the line = meets tlie pl.iiie 

•2x + 4^-24-1=0. ^ -■* ■* j.M. f;). 

Ex. 2. Find tlie jioints in which the line = cuts 

thesurfuce ll.c2-rv/4^-' = 0 . in 

Ex. 3. If the axes are lectanijiilar, (ind the distance fi'om the point 
(3, 4, 5) to the point where the line meets the piano 

x+y + z>= 2 . ' “ .Ir«. -ti. 

Ex. 4. Find tlie distance of the point (1, -2, 3) from the piano 
x-y + z^!) measured parallel to the line ':,= ‘L= Jj..(i<’fl:‘»g“hu axe.s). 

Ex. 5. Shew that if the axes are lec-lanyiilar. the et|uatioiis to the 
perpendicular fioin the point (»/., fi, y) to tin- plane o.r-i-/<// + «•: + «/- O 

are = iind deduce the jicrpendimiar di.'^tant.e of the 

a h c 

point (rx, y) from tin; plane. 

Ex. 6. If the axcH art* reclun';iilar, I ho (‘<piationH to th<‘ liiu* thr(>u;;h 

(a, ft, y) at right angles to the lines = *, ^ ^ ' an- 

fj f/l| «j "*2 “5 

_ y- - y _ 

- m,ni 


Ex. 7. If the axes arc rectangular, ami if Wj ; are 

diroction-cosines. ahew tliat the equations to the planes through the 
lines which bisect the angles lx;tweeii 

ar/fi = =2/rt| and x//^ = iz/wij 

Bnd at right angles to the plane conbiitiiiig them, ai*e 

(/i ±/i)x + f (aI J. >12)2 = 0 . 
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Ex. 8. A line througli the origin makes angles ot, y with its 
projections on the coordinate planes, which are rectangular. The 
distances of any point (.r, z) from the line and its projections are 
d, a, b, c. Prove that 

c£2=(a^ — cos'o.+(6* - cos-{3 +(c^ — 2 ^) co8®y. 


41. Line through two points. If P, Q are (Xi, y^, z^), 

(®2> V2> %)» i-he direction-ratios of PQ are proportional to 
2/2“ 3/i* therefore the equations to PQ 

1/ —1/e 


X,^ ^ 


2/2 “'?/i ^2“^ 


i. 


1 


By § 8, the coordinates of a variable point of the line in 
terms of one parameter, X, are 


X 


’-x+T’ ^-T+r’ x+1 ■ 


Ex. 1. Find the point where the line joining (2, 1, 3), (4, -2, 6) 
cuts the plane 2x+y-z=S. Ans. (0, 4, 1). 

Ex. 2. Prove that the line joining the points (4, — 6, - 2), { — 1,5,3) 
meets the surface 2.r*+3y--42- = l in coincident points. 


42. Direction-ratios from equations. 'J*he planes through 
the origin parallel to 

ux-\~by-\-ez-\-d = 0, a'x-\-b'y-\-c'z + d' = 0 
are given b}'' 

a.T + 2>j/ + rc = 0, a'x-}-h'y-^c'z = 0. 

1 fence the equations 

ax-\-by-^cz = 0 = a'x 4- b'y + c'z 

together represent the straiglit line through the origin 
parallel to the line given by 

Of a; + by -{■cz-\-d = 0 = a'x -f- b'y + c'z -f d'. 

I'hey may be written 

X _ y _ g 

bc—b'c ca' — c'a ab' — a'b’ 

and therefore the direction-ratios of the two lines are 
proportional to bc—b’c, ca' — c'a, ab' — a'b. Again the second 
line meets the plane c = 0 in the point 

fhd'-b'd daf-d'a ^\. 

\ab'-a'b' ab'-a'b' V' 
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therefore the equations to the second tine in the syiimietrical 
form are i v > v 

od —bd iiti —dit 

X -TT-7-. If — 


ah' — a'b 
be — b'c 


nb' — a'b 


ca —ca ab' — ao 


Ex. 1. The equations to a line tiirongli (</, b, c) parallel to the 
plane XOY are , 

x~a y-b z-c 

I “ «i “ 0 ’.^ ^ 

since the direction-ratios are /, ?«, 0. Again the line lies in the plane 
a=c, and therefore its equations can be written 

2 -c, .(2) 

and (1) is to be considered the synnuetrical form of (2). 

Ex. 2. Find the e<juations to the line joinitjg (2, 4, 3). (-3, b, 3). 
Tlie equations ai-e = Therefore the line is j)aiallcl 

to the plane XOY, as is evident, since the ^-coordinates of two points 
on it are equal to 3. The e<jiialioiis ran also be written 

x + by^'22, 2 = 3 . 

Ex. 3. The equations to the .straight line through (a, b, c) parallel 
toOZ are£Zif=^=^*‘^ 


0 


0 


1 


or ar = a, y = b. 


Ex. 4. Prove that the equation.s to the line of iiitei-soction of the 
planes 4J:‘-f 4y - .'ij = 1 2, 8/-+ 1 2//— 132 = 32 can he written 

I/-2 z 
2 “ 3 “4" 


Ex. 5. Shew tliat the line 2 .r-f 2 '/-: - 0 = 0 = 2./--f.3y — 2 -8 is 
parallel to the plane y = 0, and find the coordinale.s of the point whore 
It meets the plane r=0. dvM. (0, 2, - 2) 

Ex. 6. Prove that the lines 

2jr + 3y-42 = 0 = 3.r-4y + 2 , Cx-y - 32+12 = 0 = .r- 7y + 5.-- G 
are parallel. 


Ex. 7. Find the angle between the lines 

.r — 2y + 2 = 0 = j? +y - 2 , ^^ + 2y + 2 = 0 = +12y + Oz, 

(rectangular axes). A ns. cofi'’8/s^40G. 

Ex. 8. Find the equations to the line through the point (I, 2, 3) 
parallel to the line x~!/ + 2z = b, Sx+y + z-^G. 

An,. 
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43.^ Constants in the equations to a line. The equations 

x—a_y—h_z~c 
L 771 n 


may be written 



which are of the form a; = Ay + B] 

?y = C- + DJ 


( 1 ) 

( 2 ) 


and therefore tlie general equations to a straight line con¬ 
tain four arhitraiy constants. 'I'lie equations ( 1 ) represent 
the planes passing through the line and parallel to OZ and 
OX respectively, and by a choice of such planes to define an^^ 
given line its e(|uations can bo put in the form ( 2 ). which 
is the form with the .smallest possible number of arbitrary 
constants. 


Ex. 1. Prove that the symmetrical 
line given l>y = + + is - 


form of the equations to the 

- 6 y 

a \ c 


Ex. 2. Prove that the lines 

x = ay + h, 2=ry + (/, x=a^-\-h\ 

are perpemlicular if «<t' + cc'+1 =0. 

Ex. 3. Find </, h, r, il. so that the line .r = oj/+f*, r=cy-l-rf may pass 
through the points (3. 2. -4), 4, -6), and hence shew that the 

given points and (n. «, - 10) arc collinear. 

» I, 6=1, e= - 1, »/= - 2. 

Ex. 4. Prove that the line r-pz + tf, j/ = rj4-.«, intersects the conic 

r=o, cji'^ + 6v-=l, if to/-’+ 6.<'= 1. 

Hence .shew tliat the coordinates <if any point on a line which 
iiitetsects the eimie and ]»asscs through the point (cx., (i, y) satisfy the 
eniiation ‘/{yr - 'x.:)* -F6(y// - /i:)* = (.- - y)-. 

Ex. 5. Prove that a line which |iasses through the point (cc, /3, y) 
iiii<l intei’sects the paraliola .v=0. :* = 4oj', lies on the surface 

{fiz - y >iy-=Ait(fS - >/)((3.r ~ 0 . 1 /). 


Ex. 6. Find the efinations to the planes through the lines 

(i) IZr = izi, (ii) 2.r-|-.3v- 5.-- 4 =0 = 3.r- 4y + 5 j 

2 



parallel to the coordinate axes. 

(i) rv/-4:-M=0, 2.---5X4-2 = 0, 2r-?/-l=0: 
(ii) lTv-25; = 0. .■».--17.r4-34 = 0. f).r- v-10 = 0. 

^ Seo .Appendix, p. i. 
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*Ex. 7* If the axes nro obli(|ue the distance of the point (.?•', y\ r') 
from the plane aa*+i»y+ce+cf=0 is given by 

± {(XX + hy' + cz^ + 1/ )G — COS' A — cos-/* — cos-i' + 2 cos A cos /* cos v) ^ 

{IS/r^in-A - 2i'6c(cos A — cos /* cos v)\^ 

*Ex. 8. The distance of (.r', y\ z) from the line x a=ylb^zlc 
is given by 

^2 ^ ^(f>^ — cy)^ siii'A + 2S(rr - az)(ay — hr)(cos /* cos r — co s A) 
ai + ^ + 2bc cos A + 2a( cos /* + 2ab cos i' 

♦ Ex. 9. Prove that the direction-cosines of the normal to the 

plane OXY are 0, 0, — , 

sm V 

where A = 1 — cos-A - cos^ - cos^v+ 2 cos A cos /* cos r. 

If the angles that OX, OY, OZ make with llie planes YOZ. ZOX, 
XOY are a, )3, y, prove tliat 

sin a. sin /?_sin y 

CO sec A cosec /* cose<* v 

If the angles between the planes ZOX, XOY, etc., are A, B, C, 
piove that ^ /* cos r = sin y sin r cos A, 

sin A^sin B^ sin C 
' sin A sin /* sin r 


44« The plane and the straigfht line. Let 11 le ecjuations 

®^+6i/4-c2:4-c^ = 0, — = - --=—^ represent a e:iven 

plane and straij^ht line, 'riiitir point of intersection i& 

(rji + lr, f-i-\-vir, y + vr), 


where r is given by 

r(al + bvi + cv) + mx. + hfi ■\-cy-\-d = 0. 

But r is proportional to tljo distance of the point from 
(a, |i3, y). Therefore the line is j>ai-allel to the plane if 
al-\-l)Vi-\-cn = 0 and o«. + />/? + <y + ^N=0. 

If tlie axes are I’ectangular, the dij'ection-cosincs of tlie 
normal to the plane ami of tlie line arc proportiojial to 
c; I, m, 71] an<l therefore if the line is normal to 
the plane, I __m_ 7 i 

a h c 


Cor. The conditions that the line should lie in the 
plane are oZ + ^'m+r/i =0 

and ««, + ^^4*cy + f^ = 0. 
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Ex. 1. Prove that the line is parallel to the 

plane 4r+4^-5?=0. 

Ex. 2. Prove that the planes 2ar-3y-7£=0, 3jr-14y-132=0, 
ar-;31y-335=0 pass through one line. 

Ex. 3. Find the equation to the plane through (2, -3, 1) normal 
to the line joining (3, 4, -1), (2,-1, 5), (axes rectangular). 

. ar + r)y-6c+19 = 0. 

Ex. 4. Find the equation to the plane through the points 
(2, - 1, 0), (3, - 4, 6 ) parallel to the line 2a:=3y=4r. 

Ans. 29.r-27y-225=85, 


Ex. 5. Prove that the join of (2, 3, 4), (3, 4, 5) is normal to the 
plane through (-2, -3, 6 ), (4, 0, -3). (0, -1, 2), the axes being 
rectangular. 


Ex. 6. 

point of 
.c-.y + r = 


Find the distance of the point ( — 1, —5, 

intersection of the line 

. . V 3 4 la 

5, (rectangulr.r axes). 


— 10 ) from the 

and the plane 
13. 


Ex. 7. Find the equations to the planes through the point 
(- 1 , 0 , 1 ) and the lines 

4 .r- 3 y + l=0=y-4s+13; 2r-y-2 = 0 = 2 - 5 , 

and shew that the equations to the line through the given point 
which intci'sects the two given lines can be written 

x=y -1 = 2 - 2 . 


Ex. 8 . Find the equation to the plane through the line 

■r-g 


m 


n 


parallel to the line 


x_ V 


S(.r—g)(nia' — »«'«)“0* 

Ex. 9. The plane f.r+»n /=0 is rotated about its line of inter¬ 
section with the plane 2=6 through an angle g. Prove that the 
equation to the plane in its new position is 

lx + mu ± 2 »/f- + ta n g = 0. 

Ex. 10. Find the equations to the line through (/, y, A) which is 
parallel to the plane fr+ 7 H»/ + »2 = 0 and intei-secU the line 

a.r+6y + cc4-rf = 0, a'jr-f i'y-|-C 2 +d' = 0. 




7(x-.0 +»” (.V - . 9 )+«(-- A) =0, 
ax + h z + rz + d _ a'x+ b'i / + c'z + d' 
a/-i-bg+cA+d a'/^b'g+c'h+d' 
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Ex. 11. The axes being rectangular, find the equations to the 
perpendicular from the origin to the line 

a: + 2y + 32 + 4 = 0, 2.4+3^ + 42 + 5=0. 

Find also the coordinates of the foot of the perpeixlicular. 

(The perpendicular is the line of intersection of the plane through 
the origui and the line and the plane through the origin perpendicurar 
to the line.) 

2 -1 - 4 ’ W :i ' 3 / 

Ex. 12. The equations to AB referred to rectangular axes are 

2 = Through a point P, (1, 2, 5) PN is drawn pelpeiuliculai 

to AB, and PQ is drawn parallel to the plane 3.r+4v + ''j.’ = 0 to meet 
AB in Q. Find the equations to PN ami PO and the coordinates of 
N and Q. 

“3 176 89 4 -13 8 

^ -78 I.'ieX / ^ g'l 
49’ 49 ’ 49/ ’ \ ’ 2 ’ A 


Ex. 13. Thi'ough a point P, (.r', i/, :') a pi uno (Iniwii at riijlit 

angles to OP to inoet llie axes (lectaiignlar) m A, B, C. Prove that 

the area of the tr iangle ABC is—-—, whore r is the measure of OP. 

2x/// 

Ht. 14. Tlie axes are rectangular uiul tlie plane ./Va + y/6H-e/cs= 1 
meets them in A, B, C. Provo tliat the o(juati<ms to BC arc 
sr y z ^ c 

that the e<juation to the plane through OX at right 

angles to BC is hif — cz \ that the thiee planes through OX, OY. OZ, 
at right angles to BC, CA, AB i<*s[)(fctivelv, pass through thu lino 
(ix^hy^cz \ and that the coordinates tlio orthocentre of tlio 
triaugle ABC are : 


a 


r/-- + 6-^ + 






.-I 


c 






Ex. 15. If tlie axes are rectangular, the distance of the point 
yot ^o) the line 

u H ax + htf + + </ = 0, X -• ax I* i'y + ct + ' = 0 

is given hv [ + ~ f' '"" “ I ^ 

y \ (^Oc--b'cf + ica--c’a)’ + {afy-ul>)^ } ’ 

where Vo^ux^^ + bi/^ + czQ + d, and Vosax„ + b\i/„ + c% + d’. 

Ex. 16. Piud the equation to the piano thiongh the line 
« s ax + by +cz + d=‘0y v = a'x + by ^c'z-i-d'^0. 
paiallel to the line xll—t/jm^zjn, 
dm, u(a7 + b'?n + </n) = v{al + bm + cn). 
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Ex. 17. Find the equation to the plane through the lines 
a.v + 1 >^+C 2 = 0 ^ ax + b'if + cz, ocr+/iy+y«=0= a.'x + P'y + y'z. 




•p, 


= 0 . 


be — b'c, ca' - c'ny ab' — a'b 
Py' - P'y, ya.' - y'o, a.p' - aJp 

Ex. 18 . Prove that the plane through the point (a, jS, y) and the 
line .r=pj/+qi=rz+s is given by 

i-'S Py+9* r 2 +«|= 0 . 

pP+q, ry+s 
1 , 1 , 1 

Ex. 19. The distance of the point (^, y, from the line 

measured parallel to the plane ax+by + cz=0, is 

I m n 
given by 

r -( «“ + b'+c -)'^{ »Ky - 0 - ~(«-- S)(bn - c»0}- 

(c/f+6wj + cn)--* 

Deduce the perpendicular distance of the point from the lino. 

*Ex. 20. If the axes are oblique, the line ——21 jg 
normal to the ])lane rt.r + 6y + c: + rf = 0, if ”* ” 

(See §31.) 

a b c 

*Ex. 21. Shew that the equation to the plane through OZ at 
right angles to the plane XOY is 

j'(cos fj. cos V — cos A) = y (cos v cos A — cos ju). 

’’Ex. 22. Shew that the planes through OX, OY, OZ, at right 
angles to the j)lanes YOZ, ZOX, XOY, pass through the line 

.r(c»>s n COS r - cos A)=y(cos v cos A — cos /i)=2(cos A cos fi — cos v). 

*Ex. 23. The planes tlirough O normal to OX, OY, OZ cut the 
planes YOZ, ZOX, XOY in lines which lie in the plane 

V « « 

+ -•—+-= 0 . 


cos A cos /I cos v 

*Ex. 24. Shew that the Hue in Ex. 22 is at right angles to the 
plane in Ex. 23. 

*Ex. 25. Tf P is the point (a-’, y', z') and the perpendiculars from 
P to the coordinate planes are y,, p.^, p^, prove that 

/*, sinA ;) 2 sin^ ^^isinr ^4 

* * * 7 — » — ■;—• 

,r y z 

Deduce tlnit the planes bisecting the interior angles between the 
coordinate pmnes puss through the lino 

•r ?/ z 


sin /V 


in ^L 8U1 V 
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*Ex. 26. Shew that the squares of the distances of P, (jr', y, /) 
from the coordinate axes are 

sin^ V+si n-/i + 2yz'(cos A - cos /i cos r), etc. 

^Ex, 27 * Provo that the equation to the plane through O normal to 



.T 


sin A 


sill /i 


^in y 


— A + /i + v X- n + y 

SCOS - ^ -h^COS-^-+CCOS 



46. The intersection of three planes. Befort* proceeilinj' 
to tl\e general discussion of the intersection of three given 
planes \vc will consider tliree typical uuiiierical cases. 
Solving the equations 

3x—4-^ + 53= 10, 

2x— y+ z= 3, 

x-3//-h2z= 1 . 

we obtain a;=l, ^ = 2, 2 = 3, and hence the tliroo ])lanes 
represented by the given eejuations pa.ss through the point 

( 1 . 2, 3 ). 

Let us now attempt to .solve the e(juati<ms 

(i) 2.i:-4j/ + 2c = ."), 

(ii) 5x~- y— 2 = H, 

(iii) x+ y— 2 = 7. 

Eliminate z from (ii) and (iii), tlieii from (i) and (ii), and 

we get 4.^-2(/=l, 4,r-2y = 7. 

Whence subtracting, 0 .x + 0.y = (S. 

Similarly, eliminating y from (i) and (ii), then from (ii^ 
and (iii), we get 

Qx-~2z = 9, Ox — 23 = 15, 

whence 0.x+ 0.3 = 0. 

There are, therefore, no finite valu<!s of x, y, z, which 
Satisfy all tlie given e^juations. 3'he equations 0 . x + 0 . y = 6, 

0. * + 0.3 = 0, are limiting forms of ^-+^ =0, 

tends to infinity, and hence we may say that any point 
wnose coordinates satisfy the three given equuti«jn.s is at au 
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infinite distance. We easily find that the lines of inter¬ 
section of any two of the planes are parallel to the line 

^_y_z 

12 3' 

and it is evident that no two of the planes are parallel, so 
that the three planes form a triangular pnsin. Thus if we 
are given the three equations to the faces of a triangular 
prism, and we attempt to solve them, we obtain a para¬ 
doxical equation of the form ^ = 0, where A; is a number 
different from zero. 

Consider, in the third place, the equations 

(i) 12.C- y + 23 = 35, 

(ii) 3 j:-H y-\- 2 = 7, 

(iii) z= 0. 

Eliminating z between (i) and (ii), and then between (ii) 
and (iii), we obtain 


Ga:-3y = 21, 2j:-y = 7. 

Similarly, if we eliminate x in any way between the 
equations, we get .5^ + 23 + 7 = 0. 

lluis all points who.so coordinates satisfy' the given equa¬ 
tions lie upon botJi of the planes 2x-y = 7, 5y + 2s + 7=0, 
or the ecjmmon points of the three planes lie upon a straight 
line, that is, the tliree planes intersect in a straight line. 


Ex. 1. E.Naminf the 

(i) ' 2 x-:>>/+ := 3 , 

(ii) 3.' +4^ + G; = .% 

(iii) j+ ,/+ 

dv) .v-l-2// + 3r = f>, 

(v) 2.r + 3j/+4; = G, 

(vi) 2.r- y+ 4, 
(vii) 3.r- y+ 

Ans. (i) Planes form 


nature of the intersection of the seta of planes : 


y4-4; = 5, 

G.r + Gy + 9; - 1 

2.1'+ 3tf + 4; = 20, 
:J.r+4v4-5. = 2, 

3.c+4//4-r>.' = 20, 

.'j.r + 7y + 2; = 0 , 

2x-h-iy+ .:+10 = 0 , 


.r-}-3y + 64 = l ; 

3.r-i-3^ + 5r=5 ; 

X- y+ j=2 ; 

5.r iy + 3c + 18 = 0 j 
x-|-2y4-3c=2 ; 
3.f4-4y-2c+3=0; 
6x - 2y-f-2c-I-9=0. 


priatii ; (ii) jilaiu\s pass through line 



2 “ ” I ■ ‘ 

(ui) planes intersect at (1, 2, 3); (iv) phnes pass through line 

. r -}-10 v -8 r 
1 “■-2^1’ 

(v) ijlanes ; (vi) planes intersect at (1, -1, 1); (vii) two 

planes pai-allel, thud intersects them. > f • \ 
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Ex. 2. Prove that the three plaues 2x+^+i=3, x-y + 22=4, 
s+i = 2, form a triangular prism, and find the area of a normal section 


of the prism. V3/18. 

We shall now consider tlie general case. 

Let tlie equations to the planes be 

u^ = a^x-^-b^1/+c^z-^-<l^ = 0. .(1) 

^2 = + 6^1/ + (4 = 0.(2) 

Us s a^a; + 632/-f ^3^ + c/3 = 0 . .( 3 ) 


Solving the equations (1), (2), (3), we obtain: 



X 


-y 


z 


-1 


6j, Cy, rfj 


Cj, c/j 


a,, 6p ( 1 ^ 


Up 6p Cj 


63, Cg, C?2 


^2^ ^2* ^2 


(^ 2 ^ ^ 2 * ^2 


V V W 


63, O3, 


^31 ^3 


^31 ^3 ' 


^S* ^ 3 * ^3 

which, by contracting the denoininatoi's, we may write, 


X 


-y 


Z 


- 1 


^3! 

ap 

,p 

1 

Uy, 

14 

1 

«1- 

. ... 

63. C3 


Let Aslup 62 , 03 !, 

Bj — ^ ^ (^2^3 ^ ^3^2)» 

Then 





B 2 C 3 —BgCg — aiA, CjAj —C 3 A 3 = 6 ,A, A 2 B 3 -a.,Bo = CjA; etc. 
Therefore, if A = 0, 


= = and = = 

^ ®'} ^3 

If A^O, the equations (4) give finite ’-alues of x. y, z, 
and therefore the three given planes l>ave a point of 
intersection at a finite distance. 

But if A = 0 and | 6 j, Cg, rfg |^0, the given equations are 
not satisfied by any finite value of x. Since 

I 61, Co, I = C^lA| + -f-6?3A3, 

Aj, A^, A 3 cannot all be zero, and therefore the tliree planes 
are not all parallel. Again, the lines of intersection of the 
planes arc parallel to 



Aj Bj Cj A^ 63 Cj Ag B3 C3 


u.o. 


o 
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and hence, by (5), are parallel. Tf Aj, A 2 , A 3 are all dilferent 
from zero, no two of the given planes are parallel, and the 
planes form a triangular prism. The edges are parallel to 
XOY if Ci = C 2 =C 3 = 0 , (and so | Oj 62 dg | = 0), or to OX if 
Bj, Bo, Bg, Cl, Cg, Cg, are all zero (and so loiCgdgj^O and 
10162 ^ 31 = 0 ). If Ai = Bi = Ci= 0 , and Ag, Ag^^^O, the planes 
«2 and «3 are parallel and meets them, and we have a 
limiting case of a triangular prism when one of the edges is at 
an infinite distance. Since do and dg are not both zero, we 
have I 61 C 2 dg | r^O. Hence for a triangular prism, A = 0 and 
one of the other three determinants is different from zero. 

It is to be noted that in this case 

"b "b AgUg = 1 61 , Cg, dgl^O, 

that is, when three planes are parallel to one line their 
equations can be combined so as to form a paradoxical 
equation /c = 0 , where h is a quantity different from zero. 
Convei'sely, if three numbers I, m, n can be found so that 

hi^ + ?nu2+71«3 s k, 

wliere k is independent of x, y, z, and is not zero, then the 
three planes are parallel to one line, and if no two of them 
are parallel, form a triangular prism. For 

ayl + a.pn +OgU = 0, h^l + 62m + 6371 = 0, 

Cj/H- C 2 ?n+ CgTt^O, dii + rfg77l + d37i=7^:(). 

Tlicrcfore Itti.hg, C 3 | = 0 and [ 6 ,, Co, dgl^fcO. 

Suppose now that A = 0, j 6 ,, Cg, ^3 1 = 0 and Aj^O, (Aj is 
one of the common minors of A and jhj, Cg, dg]). As in the 
last case, the three planes are pamllel to one line. But 
since j 6 i, Cg, ^3 1 = 0 , the three lines in which the planes 
cut the plane YOZ, viz., 

£C = 0 , 6i7/ + CjS+dj = 0 ; 

x = 0, Ky+c^+d^ — O; 

x = 0 , 63^ + Cjc: + dg = 0 

are concurrent. Their common point is given by a; = 0, 

y ^ z _ 1 

<^2'^ 3 *“ Cjdg djb^ — d^h^ Aj ’ 

and since Aj^O, it is at a finite distance. Hence, since the 
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three planes are parallel to one line and pass through a 
point in the plane YOZ, they pass through one line. 

It follows now that |«j, c^, tfjl and juj, b^, rfgl, the 
remaining two determinants in (4), are zero. For since 
the planes pass througli one line, their lines of intersection 
with the plane ZOX, viz., 

y = 0, y = 0, u^+c.yZ-^d 2 = 0; 

y = 0, <i.jc + c._^z + d^=0 

are concurrent. Therefore |«j, c^, and similarly, 

I ^ 1 » ^2 ’ ^3 1 ~ 

Again, if [a^ b.^, (/ 3 | = 0, |«j, c.,, = 0 and — 

(any one of the common minors), is not zero, tl>e lines 
of intersection of the given planes with the planes ZOX 
and XOY are concurrent. The points of concurrence are 
given by 

_Q X s __ 

^ ’ c^d^ — c^d^ d^u^ — d^a^ <* 2 ^ 3 “ ^^ 3 ^ 2 * 

■'« _ ?/_ _= 

’ b.^d^ — b./l., dji^ — d^a^ a.,b.^ — b.ji^ 

and since d.^<i.^ — d^a.,^0, they are not coinciilont. 'J'lic 
planes have therefore two common points and thus pass 
through one line. It follows then that |«i, b.^, Cgj and 
l^ii ^ 21 C/ 3 I are both zero. 

If, therefore, any two of the deterininaiits 

I 6 j, C 2 , <^3 1 j I *^11 ^ 2 * *^3 l> I ' ^ 2 ' ^3 I * 1 ’ ^^ 2 ’ *^3 I 

are zero, and one of their common minors is not zero, tlie 
remaining two determinants are zero,* and the three planes 
have a line of intersection at a linite distance. 


1 


* Tilift in oaH ilj proved algcliraically. If .i =0, 15,, Cj, t/j| —0, and A, ^ 0, 

A = a,A, +a.Aj + <ijAj = 0, 

15,, Ca, dj|s</,A,+f;>V^ + </jA3 = 0, 

A, _ A., __ Ai 


tlicn, aineo 
and 

we have 


u/Ji-Ufilj 

_ fc, A, + h. Aj f If AI _ +g A.- + *'Ai 

- |a,, 5.^, dj, - ,a,, Cj, c/j I 

Therefore, aince Z5,A, =0. 2c,A, =0, and A, # 0, 

d,l = 0 and |a,, Cg, d,l=:0 
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The conditions for a line of intersection are often written 
in the form, 


<h> 

K. 

Cl, 

d, 

= 0 , 


b.. 

Cg, 

d. 


« 8 . 

bs. 

C 3 , 

d. 



the notation signifying that any two of the four third-order 
determinants are zero. They may also be obtained as 
follows. Any plane through the line of intersection of 
^ = 0 , 11^2 = 0 is given by XiWj+planes 
w-i = 0 , u.> = 0 , 1^3 = 0 pass through one line, 

XiUi + \2V^ = ^ and ^^3 = 0 

must, for some values of Xj, Xg, represent the same plane, 
and therefore 

Xi^i-I-Xo-i^s = — X 3 U 3 , 
or XjUj + Xgttg-l-XgUjS 0. 

Conversely, if Xj, Xo, X 3 can be found so that 


XjUj -P XoUj -I- X 3 W 3 = 0, 

tlien XiUj-f-XgUoS —X^u^, 

and tlierefore the plane u^ = 0 passes through the line 
of intersection of Uj = 0 and Considering the co- 

ctricients in XjUi-l-X.jWo + XjttjsO, we have 

(t jXi -f ajX* + 03X3 = 0, 6jXi + 62^2 + ~ 

^ 1 ^ 1 + ^2^2 +^3^3 = <^lX,4*C?2X2 + dgX3 = 0, 


Therefore, eliminating Xj, Xo, Xg, we obtain 






io, 

^2> 

<h* 





Ez. 3. Prove that the plunee 

x+a^+(b+c)z+d=0, 

x-\-bi/+(c+a)z+d=0, 

x+ci/+(a+b)£+d^0 

pass through one line. 

Ex. 4. Prove that the planes x=c^ + bz, ^=az+cx, z—bx+ay pass 
through one line if a'-^i^-^<^+2abc=\. 
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Ex. 6. The planes aa:+Ay+<7^=0, 


pass through one line if A = 


a, 

.9* 


fh 

h. 


9 

J 


hx-^hy-^fz = Qy gx+fy-¥cz^Q 
1=0, and the direction-ratios 


of the line satisfy the equations 

_ „2 

^ 


Ex. 6. If the axes are rectangular, the equations to the planes 
through the line of intei'section of two of the given planes 

a^r-f6,_»/ + Cr 2 -i-rfr = 0, r=l, 2, 3, 

perpendicular to the third, are 

(ajJi -f 6,y -H c^^ + d^){a./i^ + 6^63 -f CjC,) - {a.>r + -J- c^j -f rf,) 

X (a3«,-j-i36,-f-C3e,)=0, etc. 

Shew that the three planes pass through one line. 


Ex. 7. The plane meets the axe.s OX, OY, OZ, which 

are rectangular, in A, B, C. Prove that the j)lanes through the axes 

and the internal bisectors of liie angles of the triangle ABC pass 

through the line ^ ? 

^ ^_ 7f ^ ^_ 

c«y^+^''* 


46. Line intersecting two gfiven lines. The equations to 
any line intersecting two given lines, ■«, = (i = t;j; Uo~0 = x\, 

Ui + X|Vi = 0, u-j + Xat’o^O. 

For the third line lies in the plane Uj-fXjVj = 0, and 
therefore it i.s coplanar with u, = 0 = Vj, and similarly it 
is coplanar with u^ = 0 = V 2 . 

Ex. 1. Find tho equations to the slniight line drawn from the 
origin to internert tho linod 

3^; + 2j/ + 4;-5 5=0=2r-3// + 42+l, 

2/‘-4y + ^ + 0 = 0»3x-4y + ^-3. 

!..• ff ^ 

" 240“ 1 . 53 “ -52' 

Ex. 2. Find the e<juutions to the line that iiitereects the lines 
x-‘ry-\‘i = \, 2x-y-* = 2 ; x-y-z^Z, 2j:- + -ly-r = 4, atul passes 
through the point (1, 1, 1). -*^-1 .V-1 r-1 

Q - j - g . 

Ex. 3. Find the equatioiiH to the line drawn parallel to 4 ®*T**r 
BO a« to meet the lines 2 = &je-C*'4y + 3, -4 = 3y-*-5. 

Ans. 44^enx + 1093, lUslly + 345. 
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£z. 4. Find the surface generated by a line which intersects the 
lines y=z=a ; x+Zz=a, y+z=a, and is parallel to the plane ar+^=0. 

Ans. (jr+y)^+ 2 ) = 2a(^+x). 

Ex. 5. Find the surface genei'ated by a straight line which intersects 
the lines x+i/=z = 0 •, x — i/=-z, x+y=2a, and the parabola y—0, 
a*^ss2n?. Am. 

Ex. 6. A variable line intersects OX, and the curve ji^=cZy 
and is parallel to the plane YOZ. Prove that it generates the 
paraboloid xy = cz. 

Ex. 7. Prove that the locus of a variable line which intersects the 
three given lines// = »/i-r, z = c ; y~ — wu*, 2 = — c ; y= 2 , 7nx= — c ; is the 
su rface y- - m\ir=z-~ c\ 

47. Lines intersecting three given lines. If the equa¬ 
tions to three given lines are u^ = 0 = ri, U 2 = 0 = t; 2 > 
u.^ = 0 — v.^, and the three planes 

(1) Ui-Xiri = 0, (2) U 2 -X,i '2 = 0, (3) 

liave a lino of intersection, that line is coplanar With each 
of the three given lines, and therefore intersects all three. 
There are two independent conditions for a line of inter¬ 
section, (§45), which may be written, 

/i(Xp X., X 3 ) = 0..(4) /.(X,. X 2 , X 3 ) = 0.(5) 

If Xp Xo, X 3 be cliosen to satisfy (4) and (5), any two of 
the equations (I), (2), (3) represent a line which intersects 
the tliree given lines. Suppose that (1) and (2) are taken, 
then eliminating X 3 between (4) and (5), we obtain 

^(Xp X 2 ) = 0 .( 6 ) 

An infinite number of values of Xp Xo can be found to 
satisfy (fi), and therefoi'e an infinite number of lines can 
be found to intersect three given lines. If we eliminate 
Xp X., between (1), (2), (G) we obtain 



This equation is satisfied by the coordinates of any point 
on line which intersects the three given lines, and 
tliereforc represents a sxirface generated by such lines. 
Hence the lines which intersect three given lines lie on a 
surface. 
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It is to be noted that if Xj, Xo, X.{ satisfy (4-) and (o), 
(3) is of the form Wj ——X^i^) = 0, and tlierefore 
that (1), (2), (3), (4), (5) are real!}' e(jihvalent to four 
independent equations. 'I'lie e<juation to the surface i.s 
obtained by eliminating Xp X.,, X 3 bcrtween these four 
equations, and tliis can be done in only onr. way. Hence 

the surface is also given by /jf^’ t”’ T/~^> 

^ 2 . ^A = 0. 

V, V 2 / 


Ex. 1. Find the locus of lines which intei-sect the three lines 
y = b,z=-c; z^c ; x= .r = </,»/= - 6 . 

If the three planes 

.y-64-A,(r4-c)=0, 2 -c+A2(j+«)= 0, .r-« + Aj(v + />)=0 


have a line of intersectioji, it meets the three <;:iven lines. That 


0, 

1 . 

■^u 

-6 + A,r 

* 0 , 


0 , 

1, 

— c + A-,ci 



A3» 

0. 

— f/ + XJ> . 



t.e. if (1) AjA-^Aj+l^O and (- 2 ) AjA-Aja - 2 cA,Aj+« = 0 . 

Therefore the comdlnates of any |M)int on n line whi'h meets the 
three given lines satisfy 


y~b + Xi(i + c) = 0, 2 -C+A. 2 (.r + tf) = 0, r - a + X^//+ h) = 0, 

where AiAjA 3 + 1 = 0 . Therefore eliminating A,, A-.., A 3 , we obtain 
the locus of the lines, viz. ; 


1 / -h 2 -c X - a , 

•'-.-. , = 1, 

2 + c j. + « y + t* 

or (/y2 + t2.f + C.ry + ///»C = 0 

(Shew that the siime re.snlt is (.btaiiied from (2).) 


Ex. 2. If the plaiift.H tliiough a point P ami the tliree given lines 
v = l, *=-J ; 2«1, x=-\ ; x=\, y=-l pass through one line, P 
lies on the Riirfaco y; + 2 a: + jy + 1 =0. 

Ex. 3. Provo that all linc.s which intersect the lines y»wrr, 2 = c ; 
y— -nix, 2 = —c ; atxl the x axis, lie on the surface nixt=ry. 

Ex. 4. Prove that the locus of lines whi«li intersect the three lines 
y- 2 =l,x = 0; 2 -.r=l,y = 0: j--y»l ,2 = 0is 

X* + y* + c* - %>/i - 22.C - 2 ry = 1. 

Ex. 6. Find the locus of tlie straight lines which meet the lines 
x = 2, 4y«32; .r + 2 = 0, 4y + 3.- = 0 ; »/ = 3, 2r + 2 = 0. 

Ant. 3ftr»4 10 y*-{) 2 *= 144. 
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6. Shew that the equations to any line which interaects the 
three given lines y=6, c, 2 =c, x= —a \ x=a^ y=—b may be 
written y —5 + A0+c)=s0, (x —a)+-/i(y+i»)=0, where A. and fi are 
connected by the equation A/iC-/i6+a=0. Hence shew that the two 

lines which intersect the three given lines and also ^ 

are ' <= -<“+*) 


X y+c _ z-b x-c _y_ z+o 
a c — b 6 —c’ c — a b a—c 


Ex. 7. Shew that the two lines that can be drawn to intersect the 
four given lines 

y=l,s=-l; i = l,x=-l; x=l,y=-l; x=0,y+«=0 
are given by z = l, y +1 = 0 ; 2 + ^ 1 +1 =0, y — 2 — 2=0. 


48. Coplanar lines. To find the condition that two given 
lines should be coplanar. 

Let their equations be 


x—cL _ y —/3 
I ~ m 



X’-cl' y — ^ z—y 
V ~ ni' ~ n' 



The equation to a plane tlirough the fii*st line is 

a(x-a.) + b(y~~^) + c(z-y) = 0, . 


where 


al-i-bni + cn — 0. 


(3) 

(4) 


If it contains the line (2), 

a((X-«.') + t(/3-/3') + c(y-y')=0,.(5) 

and al'-i-bni-\-cn' = 0 .(6) 

Therefore eliminating a, b, c between (4), (5), (6), we 
obtain the required condition. 

ja-oc', /3-0\ y~y =0.(7) 

/, m, n 


I', m', n' j 

The elimination of a, h, c between (3>, (4), (6) gives the 
equation to the plane containing the lines, viz., 

x — oL, y —/3, z~y =0. 

I, m, n 

I', ni', n' 


(8) 
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Generally, the equation (8) represents the plane through 
the line (1) parallel to the line (2), and (7) is the condition 
that this plane should contain the point (fx', /3', y) on (2). 


Ex. 1. Deduce the result (7) by equating the coordinates o.+lr, etc., 
a.' + l'r', etc., of variable points on the given lines. 

x-1 2-3 v-3 2-4 

Er. 2. Prove that the lines = —^ = 

are coplanar. 

Ex. 3. Prove that the lines 

jT-g + rf j/ — a z-a-d ^ 

0.-5 a. a. + 8 ^ 

g* — 6 + c*_ //- 6 _ 2-6 — c 

f^-y ii fi-^y 

are coplanar, and find the equation to the plane in which they Ue. 

Am. 2y = x + x 

V.t 4. Prove that the lines x=ai/+b=a + d, x^a.^+ P=y:+S&v^ 
co])lnii!ir if (y - c)(a/8 - i«.) - (a - a)(c6 - <fy) = 0. 

Ex. 5. Prove that the liiie.s 

^ ss .^^—— = ~—ax + bi/ + ci + (i=0 = a'.T + b'u + c'z + d' 

I m n 


III 


, aa. + bB-\-cy + d aa. + bB + cy+d 

* nl + bm + cn al + bm+C7t 


Ex. 6. Prove that the lines a.r + />'/ + cj + </= 0 =sa> + //y + c'i + c?*, 
ax-i-Bi/+yz + &~0^7i.'.r + (S’i/+y'z+b' are coplanar if 


g, a\ /JL, 

b, b\ fi, (i- 

c, s', y> y' 

d, <t, 5, S' 



Ex, 7. A, A'; B, B'; C, C' are points on the axes; shew that 
the lines of intersection of the planes A'BC, AB'C ; B'CA, BC A': 
CAB, CA B' are coplanar. 


49. The shortest distance between two lines. The ares 

heinfj rectanyulfi-r, to fiTul the nhorleet dintancc hetween the 

=j/z:^=e=y; ^^=5=r. 

I m n I m n 


Let the points A, A', (fig. 24). be (a, /3, y). (a', /?', y'). The 
shortest distance between the given lines is at right angles 
to both, and it is therefore equal to the projection of AA' on 
a line at right angles to l>oth of the given lines. 
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Suppose that X, fi, v are the direction-cosines of such a 
line, then ^X + m/xn»/= 0 and L'\-\-vi'tx + n'v = Oi 

. X _ M _ V 

mn' — m'n iiV—n'l Im'—I'm 
Therefore the projection 
-X(a-a')+M(-8-/3')+>^(r-y'X (§21. Ex. 3). 

— + - S') {-nV- n'l) + (y- y){Vmf-Vw) 

s/ 2 ( mu' — m'n )- 



Pio. 2-L 


Equation (7), §4S, may now be interpreted as the con- 
rlition that tlie shortest distance between the two given 
lines sliould vanisli. Again, if PP' is the shortest distance, 
tlie ecjuations to the planes APP', A'PP' are 


' X — a, 


3-y =0, : 

05 —a'. 

y-S', 

z-y 


VI, 

n 

1 

r. 

m'. 

n' 

iX. 


X, 

A. 

V 


aii<l tliese represent tlie line PP'. 

Ex. 1. Find the shortest distanc-e using the theorenie that the 
shortest distance is equal to (i), the perpendicular from any point 
(o. + ^r, /? + »»% v+«r), on the fii-st line to the plane dmwn through 
the second panallel to the fii-st ; and (ii), the distance between two 
planes, each passing through one line and parallel to the other. 


Ex. 2. If P, (fji + li\ l3 + mr, y + nr) and 

P'. (oL' + iV, ff + my, y' + »(V) 

are jwints on the given line.s, and PP' = S, prove that 




nece.ssarv conditions for a minimum of PP'-, are verified when PP' is 
perpendicular to each «if the lines. 
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Ez. 3. Shew that tlie shortest distance between the lines 

x-\ y-^ 2 - 3 . x-2 y-A z-5 

2 3 4 ’ 3 ’ 4 5 

is and that its equations are 
v6 

Wx+^y -7z + G = 0, IxA-y - 5z+7=0. 

Ez. 4. Find the shortest distance between the Hoes 

x-'.i y-8 2 - 3 . .r + 3 v + 7 2-6 
3 “ -1 “ 1 ’ -.3 2 

Tlie following method of .solution may be adopted : Let the s.u 
meet the lines in P and P' respectively. Then the coordinates of P 
and P' may be written {3 + 3r, 8 -r, 3 + r), (-3-3/, -7 + 2/, 6+4/^ 
where r is proportional to the distance of P from the point (3, 8 , 3) 
and / to the distance of P' from (-3. -7, 6 ). Whence the direction* 
cosines of PP' are pro[>ortional to ({ + 3r+3/, ir> —r-2/, -3 + r-4/. 

Since PP' is at right angles to both lines, we have 

3(6 + 3r + .V)-(l.')-r-2/) + (-3 + r-4/) = 0, 

-3(6 + 3/- + 3/) + 2(15-r-2/) + 4(-3 + /--4r') = 0. 

Whence, .solving for r and /, we get r=s/ = 0. 

Therefore P and P' are the points (3, 8 , 3), (-3,-7, 6 ), PP' = 3n^, 
and the equations to PP' are 

.r -3_ y- 8 ^ - 3 
2 ’ 


0 


-1 


Ez. 5. Find the same results for the lines 

.r-3_.y-5_2-7 . x+1 y+l 2 + 1 
1 -2 1 ’ ' 7 ~‘-6 ~~r' 

A,u.2^2S, = (3,5,7), (-1, -1,-1), 

Ez, 6. Find the lengtit and equation.s of the s.D. between 

3r - 9^ + r ,2 = 0 = j _ 2 , 

6j- + 8.y+32-13 = 0 = x + 2y+2-3. 

"7^’ ’^’•^■-29y+162 = 0 = 13j + 82y+ 652-109. 

V «54z 

Ex. 7. A lino with direction-cosincs proportional to 2, 7, —6 is 
diawn to intei-sect the lines 

x-r> y-7 2 + 2. jr + 3 v-3 2-0 
3 -J 1 ’ -3 “ 2 “ 4 ■ 

Find the coordinates of the points of intersection and the length 
intercepted on it. Aiu. (2, 8, -3), (0, 1, 2), s/lA 
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Es. 8 . Find the s.d. between the axia of z and the line 

aa*+ 6 .y+c 2 +f/= 0 , ax-\-b'^+cz+d = 0 . 

(The plane pivssing through the line and parallel to OZ is 

c (ou*++ci + rf) = c+ c'z +cT), 
and the perpendicular from the origin to this plane is equal to the s.D.) 

cd-c'd _ 

^ (fic' — dcY + (/«' — b'c)' 

Ex. 9. If the axes are rectiingular, the s.d. between the lines 
y=a: + 6 , + ; ?/ = «' 5 + 6 ', z^a.'x+fi’ is 

(ct.-a.')(&-6') —(a.'j6-a.ff')(g-a') 

{a.V^(a-a')2 + («. - a.y+{aa. - a 

Ex. 10. Prove that the s.d. between the lines 

rt.r + 6// + cr+= 0 = a'x +■ h'y + c'z +rf*, 

our + /3^ + y 2 +5 = 0 = nlx + /3'y + y'r+S' 

is «, h, c, d ^{3(BC'-B'cM 

o', //, e', d' 

/?, y, 8 

y’, 8' 

where A = hr - h'>\ ctv , A' = /iy' - f3'y, etc. 

Ex. 11. Shew that the S.D. between the lines 


- g - •>1 _ .V - .Vi _ - --I . .r - -r. ^ y - i/^ g - 

coscoj coa/i| cosy,’ coscu co-s/Cfj cos yj 


meets the fir.'^t line at a point who.se distance from (r,, y,, r,) is 

^(j I ^cos/x.) ^ where 6 is the angle between the linea 

sin* 0 


Ex. 12. Shew that the S.D. between any two opposite edges of 
the tetrahedron formed by tho planes j + o' = 0, .r+y“0, 

is and that the three lines of shortest distance 

iiit' i'.'V' t at the point .f=s‘//~z = -a. 

Ex. 13. Shew that the s.d. between the line 

a.r + h'/ + cz + d = 0-=‘ a'.v + 6'y + c'z + d' 

and the ;-axis meets tho :-a.\is at a point whose distance from the 
origin is 

fdb' ~ rf'6)(fcc' — b'c)+(ca' — c'a)(ad' — a'd) 

~ r(f>r'-8V)- + (ca’-c'«)*} ■ 


Ex. 14. Shew that the eejuation to tho plane containing the line 
y.'fe+i/r —1, a- = 0; and )>arallel to the line x,'a—z/c=], y=0 is 

x/a—^lb — z/c+l^O, and if 2 d is the 8.D. prove that = 
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Ex. 15. Two straight lines 

x-o. _ y — (i _ z — y ^ ^ 

I m n ' I' m' n' 

are cut by a third whose dircction-cosinea are A, /x, v. Shew that the 
length intercepted on the third line is given by 


a.-o:,$~R',y-y' 

% 

n 

1, in, n 


l\ m\ n' 

l\ in\ n' 


A, fi, V 


and deduce the length o! the s.D. 


*Ex. 16. The axes are oblique and the plane ABC has equation 
xla+ylb + zlc= 1 . Prove that if the tetrahedron OABC has two paiia 

of opposite edges at right angles, ——^ =—— ( = /•), and that 

the equations to the four perpendiculars are 

n ft . I j 3</> 3<i 

> 5 -= 2 aco 6 k, - 55 -= 2 a cos u, etc., and a^ = h-^ = cy^- 
Oy ' Cz t-> > 3 ,^ 

Hence shew that the perpendiculars pass through the point given by 

^^= 26 cl', ^= 2 cal', ^ = 2 aiX‘. Prove also that the equations to the 

s.D. of AB and OC are ^~=2ahl-, a^ = b^ ; and that the S.D 
passes through the point of concurrence of the perpendiculars. 


50. Problems relating to two non-intersecting lines. 

Wlteii two non-intersecting lines are given, tlie following 
systems of coordinate axes allow tlieir equations to be 
written in simple forms, and are therefore of use in problems 
relating to the lines. 



I. Rectangular axes. Let AB. A'B', (fig. 25), be the lines, 
and let CC', length 2c, be the shortest distance between 
them. Take the axis of z along CC', and O tlie mid-point 
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of CC' aa origin. Draw OP, OQ parallel to AB, A'b', and 
take the plane POQ as the plane 2 = 0. As x- and y-axes 
take the bisectors of the angles between OP and OQ. Then 
if the angle between the given lines is 2a, tlie equations 
to the planes POZ, QOZ are y = xta.noL, y= —a;tana; and 
hence the equations to AB and A'B' are 

y = x tan a, 2 = c; y——x tan a, s = — c. 

These may be written in the symmetrical forms 
X _ y _s — c^ X _ y _z-{-c 
cos a sin a 0 ’ cos a —.sin a 0 


Ex. 1. P and P' are variable points on two given non-intereecting 
lines AB and A'B', and Q is a variable point so tliat QP, QP' are at 
right angles to one another and at right angles to AB and A'B' 


re'q>ectively. Find the locus of Q. 

'Take as the equations to AB, A'B', y=mx, s = c; y=—mx, s~—c. 
Then tl>e coordinates of P, P' are a, j»cl, c ; — niff, — c, where a. and 

ff are variables. Let Q be (^, ij, then since PQ is perpendicular 

(^ - cl ) + m ( v -»!«.)=0 ;. 0 ) 

since P'Q is perpendicular to A'B', 

(^-ff)- ni (r/ + ntff) = 0 ; .(2) 

since PQ is perjK*ndicular to P'Q, 

(^ - - ff)+0l- + mff)+(i~ c)(i+c)^0. .(3) 


To find the equation to the locus we liavo to eliminate u. and ff 
between (1), (2), (.3). 

The re.sult is e;4.sily found to be 
a hyperboloid. 

II. ixtrtly rectangular. If we take OP and OQ as 

axes of X and y, instead of tlie bisectors of the angles 
between tliem, we have a system of axes in which the 
angles ZOX, YOZ are right angles and the angle XOY is the 
angle between the lines. The equations to AB, A'B' referred 
to thi.s .sy.stem are 

y = {), z = c: a; = 0, 2 = — c. 


which represents 
1-m^’ ^ 


Ex. 2. P. P’ are variable points on two given non-interaectinff 
line.-* and PP' is of consUnt length '2k. Find the surface genemted 
by PP'. 

Take as the equations to the lines y~0, s~c; .rs=0, 2 —-c; then 
P and P' are (a., 0 , r), (0, ff, -c), where cl and ff are variables. The 
equations to PP'ai-e ^ q 

. ^ ^ 
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If Q, Q' are the projections of P, P' on the plane OXY, PQ = Q'P’ = c, 
OQ = “-» OQ'=s/J and QQ''’-tjJ+0^-2aipcoH$, where 6 is the angle 
between the lines. Therefore 

PP’^ = a.^ + f}^-2oi/3cose + 4c^ = 4l-^. .(2) 

*lo obtain the ec^uation to the locus of PP’ we have to eliniinate 
a. and fi between tlie equations (1) and (2). From (1), 


2cr 




and therefore the surface is given by 

, y- , 2 x 1 / cos 6 Ic- 
(z+cy*-{z-cy+ -c2 


Ex. 3. Find the surface generated by a straight line which inter¬ 
sects two given lines and is parallel to a given plane. 

If the axes be chosen as in Ex. 2, ana the given plane bo 

U + my + nzsiO, the locus is —^+-^^ + ><=0. 

z+c z—c 


III. Axes oblique. If a point on each of tlie given lines 
is speciKed and a rectangular system is not neces.sary, the line 
joining the given points may be taken as s-axis, its mid¬ 
point as origin, and the parallels through the origin to the 
given lines as x- and i/-axe.s. The equations to tlie lines 
are then y = 0, 2 = c; x = 0, z=~c', 

where 2c is the distance between the given points. 

Ex. 4. AP, A'P' are two given lines, A and A' being fixed, and 
P and P' variable points such that AP.A'P' is constant. Find the 
locus of PP'. 

Take AA' os ?-axis, etc. Then P, P' are (fc, 0, c), (0, /3, -c), where 
t«./y = coii»tant = 4i('*, say. The equations to PP’ are 

X_y~{i c 
<*. - ft ~ 2c’ 

and eliminating ft. and ft between these and o.ft=Ak'-, we obtain the 
equation to the locus, c'^xy 4-- c^) = 0. 

Ex. 5. Find the locus of PP' when (i) AP-hA'P', (ii) AP/A'P', 
(iii) AP^-f-A'P'!< is consUnt. Find also the locus of the niid-noint 
of PP’. ‘ 

Ex. 6. Find the locus of the niid-points of lines who.se extremities 
are on two given lines and which are parallel to a given plane. 

Ex. 7. Find the locus of a straight line that inteiftects two given 
lines and makes a right angle with one of them. 

Ex. 8. Find the locus of a point which is equidistant from two 
given straight lines. 
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Bx. 9. Shew that the locus of the mid-points of lines of constont 
length which have their extremities on two given lines is an ellipse 
whose centre bisects the 3.D.. and whose axes are equally inclmed to 
the lines. 

Ex. 10. A point moves so that the line joining the feet of the 
perpendiculars from it to two given lines subtends a right angle at 
the mid-point of their a.D. Shew that its locus is a hyperbolic 

cylinder. 

Ex. 11. Prove that the locus of a line which meets the lines 
±nur, r = ±c; and the circle r=0 is 

chn^{c^ - mxzy +c*(y2 - cnucf—ahn^z^ — 


THE VOLUME OF A TETRAHEDRON. 


% 

61. To find the volume in temns of the coordinates of the 
vertices, the axes hein<j rectangular. 

If A, B, C are (-Tj, i/j, zf), V-v ^ 2 )' (^s* Vz- 


equation to the plane ABC is 


X, 


X 

X 

X 


1» 


2 > 


3> 


y> 

2 / 1 . 

Vz* 

yz> 




' 2 » 

'a> 


1 

1 

1 

1 


s=0, or 


X 

yi> *1. 1 

+ 2 / 

n, 1 


^1. 2/1. 1 

II 

yi> 


y.,, z.,, 1 




‘*■ 2 ' V'Z’ ^ 


yo> ^2 


y.v ^3- 1 


^ 0 * 1 
-3* ‘ 


^ 3 » 2/3’ 

1 

1 

3 /s> ^3 


.( 1 ) 


Tlie equation to the plane ABC can also be written 

p = x cos a+ y cos cos y .(2) 

Li^t A denote the area ABC ; tlien its projections on the 
planes YOZ, ZOX, XOY are cosot.A, cos^S.A, cosy.A 
respcctivch'. But the projections of A, B, C on the plane 
YOZ are (0. y^, z^), <0, y.,, (0, ^ 3 , z^), and therefore the 

area of the projection of ABC is given in magnitude and 


sign by i 


2/i» 

A 

2/2- 

Zoy 

2 / 3 . 



1 2/i» 


1 2/c- 


1 2/.3> 


1 

1 

1 


Therefore we liave 


^1* 

~ 2 > 

~3' 


1 

1 

1 


, in magnitude and sign. 
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Hence, using the similar express] 
cos y. A, equation (1) may be written 

2A(x cos a+y cos ^+zcosy)= 


essions 






Xi. 

2 /p 


^ 2 . 

y 2 > 


a^ 3 » 

2/3. 

23 


= 2^A. by (2X 


Now the absolute measure of IpA is the volume of the 
tetrahedron OABC, and we can introduce positive and 
negative volume by detiuing the volume OABC to be 
which is positive or negative according as the direction of 
rotation determined by ABC is positive or negative for the 
plane ABC, (p is positive as in § 37). We may then write 


Vol. OABC = Vol. OCAB = Vol. OBCA = -J- 


Vol. OBAC = i- 


1/2* ^2 
2 / 1 * ^1 
2 / 3 . ^ 3 1 


= - Vol. OABC, etc. 


Vv 

^ 2 > 3 ^ 2 » ^2 
^ 3 ' Vz* ^3 


If D is the point (x^, y^, z^), changing the origin to D, 
we have 


Vol DABC = i 


^ \ 
— <r 

H 

1 

1 

2,-5 

r 

'4 




^2 ^4» 2/2 2 / 4 ' 


r 

'4 



1 

^8-^4- 2/3-?/4. 

^3 ^4 




3^1 “^4- 2 / 1 - 2 / 4 . 

2,-2 

f 

4> 

0 



^2-^4. Vz-Va’ 

2.,-5 

f 

'4> 

0 



2/3-2/4> 

^3 *^4 * 

0 



3^4- 2 / 4 . 

2<. 


1 



y„ 2i, 1 

= -i-' 

^4» 3 / 4 . ^4* 1 


2 / 2 * 1 


^1* 2/p ^11 1 


^s» Vat ^3» 1 


^2» 2 / 2 * ®2> ^ 


®'4' 2 / 4 * ^4» ^ 

1 

2/a. ^3. 1 


Since the sign of a determinant is changed when two 
adjacent rows or columns arc interchanged, it follows that 

Vol DABC= -Vcl ADBC = Vol ABDC= - Vol ABCD, etc 

0.0. B 
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Again, since 


^lyVv^V 1 1 

1 

Vv , 

_ 

^2» Vz* ^2 


^3> 2/8> ^3 


®4>2/4>^4 

2 / 2 * ^ 




^3> y3» ^3 


®4>2/4.^4 



3/s> ^ 


i i/a* ^3 


2 / 4 . 2^4 




^2' 2 / 2 ' ^2 











-Vol. ABCD = Vol. OABC-Vol. OBCD 

+ Vol. OCDA-Vol. ODAB. 


vSince tlie volume ABCD does not depend on the position 
of the origin, this must be true for all positions of O. 

Cor. If a, /?, y, <S are the perpendiculars from any 
point O to the faces ABC, BCD, CDA, DAB of a given tetra¬ 
hedron acL + h^-\-cy + dS is constant, where a, h, c, d are 
certain constants. 


Ex. 1. A. B. C are (3, 2, 1), (-2, 0, -3), (0. 0, -2). Find the 
locus of P if the vol. PABC = 5. 2a'4-3y-4: = 38. 


Ex. 2. The lengths of two opp 
by their s.d. is equal to r/, and tlie 

that the volume is 

0 


osite edges of a tetrahedron are 
angle between them to d ; prove 


Ex. 3. AA' is the s.d. between two given lines, and B, B' are 
variable points on them such that the volume AA'BB' is constant. 
Prove that the locus of the inid-jjoint of BB’ is a hyperbola whose 
asymptotes are parallel to the lines. 

Ex. 4. If O, A, B, C, D are any five points, and Pi,PtiP 3 iP\ are 
the projections of OA, OB, OC, OD on any given line, prove that 

p,. Vol. OBCD - .Vol. OCDA + ;.j. Vol. ODAB -p ^. Vol. OABC=0. 

Ex. 5. Prove that the volume of a tetrahedron, two of whose sides 
are of constant length and He ujwn given straight lines, is constant, 
and that the. locus of its centre of gravity is a plane. 

Ex. 6. If A, B, C, D are coplanar and A'. B', C', D' are their 
projections ..n any plane, prove that Vol. AB’C'O'b - Vol. A'BCD. 

Ex. 7. Ijines are drawn in a given direction through the vertices 
A, B, C, D I'f a tetrahedron to meet the opiwsite faces in A', B',C', D'. 
Prove that Vol. A B C D'= - 3 . Vol. ABCD. 


*Ex. 8. Find tlie volume of the tetrahedron the equations to 
whose faces are + + = r=l, 2, 3, 4. 

Let the planes corrosponding to r=l, 2, 3, 4 BCD, CDA, DAB, 


ABC respectively, and lot 


a 


1* 


f7. 




*1, 

h 


a 


31 








‘'ll 

^31 


d. 

d. 


Tlien (.r„ rd* 
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the coordinates of A, are given by 

■*^ 1 where A = — etc • 
and therefore the volume is given by 
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Ai/D„ 

Bi/D„ C,/D„ 

11 I 


Bp C|, D| 


1 A 2 /D 2 , 

etc. 

! GD.D^DjD, 

A;a, 

etc. 




6D,D,D,D* 

(C. Smith, Algebra, p. 544.) 

♦Ex. 9. The lengtlis of the edges OA, OB, OC of a tetrahedron 
OABC are a, 6, c, and the angles BOG, COA, AOB are A, /i, v ; find 
the volume. 

Suppose that the direction-cosines of OA, OB, OC, referred to 
rectangular axes through O, are f,, »i,, ; fj, Wj, ; ^ 3 , «‘ 3 « ”3 » 

the coordinates of A are l^a, m■^a, n^a, etc. 


Therefore 


6 .V 0 I. OABC = 


l^a, m,a, 
l.^, 

I3C, WJjC, 






*= ±abc 




11 , 1 , 

±abc 

h 

cos 

cos fl 

21,1,, 


11 , 1 , 


COS 

1. 

cos A 



2^^ 


cos /i, 

cos A. 

) 


(Of. g 27. Ex. .-{. 
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CHAPTER IV. 

CHANGE OF AXES. 

52. ox, OY, OZ; O^, Orj, are two sets of reetaDgular 
axes through a common oi'igin O, and the direction-cosines 
of O^, 0,u O^, referred to OX, OY, OZ, are n^-, 

^3» point, has coordinates x, y, z referred to 

OX, OY, OZ and tj, ^ referred to O^, O;?, Of. We have to 



express x, y, z in terms of t], f and the direction-cosines, 
and \'ice-ver$a. 

In the accompanying figure, ON, NM, MP represent n, f, 
and OK, KL. LP represent :r, y, z. Projecting OP and ON, 
NM, MP on OX, OY, OZ in turn, we obtain 

4 '/+ 

y = ■ ..( 1 ) 

Z= 7?2i?d- 11^^. 
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And projecting OP and OK. KL, LP on O^, Oi?, O^ in turn, 
we obtain + + 

= + .( 2 ) 

^=l^x+m.^y-k‘n^z 



X 

y 

z 


h , 

1 

rn. 


n 

k 

Vi., 

'n^ 


: ^3 

1 '>^3 

^3 


The equations (1) and (2) can be derived from the 
above scheme, whicli may be constructed as follows: Affix 
to the columns and rows the nunibcra o:, y, z\ and 

in the square common to tlie column liouded x and the 
row headed place tl»e cosine of the angle between OX 
and O^, i.e. Zj, and so on. To obtain the value of x, multiply 
the numbers in the x-column by the numbers at the left 
of their respective rows and add tlie products; to obtain 
the value of multiply the numbers in the ^-row by the 
numbers at the heads of their respective columns, and add 
the products. Similarly, any other of the equations (1) 
and (2) may be derived. 

Cor. Since x, y, z arc linear functions of t], the 
degree of an equation is \maltered by transformation from 
any one set of rectangular axes to any other. For it is 
evident that the degi'ce cannot be raised. Neither can it 
be lowered, since in changing again to the original axes, 
it would require to be raised. 


63. Relations between the direction-cosines of three 
matually perpendicular lines. We have 


^z+'rn^-^n^=\,] 


(a) y, + wi;,7n, -f rigTii = 0. 

+ TOjTng= 0. 
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From the second and third equations of (b), we derive 




m 


i__ _ 




and each = 




3^2 



777, 

«> • 

77,--= 



m, 

i 





Wg, 

«2 



7773 . 


D 

-1 


2,. 



(§ 23, Car. 1.) 


•771 


I 2 , w 

L, m 


i» 

2 > 

S» 


71; 

77. 


= ± 1 , 


(E) 


^1 = D(«2^3-^*3^2)* ?»! = 0 (^ 27713 -^ 37712 ).] 

Similarly, 

^2= 0(777377^-7711773). 7 ^ 2 = 0(773^1-77,y, 773= D(? 377 li-^i 7 n 3 );f 
^ 3 = 0(777,773-7713771), 7773 = 0(77,^2-7722,), 773=0(2,777.3-22771,).; 

Multi(>lying the first column of equations (e) by 2,, 2g, 
respectively, and jidding, we obtain 


^'+232 + 232 = 0 , 2 ,, 

2 ., 


777,, 

n 

■»«2* 

n 


n 

i 


= 1 : 


iind similjirly, 

777,"+7713“+7773“ = 1, 77+773“+ 7 ig 2 =1.(c) 

Multiplying the second column by 77,, n^, n^, we obtain 
in tlie same wav, 


7>7,?7i +7773772 + 7713773 = 0, 
and similarly, '»»-A+ = 

2 , 777 , + 237773 = 0..( d ) 

1 he e(|uations (c) and (d) C 7 in be derived at once from the 
consideration that 2 ,, 1 .,, 7n^; 77,. 772, 

the dii-oction-cosines of ox, OY, OZ referi-ed to O^. Ov. Of. 
The method adi)ptcd shews that tlie four sets (a), (b). (c), (d) 
arc not independent, and it can be sliewn as above, that if 
either of the two dissimilar sets (a), (b); (c), (d) be given, 
tlie otlier two can be deduced. 

Suppose that a plane LMN (fig. 27) cuts off thi*ee positive 
segments of unit length from the axes O^, O;;, Of. Then if 
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the direction of rotation given by lmn is the positive 
direction of rotation for the plane LMN, the system of axes 
O^, Ot], can be brought by rotation about O into coin¬ 
cidence with the system OX, OY, OZ. If tlie direction of 
rotation is negative, and O^, 0»; are brought to coincide 
with OX, OY respectively, then O^ coincides with OZ' 



The volume, and therefore D, is positive or negative 
according as the direction of rotation determined by LMN 
is positive or negative for the plane LMN. Hence if LMN 
gives the positive direction of rotation, from equations (!•;) 

+(vi^ 7 i^ — m^V2), etc., 

the positive sign being taken througliout. If LMN gives 
the negative direction of rotation, 

l^ = —(m^ 7 ig —711^712), etc., 
the negative sign being taken througliout. 

Conversely, if mj, U, 77.^ arc the 

direction-cosines of three mutually perpendicular directed 
lines O^, Otj, O^, and 

then O^, O17. can be brought by rotation about O to 
coincide with OX, OY, OZ. 

Ex. Verify tlie al)ove resiiltH l>y coneidering O^, Otj, 0 ( to coincide, 
8ay. with ox', OY', OZ. 

Here 7/j.=n,*0; — njjs-*-!; = 

ana if O^ Ixj roUiUid to coincide with OX, Or/ 
coincidex with OY. 
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54.' Section of a surface by a given plane. The follow¬ 
ing method of transformation can be applied with advantage 
when the section of a given surface by a given plane 
passing through the origin is to be considered. 

Let the equation to the plane be lx-\-my-^nz^Q, where 
P4-m®+'n- = l, and n is positive. 

Take as O^, the new axis of z, the normal to the plane 
which passes through O and makes an acute angle with 
OZ, Then the equations to O^, referred to OX, OY, OZ, are 
xll = yl'm = zl'n. Take as O;;, the new 2 /-axis, the line in 
the plane ZO^ which is at right angles to and makes an 
acute angle wdth OZ. Then choose Of, the new tc-axis, at 
right angles to 0>? and Of, and so that the system Of, O;;, Of 
can be brought to coincidence with OX, OY, OZ. The given 



plane is fO?;, and since Of is at right angles to Of and 0»;, 
it is at right angles to OZ which lies in the plane fO»;. 
Hence Of lies in the plane XOY, and therefore is the line 
of intersection of the given plane and the plane XOY. The 
equation to the plane fo?; is xll~yhn", therefore if X, jU, u 
are the direction-cosines of 0>], 

X_M__ •’ _ 

I ~')n^ I ' 

— n ^ 

^ See Appendix, p. ii. 


whence 
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But 0>) makes an acute angle with OZ, and therefore 1 /ia 
positive, and therefore the negative sign must be taken in 

the ambiguity. 

— In —mn 

X= M = 




And since is at right angles to Or) and of, by § 53 (e;, 

the direction-cosines of are 

nfi—niv, Iv—iiX, mX — lfi’, 

— in I 


t.e. 




0 . 


Hence wo have the scheme: 



X 

y 

z 

i 


1 

0 





— mn 


>7 


4 - 


1 

Vi 



Ex. 1. Shew that the projection of a conic is a conic of the same 
* 

'^Tirequation/(x.y) = «-r» + 2/«r//+ftv* + 2;7.r + 2Xy + c-0 

cylinder whose generatorB are parallel to OZ and pass thiough Uie 
conic 3*0, At, y)*0. The eqnations 

represent the enrve in which the plane J.r + Hu/ + Jt3-0 cuts the 
cylinder, and the projection of this curve on the plane 3 = 0 is the conic. 
Change the axee as above, and the equations to the curve become 


f 




4 - . = 0 


and therefore the curve is the conic given by 

(=0, a'^S-l-2//f, + tV-f...-0, 

am* - ihlm + _ lnin{a - - hn{P-vf) 

where a*- JT^t -> * - ' + ‘ 


Whence 

and 


+ Ihlm + 6 m*) 

A'3_rtV/=n»(/»2-«6) 
A'*-a'6'*0 dAh^-ab^O. 
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Ex. 2. All plane sections of a surface represented by an equation 
of the second degree are conics. 

Take cooi*dinate axes so that a plane section is 2=0 ; the equation to 
the surface is, after transformation, of the form 

a.r^ 4-4-^ 2^2+2^-x + 2 Ary+2tM: + 2t^+2 ic 2+cf=0. 

The section by the plane XOY is the conic whose equations are 

aa:'4-2//a7/4*i»y'4-2aa-4-2i’y4-rf=0. 

Tlie surfaces represented by equations of the second degree are the 
conicoids. 

Ex. 3. All parallel plane sections of a conicoid are similar and 
similarly situated conics. 

Take the coordinate plane 2=0 parallel to a system of parallel 
plane sections. The equations to the sections by the planes 2 =^', 
are then, 

2 =- k, ax- 4- 2/ia-y 4- by- 4- -Ixiyk 4- h) + 2y (_/I-4- r) 4- ck- 4- 2 tck 4- (/=0, 

2 =: k\ ax- 4- 2/i.ry 4- by- + ^i<fk' 4- it) 4- 2y(j'k' 4- r) 4- ck'^ 4- 2 iik' 4- rf=0. 

flence the sections are similar and similarly situated conics. 

Ex. 4. Find the conditions that the section of the surface 
rt.i' 4 - 6 y- 4 -c 2 -= I by the plane kc+»iy + »;—p should be (i) a parabola, 
(ii) an ellipse, (iii) a hyperbola. 

(It is sufficient to e.xamine the section by the plane fj- 4 -niy4-ni=0, 
which, by Ex. 3, is a similar conic, llie equation to the projection of 
tills section on the plane 2=0 is obtained by eliminating s between 
the equations kv + viy + ?is=0, ax^ + by'^+c*-=l, and the projection is a 
conic of the same species.) 

J/is. For a '...irabola l-la-^m-lh + n-jc^O, etc. 

Ex. 5. Find the condition that the section of a.i-^4-f'y-=25 by 
lx-\-my->rnz=p should be a rechingular hyperbola. 

(Since rectangular hyperbolas do not, in general, project into 
rectangular hyperbolas, it will, in this case, be necessary to examine 
the actual section of the surface by the plane Ix+my +112 = 0 by the 
method of § 54.) Am. («4*5)»-4-aHt-4-^f*=0. 

Ex. 6. Find the conditions that the section of a.x^+by-+cz^ = l by 
l.v+}»y + nz = p should be a circle. 

/=0, mH-'~a) = ir(a-h); or m=0, n-(a - b) = P(b -c); or 
n=0, r-(h-c) = m^c-a). 

Ex. 7. If f.r4-7ny=0 is a circular .section of 

A.r3 4* By- 4- 0;= 4- 20 .ry = 1, 
prove that (B - C)/^ - 2Df»i4'(A - C)m- = 0. 

Ex. 8. Prove that the eccentricity of the section of xy=s by 
^•4-«ij/4-«;=0, (^4-»i*4-n*=l), is given by 

2 , , hn _ 

Explain the result when n = 0 
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§55] EXAMPLES OF PLANE SECTIONS 

Ez. 9. Shew that if 

be transformed bj change of coordinates from one set of rectangular 
axes to another with tlie same origin, the expressions a + 6 + c, 
+ remain unaltered in value. 

Ex. 10. Two sets of rectangular axes through a common origin O 
meet a sphere w}u)se centre is O in P, Q, R ; P', Q', R'. Prove that 
Vol. OPQR'= ± Vol. OP'Q R. 

Ex. 11. The equations, referred to rectangular axes, of three 
mutually perpendicular planes, are r=l, 2, 3. 

Prove that if {^, rj, f) is at a disUinco d from each of them, 

+ f3p3) - V- 0"t/>i + '»!P2 + f'tjPs) 

^ ^-(»iPi + n2P2 + »jPs) ^ ^ 

«1 + H3 + M3 

Ex. 12. If the axes of x, 2 are rectangular, prove that tho 
substitutions 

\/3^n/2^V6’ -J'A k'q' V3 

give a transformation to another set of lectangiilar axes in which tho 
plane 2 '+y + 2 = U becomes tlic plane ^ = 0, and hence piove that 
tho section of the surface + + by the piano .r+y-f 2 = 0 

is a cii'clo of radius -Ji . a. 

* 65 . If OX, OY, OZ are rectangular axes, and O^, O)/, 
are oblique axes whose direction-cosines, referred to 
OX, OY, OZ, are Wj, m^, 1 ^, 713, tlien pro¬ 

jecting on OX, OY, OZ; O^. Or}, O^, as in § 52 , we obtain 


x= Lr}+ 4^,'I 

= + .-(A) 

2= 

1} cos V -f ^cos n = l^x + m^y v jS,! 

^cos>'-l-i; + ^cosX =l,^-\-m^y + n^,\ .(u) 

^COS JU-I-7COS X-l-f = i3X + 77 l 37 /-|-'n 3 e,j 


where tlic angles >jO^, X, /z, v. Tlte e(]uations 

(b) can also be deduced from (a) by multiplying in turn by 
Ij, mp -Bp etc., and adding. Again, from (a), 


II 

X, y, s 

0 

0 

Wj, 7\^ 

, etc.,etc. ...(c) 




^^2^ *^2 



^ 3 # Tig 

1 

tig 
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By means of (a) and (c) we can transform from rect¬ 
angular to oblique axes and vice versa. 

Cor. Since x, y, z are linear functions of (, tj, f and 
vice versa, the degree of any equation is unaltered by 
transformation from rectangular to oblique axes or from 
oblique to rectangular axes. The transformation from one 
set of oblique axes to another can be performed, by in¬ 
troducing a set of rectangular axes, in the above two steps, 
and hence in this most general case the degree of the 
equation is unaltered by the transformation. 

Ex. 1. The equation -2)^2 is transformed by change 

from rectangular axes, the new axes being oblique, ana having 
direction-cosines proportional to 

2,1,1; 4,'s/3-X, -V3-1 ; 4,-s/S-l,-^-3. 

Shew that the new equation is = 

Ex. 2. If P, Q, R are (I,, ^r), r=l. 2 , 3, referred to a set of 

oblique axes through an origin O, prove that 


6 . Vol. OPQR* 

Vu C\ 

• 1 

1, COSl', cos^ 


^st Vi' ^2 


COS V, 1, cos A 


^3» V3y ^3 


cos fi, cos A, 1 


(Use § 55 (b) ; cf. § 61, Ex. 9.) 


^Examples L 


1. The gnomon of a sundial is in the meridian at an elevation A. 
(equal to the latitude), and the sun is due east at an elevation a. 
Find the angle 6 that the shadow makes with the N. and S. line of 
the dial. 


2. find the equations to the Hue through (1, 1, 1) which meets 
both the lines “2 * 4 *^> J'=2y=3r, and shew that its inter¬ 


section with the second line is 



15 

52’ 



3. If OA, OB, OC have direction-ratios f,, m,, ?t„ r=l, 2, 3; 
and OA', OB', OC' bisect the angles BOO, COA, AOB, the planes 
AOA', BOB’, COC' pass through the line 


. 1 * _ >/ _ z 

+^3 ~ nil+-1- 7«3 " 7?, + -I- 713' 

4, P is a given point and PM, PN are the perpendiculars from P 
to the planes ZOX, XOY. OP makes angles 6, cl, y with the 
planes OMN and the (rectangular) coordinate planes. Prove that 

cosec^ 0=cosec'ct-f cosec^/? -I- cosec^v. 
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6 . Shew that the locus of lines which meet the lines 


x-^a y _ z 
0 sin a. Tcosa. 

at the same angle is 

{rif cos Or - a? sin a.)(x? sin a - oj/ cos a.) = 0. 

6 . Find the locus of a straight line which n>eets OX and the 
circle t=A, so that the distance between the points of 

section is 


7. If three rectangular axes be rotated about the line ^=^ = ~ 

A u 

into new positions, and the direction-cosines of the new axes referred 
to the old are >n,, n,, etc.; then if 

f, = +(mjnj - mjTij), A(7/J3+lu)* m(”i + ^ 3) - ^(4+«*i); 

also if 0 is the angle through which the system is rotated, 

8in^^= Lzii . . 

2 2 + 


8 . If the shortest distances between lines 1, 2, 3 are parallel to 
lines 4, 5, 0, then the shortest distances between the lines 4, by G are 
parallel to the linos 2» 3. 


9. Adj three noa-intorsccting linos can bo made t)ie edges of a 

parallelepiped, and if tlio linos are — y\ 2, 3, 

the lengths of the edges are 




fj» 



f.., ^3, rij 

^3, ^3, Wj 

1 

1 

fat ^a* ^3 


Consider the cane where the denominator is 7,cro. 


10. OA, OB, OC are edges of u parallelepiped and R is the corner 
opposite to O. OP and RQ arc perpendiculars to the plane ABC. 
Compare tlie lengths of OP and RQ. If tho figure is rectangular and 
O IS taken as origin, and the piano ABC is given by Ix^-viy + iu^py 
PQ lias direction'COsinoH proportional to 

and PQ««0R^-9.0P^ 

11. OS is the diagonal of the cube uf wliich OP, OQ, OR are edges. 
OU is the diagonal of the piirallolopiped of tvhi< h OQ, OR, OS are 
edges, and OV and OW are formed sunilarly. Find the coordinates 
of U, V, W, and if OT is the diagonal of the parallolepipoil of wliich 
OU, OV, OW are edges, sliew that OT coincides with OS and that 

or*6.os. 

12. Find the eauniioris to the stiTiight lino through tho origin 
which inoetfl at rignt angles the lino wdioso cqiiutionH aro 

(b + c)x + (c + a)t/ + (a + b)2^iss(l/^c)x + (c^a)t/ + {a^b)Zy 

and find the coordinates of tite point of section. 

13. Find the locus of a point which moves so that the ratio of its 
distances from two given Unen is constant. 
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14. A line is patullel to the plane y+z=0 and intersects the circles 

^=o ; ^=0 ; find the surface it generates. 

15. Find the equation to the surface generated by a straight line 
which is parallel to the line y — ms, z—nx, and intersects the ellipse 

2 = 0 - 

16. A plane triangle, sides a, b, c, is placed so that the mid-points 
of the sides are on tire axes (rectangular). Shew that the lengths 
intercepted on the axes are given by 

fj=(6-j+c3_„3)/8. m2 = (c*-|-a2-&^)/8, n^=(a-+l^-c^-)jB, 

and that the coordinates of the vertices are (-1, m, n), (/, -m, n), 

(/, m, - 7<)- 

17. Lines are drawn to meet two given lines and touch the right 
circular cylinder whose axis is the s.o. (length 2 c), and radius c. 
Find the surface generated. 

18. Tire section of bv the plane lx+my-i-nz=p is 

a parabola of latus i-ectiim 2L. Prove that 

L (f2/«2 + „i3/63 +,iS^c 2)3 (;3+„i 8 + n^)/abc. 

19. A line moves so as to intersect the line j=0, ; and the 

oirclM x=0, y= 0 , 5 =+a-=r 2 . Prove that the equation to 

the locus is (a*+y) 21 s“+(a*-^)*} = >-=(.r-y)>*. 


20. Prove that -:H-1-=0 represents a pair of planes 

z^x x^y 

whose line of intei-section is equally inclined to the axes. 


21. Find the surface genenited by a straight line which levolves 
about a given straight line at a constant distance from it and makes 
a given angle with it. 

22. Shew that .r- + 'r +- Bry - Sia- - 3yz = 1 represents a surface of 
revolution about the'line x=y-z^ and find the equations to the 
generating curve. 

23. L,, Lo, Lj ore three given straight lines and the directions of 
Li and Lj are at right angles. Find the locus of the line joining the 
feet of the pei'pendiculara iroin any point on L 3 to Lj and Lo. 

24. The ends of diameters of the ellipse 8 =c, are 

joined to the corresponding ends of the cornugntes of purallel 
diameters of the ellipse —c. Find the equation to 

the surface generated by the joining lines. 

25. A and B ara two points on a given plane and AP, BQ are 
two lines in given directions at riglit angles to AB. Shew that for all 
lines PQ, parallel to the plane, AP : BQ is constant, and that all such 
lines lie on a conicoid. 


26. The vertex A of a triangle ABC lies on a given line; AB and 
AC pass through given points ; B and C lie on given planes ; shew 
that the locus of BC is a conicoid. 
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27. Prove that the equation to the two planes inclined at an angle a 
to the plane and containing the liney=0, zco$ fi=xsin fSy is 

tau^/?+^-- 22 a*tHD /3—tan-tx. 

28. A line moves so as to meet the lines —^— = —^in A 

cos a dbsina 0 

and B and pass through the curve = -r = 0. Prove that the locus 
of the niid-point of AB is a curve of the tliird degree, two of whose 
asymptotes are parallel to the given lines. 

29. Given two non^intei'secting lines whose directions are at right 
angles and wliose s.o. is AB, and a circle whose centre C is on AB 
ana plane parallel to the lines. Shew that the locus of a variable line 
whicli iiitei*sects the given lines and circle is a surface whose sections 
by planes paiallel to the lines are ellipses whose centres lie on AB, 
and that the section by the plane through C', another point of AB, is 
a circle, if C, C' are harmonic conjugates with respect to A and B. 

30. If the axes are rectangular the locus of the centre of a circle of 
radius a which always intei'sects them is 

xs/a* — - z^+!/+ zs^a^ — x*® —y* = a\ 

31. A line is drawn to meet y = xtana, y= — xtana, z = — c, 

80 that the length intercepted on it is constant. Shew that its equa¬ 
tions may ho written in the form 

X—i sin 6 cot a // -1* cos 0 tan c*. _ 

X*cos^ c* 

where it is a constant and $ a parameter. Deduce the equation to the 
locus of the line. 

32. Find the equation to the surface generated by a straight line 
which is parallel to the plane z^O and intei'sects the line x^^^Zy and 
the curve x-h2y»4:, ar+y^ = a^. 

33. Througli a fixed line L, which lies in the xy ])laiie but does not 
pass through the origin, is drawn a plane which intersects the planes 
x*0 aijd//»0 in lines M and N respectively. Through M and a fixed 

f >int A, and through N and anothor fixed point pianos are drawn, 
ind the locus of their line of intersection. 

34. The axes are rectangular and a point P moves on the fixed 
plane x/a+y/fc+//c = l. Thejdaiie througli P i)erpendicular to OP 
meets the axes in A, 6, C. The planes through A, B, C parallel to 
YOZ, ZOX, XOY intersect in Q. Shew that the locus of Q is 

z^ ax^ hy cz 

35. AB and CD are given non-intersccting lines. Any plane 
througli AB cuts CD in P, and PQ is normal to it at P. Find the 
locus of PQ. 

36. Find the e<]uation to a plane which touches each of the circles 

; y = 0, 2 ^ + x* = 5*; = x*+y* = c^. How many such 

planes are there 7 

37. Find the locus of the position of the eye at which two given 
non-intersecting lines appear to cut at right angles. 
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38. Four given points of a variable line He on the faces of a 
quadrilateral prism. Shew that any other point of the line describes 
a line which is parallel to the edges of the prism. 

39. The locus of the harmonic conjugates of P with respect to the 
two points in which any secant through P cuts a pair of planes is 
the polar of P with respect to the planes. Prove that the equation 

to the polar of (.r„ y,, z,) with respect to w = 0, r = 0, is - =0, where 

w, is the result of substituting x„y,,£i for a?, y, s in u, etc. Shew 
also that the polars of P with respect to the pairs of planes that form 
a trihedral angle cut those planes in three coplanar lines. 

40. Any line meets the faces BCD, CDA, DAB, ABC of a tetra¬ 
hedron ABCD in A', B', C', D'. Prove that the mid-points of 
AA', BB', CC', OD' are coplanar. 


41. If the axes are rectangular, and A. p, v are the angles between 
the lines of intersection of the planes a,j:+6,.y4-cv2=0, r=l, 2, 3, 
prove that 




ofj, 6j, Cj 

COS-A - cosV " cos*v + 2 cos A cos m cos v] 
sin A sin fisiii v 


42. The equations .r«A3+/x, y=(A’-2A/x)j + /i(A2-u), where A 
and fi are parameters, determine a system of lines. Find the locus of 
those which intersect the r-a.xis. Prove that two lines of the system 
pass through any given point unless the given point lies on a certain 
curve, when an infinite number of lines pass through it, and 6nd the 
equations to the curve. 
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66 . Equation to a sphere. If tlie axes are rectangular 
the square of tlie distance between tlie points P, ?/,, z^) 
and Q, (x^, y^, z.,) is given by + yi)- + (Zi-h f, 

and therefore the equation to tlie sphere whose centre is 
P and wliose radius is of length r, is 

(x-x^)- + (y-yJ^-\-{z-z^y = r^. 

Any equation of the form 

ax^ ^ay--\-az^ + 2ua; + 2vy + 2wz + d = 0 
can be written 


{x+D +(?/+s) +(^+;7) = 


wV u- +— ad 


a 


2 


and therefore represents a sphere whose centre i.s 

-Ju-+ V- + xv~ — ad 


/ u V w\ , 

{-, —,-) and radius 

\ a a af 


a 


Ex. 1. Find the equation to the Hphere whose centre is (2, -3, 4) 
and radius Ans. + 4x + 6y — 8i + 4 = 0. 

Ex. 2. Find the centre and radius of the nphere given by 

x*+y* + 2“-2x + 4y-6r= 11. Ana. (1,-2, 3), 5. 

Ex. 3. Shew that the equation 

(x - x,)(r - Xj) + (y - .y,)(y - + (i- 2 ,)(/ - /j) = 0 

represents the sphere on the join of (x,, y,, z,), (x„ y^, 2 .J us diameter 

Ex. 4. Find the equation to the spljeie through tlie points 

( 0 , 0 , 0 ), ( 0 , 1 ,- 1 ), (- 1 , 2 , 0 ), ( 1 , 2 , 3 ). 

A nt. 7 (x* +//* + X*) - 1 f>x - 2.')y - 11 2 = 0. 
u.o. » 
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Ex 5. Find the equation to the sphere which passes throug-i tne 
point ( cl , y) and the circle 2 a= 0 , a‘®+y 2 =o-. 

J m. y(a.-^ +.y" 4 - 2 ® - a*) = 2 ( 0 ,- + + y^ — a-). 

Ez. 6 . Find the equations to the spheres through the circle 

a'^+^"+2*=»9, 2j:+3y+4z=d ; 
and (i) the origin, (ii) the point (1, 2, 3). 

Jtm. (i) 5(x2+y2+22)-i8j;_273/-362=0; 

(ii) 3(^+y2+s-)-2J-3</-42-22=0. 

Ex. 7. The plane ABC, whose equation is j:/a+j// 6 + 2 /c=l, meets 
the axes in A, B, C. Find equations to determine the circuincircle of 
the triangle ABC, and obtain the coordinates of its centi-e. 

Anj. x/a+^/ 6 + 2 /c=l, x^+y^+2^-ax-bi/-cz=0; 

o(6-2+c-2) 6(c-2+a-2) c(a-2+6-2) 

2(a-2+6-2+c-2)’ 2(a-2 + 6-2+c-2)’ 2(o-2+6-2+c-a)’ 


^Ez. 8 . If the axes ai'e oblique, find the equation to the sphere 
whose centre is (jTj, ^j, Tj), and mdius r. 

An4. 2(.r-x,)2+22(y-y,)(z-5j)cos A=r2. 


*Ex 9. Prove that the necessary and sufficient conditions that 
the equation 

aa.-2+iy 2 +ci®+2^2++2A.cy + 2 iLT + 2 ry+2ipy t* Oi 

referred to oblique axes, should represent a sphere, are 


u=6=c=5 


ff 


cos A 
-S\i 


COS/i 


4 

cosv 


Prove that the ladius is 1 where 



a COS r, 

a cos fij 

it i 

and A = 

1 , 

COS r, 

cos fl 

a cos y. 

«. 

a cos A, 

V 


COS Vy 

1, 

cos A 

a 003 fXf 

a cos A, 


v> 


COS fly 

cos A, 

1 

«> 

V, 

«■> 

d 






67 . Tangents and tangent planes. If Cj) and 

Q. (^2, 2/0, Zz) are points on the sphere x- + i/^+Z‘ = a-, then 

^ 1 -+y I* + V = «= = ^ 2 ^+ 2 / 2 “ + ^2% 

and therefore 

(•'^1 “■'*^2 + (?/i - y-jXVi + 2 / 2 )+(Si - + Zg) = 0. 

Now tlie direction-cosines of PQ are proportional to 

and if M is the mid-point of PQ and 
O is the origin, the direction-cosines of CM are proportional 
to x^ + x^, yi + 2 /.. -1+-2* Therefore PQ is at right angles 
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to OM. Suppose that OM meets the sphere in A and that 
PQ moves parallel to itself with its mid-i>oint, M, on OA. 
Then wlicn M is at A, PQ is a tangent to tlie sphere at A, 
and hence a tangent at A is at right angles to OA, and tlie 
locus of the tangents at A is the plane through A at right 
angles to OA. This plane is the tangent plane at A. The 
equation to the tangent plane at A. (a, / 3 , y), is 

(x-a)a+(y-/ 3 )y 8 + (3-y)y = 0, 
or a:a+i (//3 + 3y = a-+y8- + y' = a2 

Rv- 1. Find tlie equatiuu to the tangent plane at 

{a cos 6 sin tf>, aBin^sin</>, acos</)) 

to the sphere 

Arts, xcos 6 sin <f>+^ sin Osin <fi +2 cos <}i^a. 

Ex. 2. Find tlie ecpiation to the tangent plane at (r', to the 
sphere jt* 4- 2m/' + + 2irz + J = 0. 

ah 8. xjf +^y+«'+«(.i-+.i')+v(i/+y)+if(2+z')+£/=o. 

Ex. 3. Find the condition that the plane shoold 

touch the sphere a“’+//- + 2*4-2u/'+2r^ + 2<«+c/*0. 

4n^ (’u^ +xcn + + + + 

Ex. 4. Find the ef|uations to the sphetes which pass through th^? 
circle _ 5 ^ x + 2^ + 3? = 3, and touch the plane 4.r + 3^a= 15. 

Aiu. 4r®+y + 2* + 2x + 4^ + C2- 11 =0, 

6x2 + 5y + 522-4x-8y- 122-13 = 0. 

Ex. 6 . Provo that the tangent planes to the spheres 

4-^+2*+2 Hj + 2 ty + 2jf2+c?=0, 

•^ + 2/^ + «* + 2m,X 4- 24- 2?r,2 4- rf, = 0 
at any common point are at right angles if 

2u u, 4-2 vv, 4-2 ipw, = rf 4-cf. 


*68. Radical plane of two spheres. // a-ny aecavt 
throwfh a (jivcn point O mectR a tjiven sphere in P and Q, 
OP. OQ XH constant. 

The etjuations to the lino through O, (a. 8, y), whoso 
direction-cosines are I, m, n, are 


x-rji __ y-8 _ Z-y 
I m n 


i = r). 
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The point on this line, whose distance from O is r, has 
coordinates a+ir, y+nr, and lies on the sphere 

F(x^s) = +1/2+ 2 =)+2 ua: + 2y2/+ 2 u’ 2+d=0 

This equation gives the lengths of OP and OQ, and hence 
OP.OQ is given by F((x, y)/ct, wliich is the same for all 
secants through O. 

Definition. The measure of OP. OQ is the power of O 
witli respect to the sphere. 

If S, = a:- + ^ 2 *+2ujic++ 2w^z+d^ = Q, 

So = X- +1/"+2- + 2it2a: + + 2i/’22 + dg = 0 

are the equations to two spheres, the locus of points whose 
powers with respect to the spheres are equal is the plane 
given by 

Sj = So, or 2(itj — U 2 )x+2(vi — v^)y +2(-Wi—u’g) 2 +—dg=0. 

This plane is called the radical plane of the two spheres. 
It is evidently at right angles to the line joining the 
centres. 

The radical planes of three spheres taken two by two 
pass through one line. 

(Tlie equations to the line are Si = So = S 3 .) 

2'he radical planes of four spheres taken hvQ by two 
pass through one point. 

(The point is given by 81 = 82 = 83 = 84 .) 

equations to any tu'o spheres can heptit in the foi'ni 

;c-+ y' + S“-f-SX^a: + d = 0, x-+y--\-z^+2\^-^d = 0. 

(Take the line joining the centres as ar-axis and the 
radical plane ns a: = 0 .) 

The equation ;C' + y® + 22 + 2Xx + d = 0, where X is a para¬ 
meter, represents a system of spheres any two of which 
have the same radical plane. The spheres are said to be 
eoaxal. 
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« Prove that the members of the coaxal system intersect one 

anot^r, touch one another, or do not intersect one another, accordim? 
asrf = 0. 


?' centres of the two spJieres of the system 

which have zero-i-aduis aie at the points (± 0, 0). (These are the 

limUing^poinU of the system.) 

Ex. 3. Shew that the equation ^-+.v- + i^ + 2iJL>/ + 2i-z-(l = 0, where 
u and V are parametei-s, represent.s a system of spheres pas.sinu throiich 
the lumtino points of the system x^+t,-- + z^ + 2\x + d=0, and cutting 
every member of that system at right angles. ^ 

Ex. 4. The locus of points who.se powers with respect to two 
given splieres are in a constant ratio m a sphere coaxal with the 
two given spheres. 


Ex. 5. Shew that the spheres which cut two 
great circles all pass througli two fixed points. 


given spheres along 


♦Examples II. 

1. A sphere of constant radius r piusses through the origin O and 
cute the axes (rectangular) in A. B, C. Prove that the locus of the 
toot of the per pendicular from O to the plane ABC is given by 

(.rS+/+j-)2(.r-3+y-^+^-Z) = 4/^. 

2. P is a variable ]>oint on a given line and A, B, C are its 

projeetroiiH on the axes. Shew that the sphere OABC passes through 
a fixed circle. * ^ 

in t A. C) and cuts the axes 

in A, B, C. Shew that the locus of the centre of the sphere OABC is 

-+-+-=2 
X y z 

4. If the three diagonals of an octahedron intersect at right 
angles, the feet of tire peineiidieulai-s from the point of intersection 
to the facen of th«* ocUihedroii he on a nphcre. If </ a. f, R • r ^ 

are the measures of the segments of the diagonals, the’centre (i\,'S 
ot the Hphere ih given Uy ^ 

_ __ 2 g _ 2 f 1 

«-» + «.-» + c-‘ + y-« (o«.)-‘ + (/>/i)-'+(cy)->’ 

the diagonals being taken as cooidiiiute axes. Prove that the p..inl.s 
where tlie i>ei pendieiilai« meet the opposite faces also lie on the sphere. 

'T'*" ‘’f centres of spheres which pass 
through a given point and touch a given plane is a conicoid. ^ 
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8. Prove that the centres of spheres which touch the lines y=mx, 
2 =c; y= -mx, z= -c, lie upon the conicoid mzy + cz{i+m^)~0. 

9. If the opposite edges of a tetrahedron are at right angles the centre 
of gravity is the mid-point of the line joining the point of concurrence of 
the perpendiculars and the centre of the circumscribing sphere. 

10. If the opposite edges of a tetrahedron are at right angles the 
mid-points of the edges and the feet of the perpendiculars from the 
vortices to the edges lie upon a sphere whose centre is the centre of 
gravity of the tetrahedron. 

11. The sum of the squares of the intercepts made by a given 
sphere on any three mutually perpendicular lines through a fixed 
point is constant. 

12. With any point P of a given plane as centre a sphere is 
described whose ladius is equal to the tangent fioui P to a given 
sphere. Prove that all such spheres pass through two fixed points. 

13. If A.—/i=Bi'=jr/3, the plane and surface given by 

.r+y-}-r= 0 , y 5 -fzr-t-xy-l-a*s= 0 , 
inter'sect in a circle of radius a. 

14. If r is the radius of the circle 

•'r 2 +y®+-'+ 2 rtr-f 2 iy-f 2 <cs-|-rf= 0 , 
prove that 

-j- ?p—+(?!« - Iwy+(Iv — wk)*. 

15. Prove that the equations to the spheres that pass through the 
points (4, 1, 0), (2,-3, 4), (1, 0, 0), and touch the plane2x+2y-«=ll, 

are t-a+y2+2S_ar+2y-4r-f 5=0, 

1 Ou-2 -I- 16/ -I- 16r3 - 102x + 50y - 49.’ -F 86 =0. 

16. Prove that the equation to a sphere, which lies in the octant 
OXYZ and touches the coordinate planes, is of the form 

^ + y3 +zi-2\(.V +y+2) + 2 = 0. 

Provo that in general two spheres can be di-awn through a given 
point to touch the coordinate planes, and find for what positions of 
the point the spheres are (i) real; (ii) coincident. 

17. A is a point on OX and B on OY so that the angle OAB is 
constant (=a.). On AB ns diametera circle is described whoso plane is 
parallel to 02. Prove tlmt as AB varies the circle generates tno cone 

2 .J 7 /- 22 sin 2 a= 0 . 

18. POP' is a variable diameter of the ellipse 2 = 0 . 

and a circle is described in the plane PP'ZZ' on PP' as diameter. 
Prove that as PP' varies, the circle generates the surface 

(.T^ + + 2S)(.r3/a2 +y9.,5 + yS 
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19. Prove that the equation to the sphere circumscribing the 
tetrahedron whose sides are 

i+r=o, f+-^=o. 


c a 


a b c 


■ ^+.v-+^ ^ ^ .y ^ r> 

+ ale 


20. A variable plane is jMtallel to the given plane .}7a+///6 + ^/c = 0, 
and meets the axes in A. B, C. Prove tliiit the circle ABC lies on the 

lhc\^ (c «\ (a h\ ^ 


21. Find the locus of the centre of a variable sphere which passes 
through the origin O and meets the axes in A, B, C. so that the 
volume of the tetrahedron OABC is constant. 


22. A sphere of constant radius k {w.sses through the origin and 
meets the axes in A, B, C. Prove that the centroid of the triangle 
ABC lies on the sphere 9(jr+^-+2*) = 4i(-. 

23. The tirngents drawn from a point P to a sphere are all equal to 
tlie distance of P from a fixed tangent plane to the sphere. Prove 
that the locus of P is a paraboloid of revolution. 

24. Prove that the circles 

jr* + y'^ + 2--2.r + 3_y + 4.’-5=0, 5// + C: + 1 = 0 ; 

+ 3.i--4^ + 52-C = 0, x-¥2y — lz = 0i 

do on the same sphere, and find its equation. 

25. Find the conditions that the ciides 

^ +//’■* + + 2kJ + 2<’y 4- 2frr 4- rf » 0. f.i;-j- vty + = p ; 

3^ +.y* + 2 ' + 2«'j!’ + 2r'^ + 2 <r '2 + d' = 0, I'x + m'l/ + n'z =;/; 
should lie on the s^ime sphere. 

26. OA. OB, OC are mutually perpendicular line.s through the 

origin, and their diie<-tion-co.siiie.s are ja., «, ; vi.^, ; /j, Uj. 

If OA = a, OB = 6, OC*(r, prove that tlie eciualion to the snhere 
OABC is ‘ 

ir*+3/*+2!®-^(a^i+6f2+‘^^3) + + 
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CHAPTER VI. 

THE CONE. 

69. Equation to a cone. A cone is a surface generated 
by a straiglit line which passes through a fixed point and 
intersects a given curve. If the given point O, say, be 
chosen as origin, the equation to the cone is liomogeneous. 
For if P, (ir', y', z') is any point on the cone, ir', y\ z' satisfy 
the equation. And since any point on OP is on the 
cone, and has coordinates (fcr', ky\ kz), the equation is also 
satisfied by kx\ ky', kz' for all values of k, and therefore 
must be homogeneous. 

Cor. If xjl = yl7ti^zjn is a generator of the cone re- 
pre.sented by the homogeneous equation /(x, y, z) = 0, then 
f{l, m, tt) = 0. Conversely, if the direction-ratios of a 
straight line which always passe.s through a fixed point 
satisfy a homogeneous equation, the line is a generator of 
a cone whose vertex is at the point. 

Ex. 1. The line x.‘l=i//'ni = zln, where 2i*+3m*-6n*=0, is a 
generator of the cone 2a^+3^- —5i®=0. 

Ex. 2. Lines drawn through the point (o,, /3, y) whose direction- 
ratios satisfy uf2 + 6?n-+r«-=0 generate the cone 

a (.r - a.)- + 5(7/ - (-(i - y )2 = 0. 

Ex. 3. Shew that tlie equation to the right circular cone whose 
vertex is O, axis OZ, and semi-vertical angle a., is .jr-(-^-=r®tan*a.. 

Ex. 4. Tlio general equation to the cone of the second degree 
which passes through the axes is fii/z+f/:.r + hst/ = 0. 

The general equation to the cone of the second degree is 

+ /h/* -h c;* + 2/>/z + 2gzx + 2h.r^ = 0, 

and this is to be satisfied bv the direction-ratios of the axes, i.e. by 

1 , 0 , 0 ; 0 , 1 , 0 ; 0 . 0 , 1 
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Ex. 5. A cone of the second degree can be found to pass through 
any five concurrent lines. 


Ex. 6. A cone of the second degree can be found to pass through 
any two sets of rectangular axes through the same origin. 

Take one set as cooi-dinate axes, and let the direction-cosines of the 
Othei-S be w,, m, ; 1.,, w.,, n .,; n,. The equation to a cone 

containing the coordinate axes is fy:+ff:.r+/uy=0. If this cone also 
contains tlie first two axes of the second set, 

/>«!«,+yn,/i + A/,>n,=0, 

fm-yi-i -h ynJi + lihm., = 0. 

Therefore, since etc., 

so that the cone contains the remaining axis. 

Ex. 7. The equation to the cone whose vertex is the origin 
and which pa.sses through the curve of intersection of tlie plane 
lx-¥Tny-¥m = p and tlie surface 1 is 

n . , o Ilx+mu + n:\^ 
ax^ + b/r+rz'=\^ --j • 


Ex. 8. Find the equations to the cones with vci tex at the origin 
which pass through the curves given by 

(i) .r'-f-/ + c* + 2a.r + /> = 0, U + mi/ +H: = p ; 

(ii) ax^ + l>y^ = 2z, U + my+>is = pi 

(iii) + xV».-+yVfS^ = ^:- 

A ns. (i) (x* -hy* + + 2apx{fx + m;/ -t- m) -t- 6(/x + my + ?«)* * 0 ; 

(ii) (rix2-|-V)/> = 2;(/x+»ny + 7?i); 

(iii) 4j*(x*/a*=(.^2/^*+y*/^)* 


Ex 9 The plane x^a-Vvlh-\-z\c^'i meets the coordinate axes in 
A, B, C. Piove that the equation to the cone genemted by lines 
drawn from O to meet the circle ABC is 



Ex. 10. Find the equation to the cone whose vertex is the origin 
and base the circle, x~a, ir + z- = h‘, and shew that the section of the 
cone by a piano parallel to the plane XOY is a hyperbola. 

A ns. a*(y*q- 2 *) = f»2j2. 

Ex. 11. Shew that the equation to the cone whose vertex is the 
origin and base the curve z^k,f{x, y) = 0 iu/^—* *^^=0. 
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60. Angle between lines in which a plane cuts a cone. 
We fiiul it convenient to introduce here the following 
notation, to which we shall adhere throughout the book. 


h, h, f 

f> c 






Sc 


= ah—h^\ 



ISD , . ^ 1?D ^ IdD . , 

l^f=ah-af, G.g- = H^,^^=fg-oh. 


The student can easily verify that 

BC-F- = (tD, CA-G2 = 6 d, AB-H2 = cD; 


GH-AF=/D, HF-BG=i/D, FG-CH^/iO. 
In what follows we use P- to denote 


a, 

h, 


n 

h. 

h. 

f, 

V 


J> 

c, 

IV 

u, 

V, 

uy. 

0 


or — V A u-+B t.'- -f- CiL ^+2Fi.‘2c+2Gictt+ 2hv/v). 

The axes being recfimgular to find the angle between the 
lines in which the i>lanc ttx + vy + wz = 0 cuts the cone 

f{x, y, z)sax--\-hir-^cz--{‘\fijz-\-2gzx-\-Thxy^Q. 


If (he lino xll = y'ni = z'n lies in the plane, 

+t'Mt + M'M — 0; . .(1) 

if it lies on the cone, 

f(l, m, n) = 0 .(2) 

Eliminate n between (1) and (2), and we obtain 
l-{c w- + aw~ — 2g wu ) + 2^ ni (h w~ + r u r —/u w—gvw) 

+ m-(c r- -\-bw~— 2/r m*) = 0.(3) 


Now the direction-cosines of the two lines of section 
satisfy tlie ecjuations (1) and (2). and therefore they satisfy 
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equation (3). Therefore if they are Zj, 7i^\ Zj,, 

IjU _WtjW., 

bv^-\‘CV^ — 'Ifvw ~ + av/ — %jw\l 


— 2 {Jiv^ +CM.V — Ju v: — g uw) 

__ 

±,2wP 


4 ..= *(^) 


From the syjnmctry, each of the expressions in (4) is 
seen to be equal to 

__ 7»^ — m.,it 1 _ iZ^ — w gZi 

av~-^bu-—2huo~ ±2uP ~ ±26P 

But if 6 is the angle between the lines, 

cos 9 sin 0 

cosO sin 

*' {a + b+c)iu^ + v--\-u^)—/{u, v,u') ±2(u-+f'+w2)lp 


Ex« 1. Find the ef]uatiou8 to (lie linen in which the piano 
2x+y-^ = 0 cuts lli(5 cone + 3 :^ = 0 . 


Aiu. 


X y z 


1 - 2 o' 


Ez« 2. Find the atiglcH lx*tvvccn the lines of section of the follow* 
ing planes and cones : 

(i) fix-10y-72 = 0, 108 x--2O^^~7j^^O; 

(ii) 3x*+// + bz -- 0, ijt/z - 2;x + = 0 ; 

(iii) 2.r-3y + 2 = 0, .V-7:^ + 3f;y2^20:x-2xy=a 

Atxs. (j) (ii) co8”*^, (iii) . 

2J fj 

Ez« 3. Pi<ive that the plane ax + i^ + c^ = 0 cute the cone 
V^ + Ar+x^ = 0 in jKjrpendiciiIar lines if 

1 . 1.1 . 
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61. Condition of tangency of plane and cone. If psO, 

or Au^+Bv~-^Cw^+2Fvw+2gwu+2Huv=0, .(1) 

then sin 6=0, and therefore the lines of section coincide, or 
the plane touches the cone. Equation (1) shews that the 

OIj 'U s 

line normal through O to the plane, is a 

generator of the cone 

A.xH Bi/ + C=2 + 2Fyz -\^Gzx + 2Hxy = 0. .(2) 

Similarly, since we have BC--F^ = aD, and the corre¬ 
sponding equations at the liead of paragraph 60, it follows 
that a normal through the origin to a tangent plane to the 
cone (2) is a generator of the cone 

ax'^ by- -H cz- 2/yz + ‘2gzx + 2hxy = 0. 

i.e. of the given cone. The two cones are therefore such 
tliat each is the locus of the normals drawn through the 
origin to tlie tangent planes to the other, and they are on 
that account said to be reciprocal. 


Ex. 1. Prove that the cones and 

are recipi'ocal. 



Ex. 2. Prove that tangent plane.T to the cone lyz-^mzx4-nxy^0 
are at right angles to generators of the cone 

_ 2>n nyz - 2iilzx - 2hixy= 0. 

Ex. 3. Prove that perpendiculars drawn from the origin to tangent 
planes to the cone 

34^’ + 4 + 5j3 + 2yz + 4r.r+ 6xv = 0 
lie on the cone 19a-2+llj/34.3^2^.gy._IQ.j_26x^s*0. 

Ex. 4. Sliew that the general enuntion to a cone which touches 
the coordinate planes is +b-y^ + c4* - 2bcyz - 2cazx - 2abry ~ 0. 


62. Condition that the cone has three mutually per¬ 
pendicular generators. The condition that the plane sliould 
cut the cone in perpendicular generators is 

(a-|-Z)-|-c)(7t--l-v-+u")=/(?t, r, te).(1) 

If also the normal to the plane lies on the cone, we have 

/Cm, V, w)=:0, 

a-*f 6-f-c = 0. 


and therefore 
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In this case the cone has three mutually perpendicular 
generators, viz., the normal to the plane and the two per¬ 
pendicular lines in which the plane cuts the cone. 

If a-|-6-|-c = 0, the cone has an infinite number of sets of 
mutually perpendicular generators. For if ux -t- vy + wz = 0 
be any plane whose normal lies on the cone, then 

/(u., V, w) = 0, 

and therefore + v, w), 

since a + b-\-c = 0. 

Hence, by (1), the plane cuts the cone in perpendicular 
generators. Thus any plane through the origin which is 
normal to a generator of the cone cuts the cone in perpen¬ 
dicular line.s, or tliere are two generators of the cone at 
right angles to one another, and at right angles to any 
given generator. 

Ex. 1. If a right circular cone ha-s tliree mutu.TlIy jjeipendicular 
generators, the serni-vertical angle ia tan-'v'2. {Cf. Ex. 3, § 59.) 

Ex. 2. Shew that the cone whose vertex is at the origin and 
which pa&ies tliroiigh the curve of intersection of the .sphere 
+ = and any plane at a di.stance a from the origin, has 
tureo mutually perpendicular generators. 

Ex. 3. Prove that the cone aj:^ + h>/^ + cz^ + 2f^2 + 2y2x+i/i.vu = 0 
has three mutually perpendicular taogent plaoes if 

Ex« 4^ If represent one of a set of three mutually per¬ 

pendicular generators of the cone Ryj- B:x-arv = 0, find the equations 
to the other two. 

Arts. s=7/= 4.r= --5y*20^. 

Ex. 6. Prove that the plane /x + 7n^ + 7iz^O cuts tlic cone 
(6 - c)x^ + (c - 6r)y' + (a - + 2 /y 2 + 2yLi: + 2hxy = 0 

perpendicular lines if 

63.^ Equation to cone with given conic for base. To 

find iJie equation to the cone u'hoee vertex ie the point 
(a, /3, -y) and hose the conic 

f(x, y) = ax^+2hxy + hy^-\'2gx-^2fy + c = 0, 2 = 0. 

* Sec Appendix^ p. li. 
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The equations to any line through (a, /3, y) are 

X — CL v~ 8 

—i— = -—— = ^ — V. 

I m ' 

and the line meets the plane s = 0 in the point 

/3-my, 0). 

Tliis point is on the given conic if f{a. — ly, /S—my)=0, 
if /(fx, .(1) 

where 0(.r, ij) = ax-+'2hxy+by-. If we eliminate I and m 
between the equations to the line and (1), we obtain the 
equation to the locus of lines which pass through (a, 8> y) 
tnid intersect the conic, i.e. the equation to tlie cone. The 
result is 

Bf)-o 

Le, (3-y)y((x, ^)-y(--y)(-^^-«-^+y“j8^) 

+ y“<^(.'c-«., y-8)~0. 

Tins equation ma}'^ be transformed as follows: 

The coetheient of y* is 


=/(rx+a--cx, y)\ 

and the coefficient of —zy is 

If f{x, y) be made homogeneous by means of an auxiliary 
variable t which is equated to unity after ditterentiation. 
we have, by Kuler’s theorem. 

Therefore the coefficient of —zy becomes 
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Hcqcs the equation to tlie cone is 

zjifL, ^)-^y(*^+2/^+<|)+yy(*, y)=o. 

It is to be noted tliat by equating to zero the coefficient 
of zy, we obtain the equation to the polar of (a, 0) witli 

respect to the given conic. 

(The above method is given by de Longchauips, 
Problemea de Gdoni^trie AnaLytique, vol. iii.) 

1. Find the equation to the cone whose vertex is fee. vi 

and I)ase(i)«zx2+V=l,=*0; (ii)y-; = 4«.v,z=0. ^ 

Ans. (i) 2=^a«.- + t/J^~l)-2:7(«(wr + i/J_y-l) + y-'(u.i^ + 6y2_l) = 0; 

(ii) - .\aa.) _ 2zy {/iy - 2«(.r + «.)} + = 0. 

Ei 2. Find the locus of points from which three mutually perpen 
aicular lines can he di-iwn to intci-scct the conic 2 « 0 , u.c'+/ii/-=]. 

(ff («p. 7 )is on the locus, the cone, Ex. 1 (i), has tliree uiutuallv 
perpendicular generators.) 

Ans. a.t^ + by^ + i^'(a + h)=\. 

?• points from which three inutuallv 

pcrixindiciilar lino.s can be drawn to intersect a given circle is a 
surface of revolution. 

4. A cone has as base the circle .f-+y* + 2«j: + 2fty=:0 
and paa-ses tliroiigh the fixed point fo. 0, r) on the .’-axi.s. If the 
section of the cone liy the plane ZOX is a icclangiilar hviierbola, 
prove tliat the vertex lies on a fixed circle. 

Ex, 5. Prove tliat the locus of points from which three imitually 
perpendicular jilanes can be drawn to touch the ellipse jr*/«^+vW=l 
2 = 0, IS the sphere x* hy '2 + «2 = «2 + 6:i. ‘ > 


♦Examples III. 

hisecUim of the angles between the lines in wliich 
me piano ux+i-y+,« = o cuts the cone //.i«+Ay+cj*-=0 lie on the cone 

■ujh-r) ^ i^c-n) - i)_ 

• 2 ‘ // 3 ~ ■ 

doLTj''® iHices.Hary to deb riiiinc a cone of the second 

is K recpiired cone 

IH to fiasH through the coonlinate axes and the tw<. bisectors. Assume 
therefore, that the required cpialion is ^iHsunie. 


f//z+ffZj- + /i.ri/ = 0. . 

The given c<jne is ax* + /»/*+cj*=0. . 

'nio ne^swii-y and suflicient conditions that the 
contain the bisectors may be sUitcd, (i) the piano 


.Cl) 

.( 2 ) 

cone (1) kIiouUI 

UX+ vy+wzesQ 
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must cut the cone (1) in fjerpendicular lines; (ii) the lines of section 

of the plane and the cones (1) and (2) must be harmonically coniurate 
r rom (i), . . •> * o 

fvic-\-giDU + huv~0. .( 3 ^ 

Again, four lines are harmonically conjugate if their projections on 
any plane are harmonically conjugate, and the equations to the pro¬ 
jections on are obtained by eliminating s between the equations 
to the plane and cones, and hence they are 

x\aic^-\-cu^)-{-2cuvxg-\-y\bti^+C}r)=iQ^ s=0 ■ 

ffuj:‘+ay(/u+gv^v/,)+/vg^^O, 2=0. 

Therefore the condition (ii) gives 

+ cu^) + cv^) = cuv{fu +gv- wh) ; 

(cf. Smith, Conic Sections^ p. 65.) 

i.e. afvw-\-bgwu-\-chuv=0 .( 4 ) 

From (3) and (4), we obtain 


/ = p _n 

«(6-c) v{c-a) «>(o-6)'J 


2. Shew that the bisectors in Ex. 1 also lie on the cone 

«V-{- (6 - c) u2+(c - a) i; 2 +J = 0 . 

^ ^■^ss through the curves y=0, z-=4axi x=0, 

i»>'l they liave a common vertex ; the plane z=0 meets them 
in two conics that intersect in four concyclic points. Shew that the 
vertex lies on tlie surface --(.r,'o+y/6) = 4 (.r-+yl). 

«u OX and OY include an angle o.. Shew that 

their line of intersection lies on the cone J.y2+c2)=j2y2tan8a. 

5. .Any plane whose normal lies on the cone 

(6 + c) .i-s +(c + n )i/' + (n + 6) s®=0 
cuts the surface (/.*■■'+6v- + r;®=l in a rectangular hyperbola- 

6. Find the angle between the lines given by 


.r+i/+r = o, 


V. 




b-c c~a'^a -h 

7. shew tliat the .ingle between the lines given by 

x+i/ + : = 0 , av: + b:,r + c.Ti/ = 0 

IS T 2 if + + ^ = but r/.3 if 1.'«+]/6+i ,v = 0. 

8. SI.CM’ that the plane a.r-(-7.v+rr=0cut8 the cone 

>/: + z.r + xg = 0 

in two lines inclined at an angle 

tarr' r* -f^y + c®-2ftc - 2 a - Sab) 

L br 4- (-(7 -I- ah _ 

and bv consulcnng the value of this expres.uon when o + 6 + c=U 
shew that the cone is of revolution, and that its axifk .r=y = /and 
vertical angle ^ 
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9. The axes being rectangular, prove that the cone 

j*=2(y*'+22) 

contains an infinite number of sets of three generators mutually 
inclined at an angle tt/S. 

10. Through a fixed point O a line is drawn to meet three fixed 
intersecting planes in P, Q. R. If PQ ; PR is constant, prove that the 
locus of the line is a cone whose vertex is O. 


11. The vertex of a cone is (a, b, c) and the yr-plane cuts it in the 
curve F(y, z)=0, xaO. Shew that the ar-piane cuts it in the curve 

. _/ b.v CLr-ar\ 

M«0, FI-» -}=0. 

12. OP and OQ are two straight lines that remain at right angles 
and move ro that the plane OPQ always pas-ses through the ^-axis. 
If OP describes the cone F(y/jr, r/j)=0, prove that OQ describes the 

(-!-£)}=<>■ 

13. Prove that +2w;+(/=0 represeuta a 

cone if u-la + vyb + ii^lc = d. 


14. Prove that if 

F (xyz) = ax^ + iy- + ci® + 2fi/z + 2gtx+2kxy + 2ux+2vy + 2u)Z + d^0 

represents a cone, the coordinates of the vertex satisfy the equations 
F,*0, F,as0, F,*0, F,s=0, where ( is »ised to make F{x,y,z) homo¬ 
geneous and is equated to unity after ditfereiiliation. 

15. Prove that the equations 

2//* - 8//i — 4zx — 8.VI/ + — 4i/ - 2i 5 = 0, 

2x^ -f 2y» + 7*2 - lOy* - 10 ;j: -f 2x -J- 2y + 26* -17 = 0, 

represent cones whose vertices are (-7/6, 1/3, 6/6), (2, 2, 1). 

16. Find the conditions that the lines of section of the plane 
l.r + jn_>/ + m-0 atid the cones /y*+y*.r+/<xy=0, cLv^+bi/" + cz’ — 0, 
should be coincident. 

/bn^ + on^_cP + an^_am^+bP N 
\ fmn g>U him / 

17. Find the equations to the planes through the *-axis and the 
lines of section of the plane ux + vy + m = 0 and cone /{x, y, *) = H, and 
prove that the plane Ujiiches the cone if P=0. (The axes may be 
oblique.) 

18. Provo that the equation to the cone through the coordinate 
axes and the lines of section of the cone llx®-5y* + z*=o and tlio 
plane 7x-by + z = 0 is ]4//*-30.-x-|-3ry = 0, and that tin- other 
common generators of the two cones lie in the plane nx-p7M + 7*-0. 

n.o. O 
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19. Prove that the common gcDeratoi’s of the cones 
(6 V - a^) +(c^a2 - 6*) - c*) = 0, 

6c—< 2 - . ca — b- ab — (? 


lie in the planes 


ax 


by 


cz 


= 0 . 


{he ± a')x-\-{ca ± l-)y +(a6 ± c^z-^0. 


20. Prove that the equation to the cone through the coordinate 
axes and the lines in which the plane ir+m^+7ii=0 cute the cons 
ax^-\-by- + cz--\-2fyz-^2gzx-^'2hxy^0 is 

l{bn^-^cin--%fmn)i/z-^m{cP-^an--Zgnl)zx-\-n{am--\-bIr-2hlm)xy=0. 

21. Prove that the equation v^+\^^+\/^=0 represents a cone 
that touches the coordinate planes, and that the equation to the 
reciprocal cone i& fy 2 +(jzx-\-hxy= 0 . 

22. Provo that the equation to the planes through the origin 
perpendicular to the lines of section of the plane f.r+?ny+nj=0 and 
the cone ax- + hy--\-cz' = 0 is 

^{hn- +CW-) ■¥y-{cl-+an-) + z'{am- + bl') - 'lamnyz - ibjilzx - 2clmxy=Qi 

23. If a line OP, drawn through the vertex O of the cone 

«*•'“ +6y"+c-*=0, 

is such that the two planes through OP. each of which cuts the cone in 
a pair of perpendicular lines, are at right angles, piove that the locus 
of OP is the cone 

(iJu +6+c)a'®+(26+c + a)y*+(2c+a+6)z®=0. 
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CHAPTER VII. 

THE CENTRAL C0NIC0I1>S. 

64, The iocus of the equation 


O) 

r 1 •> “ “5 “ 

a*" 6“ 

(2) 








Fio. 20 


We have sliewn in §9 that the equation (1) represents 
the surface generated by tlie variable ellipse 
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whose centre moves along Z'OZ, and passes in turn through 
every point between (0, 0, — c) and (0, 0, +c). The surface 
is the ellipsoid, and is repi-esented in fig. 29. The section 
by any plane parallel to a coordinate plane is an ellipse. 

Similarly, we might shew that the surface represented 
by equation (2) is generated by a variable ellipse 





whose centre moves on Z'OZ, passing in turn through 
every point on it. The surface is the hyperboloid of one 
sheet, and is represented in fig. 30. The section by any 
plane parallel to one of the coordinate planes YOZ or ZOX 
is a hyperbola. 



The surface given by equation (3) is also generated by a 
variable ellipse whose centre moves on Z'OZ. The ellipse 
is given by 


_•> r 14 “ o *1 ^ ^ 


a- 
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and is imaginary if hence no part of the 

surface lies between tlie planes ic. 

The surface is the hyperboloid of two sheets, and is 
represented in tig- 3i. The section by any plane parallel 
to one of the coordinate planes YOZ, ZOX is a hyperbola. 

If y’> 2') is Jioy point on one of these surfaces, 
(_a;', -V, - 2 ') is also on it; hence the origin bisects all 
chords of the surface which pass through it. The origin is 
the only point which po.ssesses this property, and is called 
the centre. The surfaces are called the central conicoids. 

66. Diametral planes and conjugate diameters. An 
equation of the form 

ax- + 6^- + c2-= 1 

represents a central conicoid. The equations to any line 
parallel to OX are y = \,z = n, and it meets the surface in 

the points ^ ^ 


* K 


and hence the plane YOZ bisects all chords parallel to OX. 
Any cliord of the conicoid which passes through the centre 
is a diameter, and the plane which bi.socts a system of 
parallel chorfls is a diametral plane. Thus YOZ is the 
diametral plane which bi.sects chords parallel to OX. or 
shortly, is the diametral plane of OX. Similarly, the 
diametral planes ZOX. XOY bisect chords parallel to OY 
and OZ respectively. The three diametral planes YOZ, 
ZOX XOY are such that each bisects chords pa«-allel to the 
line ’of intersection of the other two. They are called 
conjugate diametral planes. The diameters X OX, Y OY, Z OZ 
are such that tlie plane through any two bisects chords 
parallel to the third, 'i'hey are called conjugate diameters. 

If the axes are rectangular, the diametral planes YOZ, 
ZOX. XOY are at right angles to the chords which they 
bisect. Diametral planes which are at right angles to the 
chords which they bisect are principal planes. The lines of 
intersection of principal planes are principal axes. Hence 
if the axes are rectangular the equation + + 1 
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represents a central conicoid referred to its principal axes 
as coordinate axes. 


66. A line through a given point A, (cc, <8, y) meets a 
central conicoid ax-‘\‘hy‘+cz^^ 1 in 9 and Q; to find the 
lengths of and AQ. 

If I, m, n are the direction-ratios of a line through A, the 
coordinates of the point on it whose distance from A is r 
are oi+lr, /3+mr, y-j-n?*. If this point is on the conicoid, 
r%al- + hm~ -H cn^) + 2r{aoil + -|- cyn ) 

+ -I- 6^2 cy2 -1 = 0.(1) 

Tins equation gives two values of r which are the 
measures of AP and AQ. 


Ex. 1. If OD is the diameter parallel to APQ, AP. AQ : OD® ia 
constant. 

Ex. 2. If DOD' U any diameter of the conicoid and OR and OR' 

■k Ml r 2 

are the diameters mrallel to AD and AD’, - -,j-is constant. 

Ex. 3. If AD, AD' meet the conicoid again in E and E’, 
is constant. 


37. Tangents and tangent planes. If acL--\-b^-+cy'^=l, 
the point A, (a, /3, y) is on the conicoid; one of tlie values 
of r given by the equation (1) of §GC is zero, and A coin* 
cides witli one of tlic points P or Q, say P. 

If, also, aa.l + bl^m-\-cyn = 0, 

the two values of r given by the equation are zero, i.e. P 
and Q coinciile at the point (a, (3, y) on the surface, and 
the lim- APQ is a tangent to tlic conicoid at A. Hence, if 
A, (a, /3, y) is a point (»ii the surface, the condition that ihe 
tine a’-ft._ y~^ _z~y 

I m n 


( 2 ) 


should be a tangent at A, is 

aijLl bj^m -I- Cyn = 0.(3) 

If we eliminate I, in, n between (2) and (3), we obtain 
the equation to tlie locus of all the tangent lines through 
(a, /3, y), VIZ., 

{.V - a)aa -f- (// - + (c - y)cy = 0, 

ticcr + cyz = 1. 


or 
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Hence the tangent lines at (a. /S, y) lie in the plane 

aOLX + b^y + CyZ — l, 

which is the tangent plane at {cl, y). 

68. To find ike condition that the plane lx+my-i-nz = p 
should touch the conicoid ax^-\-hy--{-(:Z’~\. 

If the point of contact is (a. y), the given plane is 

represented by the two equations 

oou; + 6/3y + cys = 1. 
lx + my-\-nz = p. 

Therefore a = -. ^ = y--, 

and, since (a, y) is on the conicoid, 

I- n~ 2 

S+T+^=P- 


Cor. The two tangent planes whicli are parallel to 

lx+my-^7iz = 0 are given by 

, , //^ 

lx-\-my + nz= ±yj -+-JJ- + J' 

Ex. 1. Find tlie iocus of the point of ifitei-section of three mutually 
peipendiculiir bingent plunua to a central conicoid. 

If the axee are rectangular and 

^ tl 0 c 

reprcKcnt three mutually perpendicular tangent planes, squaring and 

adding, wu obtain i i i 

^4!+y + 23 = ^ + - + -. 

Hence the common jioint of the planes lies on a splieie concentric 
with the conicoid. (It is called the director rphere.) 

Ex. 2. Prove that the equation to tlio two tangent planes to the 
conicoid + 6//+ = 1 which pass through the line 

vs ;x + my + fi^-;) = 0, v's + = is 

(Use the condition tlxat «+Att'=0 should he a Uingcnt plane.) 
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Ex. 3. Find the equations to the tangent planes to 

2a:*- 62 /*+32*=5 

which pass through the line a: + 9y-32=0=3x-3y+62-5. 

Atw. 2* - 12y + 92=5, 4a: + 6 y + 32=5. 

Ex. 4. If the line of intersection of two perpendicular tangent planes 
to the ellipsoid whose equation, referred to rectangular axes, is 

x*/a* + y*/6*+ 2 */c* = 1, 

passes through the fixed point (0, 0, i), shew that it lies on the cone 
x*(6> -u c* - it*) + y*{c* + a* - k*) +{z- it)*(a* + 6*) =0. 


Ex. 5. Tangent planes are dmwn to the conicoid aj.^+by^+cz-=^l 
throv>"h the point (a, (3, y). Prove that the perpendiculai-s to them 

i2r^ t/^ ^ 

from the origin generate the cone (a-r+j3^+y*p=—+^ + -‘ 


Prove that the reciprocal of this cone is the cone 

((Lr* +b^+ C2^) (aa^+6/?*+cy= -1) - (acu;+bBy +cy 2)*=0, 
and hence shew that the tangent planes envelope the cone 

+by^+c^~ l)(aa?+bfp+cy^- l)-(aa,v+ b^tf +cy 2 -1 )*=0. 


69. The polar plane. We now proceed to define the 
polar of a point with respect to a conicoid, and to find its 
equation. 

Definition. If any secant, APQ, through a given point A, 
meets a conicoid in P and Q, then the locus of R, the har¬ 
monic conjugate of A with respect to P and Q, is the polar 
of A with respect to the conicoid. 



Let A, R (fig. 32) be the points (a, (8, y), (^,f), and let 
APQ have direction-ratios I, m,n. Then the equations to 
APQ x~cL_ y — ^ z—y 


I 


m 


n 
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and, as in §66, r^, r^, the measures of AP and AQ, are the 
roots of 

+ fcm- + cn^) + 2r{acd + eyn ) 

+ («a® + + c-/- — 1) = 0. 

Let p be the measure of AR. Then, since AP, AR, AQ are 
in harmonic progression, 

_ _ acc.^+6|8^ + cy^—1 

^ ” rj + ?’2 ~ aal + 6/3m + cya ’ 

And from tlie equations to the line 

^-<x = lp, t]-^ = mp, ^--y = np, 

therefore 

a.)arjL + {tj - ^) 6/3 + (f- y)cy = - + ^,32 + _ i). 

Hence the locus of j), 0 *s the plane given by 

aa.x + bfiy + cyz-1, 

which is called tlie polar plane of (a, /3, y). 

C<yr. If A is on the surface, the polar plane of A is the 
tangent plane at A 

The student cannot nave failed to notice tlie similarity between the 
equations to corresponding loci in the plane and in space. 'J'here is a 
close analogy between the equations to tlie line anil the jilaiie, the 
circle and the Hphere, the ellipse and the ellipsoid, the Uingcnt or 
polar and the Ungent jilane or i>oliir nhinc. Examples of this 
analogy will constiuitly recur, and it is well to note these and make 
use of the analogy as an ^id to remember useful je.sulta. 


70. Polar lines. Tt is evident that if the polar plane of 
(a, /Q, y) pa-sses througli (^, ^), then the polar plane 

of (^. f}, 0 passes through (a, /3, y). Hence if the polar 
plane of any point on a line AB pas-ses through a line PQ, 


then the polar plane of any point on PQ passes through 
that point on AB, and therefore passes through AB. The 
lines AB and PQ are then said to be polar lines with re.spect 
to the conicoid. 

The polar plane of (ct+ir, 0+mr, y + 'ur), any point on 
the line 

I " m ~ n .^ ^ 

is cuxx-{‘b^y + cyz — l+r(alx'{-bmy-\-C7iz) = 0 , 
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and, evidently, for all values of r, passes through the line 
aojc -h h^y+cyz —1 = 0 = alx + hmy + cnz. 

This is therefore the polar of the line (1). 


Ex. 1. If P, (.r,, yy, ?,)» Q> y-i^ - 2 ) points, the polar of 

PQ with respect to ax^ + 6 ^'+«'=l is given by 

rt.ra*, + hyy ^+= 1, cua\ +=I. 

(Hence if P and Q are on the conicoid the polar of PQ is the line of 
intei* 3 ection of the tangent planes at P and Q.) 

Ex. 2. Prove that the polar of a given line is the chord of contact 
of the two tangent planes through the line. 


Ex. 3. Find the equations to the polar of the line 

-2.r=25_y-1 =2i 

witli respect to the conicoid 2.r2-25^2+22^=1. Prove that it meets 
the conicoid in two real points P and Q, and verify that the tangent 
planes at P and Q pass through the given line. 

A,u. 

1 0 1 


Ex. 4. Find the locus of straight lines drawn through a fixed 
point (cl, yS, y) at right angles to their polars with respect to 

j . (rectangular axes). 



Ex. 5. Prove that lines through (a, B, 7 ) at right angles to their 

.£ .,2 -2 


polars with respect to - 2 a~ ^ generate the cone 

0 - /3) (or - y.r) + (s - y) (o.y - 0J-)= 0. 
What is the peculiarity of the case when a= 6 ? 


Ex. 6 . Find the conditions that the lines 

B_ ^~y (i-'_!/-B’ 

I III H ' I' 111 n' * 
should be polar with respect to the conicoid rt.f 2 + 6 y 2 +c 22 =i. 
J«j. i^aa7 = 0, i'aai' = 0, 3af/’ = 0. 


Ex. 7. Find the condition that the line 1 should 

I m n 

intersect the pol.ir of the line ~ ^ with respect to the 

conicoid a.i' 2 +&//+<•:'-’= 1 . i m n 

A 11.1. (aal' + l<Bin + ey 7 i')(ocL 7 + fc/T m + cy'>i) 

= (aW+bin in' + cnn')(aaa.' +ft/JyS'+cyy' - 1 ). 

Ex. 8 . Provo that if AB intersects the polar of PQ, then PQ inter¬ 
sects the polar of AB. (AB and PQ are then said to be conjugate with 
respect to the conicoid.) 
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71. Section with a given centre. If (a, y) is the 
mid-point of the chord whose e(|uations are 


x-a._7j-/3_ z-y 
I m n ' 



the equation (1) of §66 is of the form r'^ = kr, and therefore 


acd -f 6/3/n. + cyii = 0. 



Hence all chords wliich are bisected at (a, /3, y) lie in 
the plane 

Tliis plane meets the surface in a conic of which (a, /S, y) 
is the centre. 



rio. 83. 


Compare tlie equation to the chord of the conic 1 whose 

niid-point is (r&, jj). 

Ex. 1. Kind the to the plane wliich cuts a'^ + 4y--54-= I 

in a conic who.se centre is at tlie point (2, 3, 4). 

+ 10 ^ + 20 * 0 . 

Z|x. 2. The locus of the centres of jxirallel plane sections of a 
conicoid is a diameter. 

Ex. 3. The line joining a point P to tlie centre of a conicoid pa.sscs 

through the centre of the section of the conicoid by the nolur nlane 
of P. J i i 

Ex. 4. The centres of sections of a central conicoid tliat are 
parallel to a given line lie on a fixed plane. 

Ex. 5. The centres of sections that pa.ss through a given line lie 
on a conic. 

Ex. 6. Tlie centres of sections that pass through a given point lie 
on a conicoid. ' 
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Ex. 7. Find the locus of centres of sections of <tr2+6y3+cs*=l 
which touch 


Ans. (aa^* + 6y-+«■)*= 


a^jr- 


4?^ 


6 V 

+ -n -+— 
a. ^ y 


72. Locus of mid'points of a system of parallel chords. 
It follows from equation-s (1) and (2) of §71 that the mid¬ 
points of chords which are parallel to a fixed line 


X__z 
T m n 

lie in the plane alx+hmy+cnz = 0. 

This is therefore the diametral plane which bisects the 
parallel chords (fig. 34). 



Compare the equation to the locus of the mid-points of parallel 
chords of the ellipse aa--i-fty-= 1 . 

Ex, 1. Find the locus of the niid-poiuts of chords of the conicoid 
— \ which pass through the point (/, < 7 , ^). 

A n». a.r{.r -/)+^y(j/ -//) -t- - /<) = 0. 

Ex. 2. Prove that the mid-points of chords of 
which are parallel to jr =0 and touch lie on the surface 

i'iHJtx- -t- h>i' -f- cr* - br~) czH^cjt -f A-cz- — cr^)=0. 

73. The locus of the tangents drawn from a given 
point. Wlien the secant APQ, (Hg. 32), becomes a tangent, 
P, Q, R coincide at the point of contact, and hence tlie points 
of contact of all the tangents from A lie on the polar plane 
of A, and tliorefore on the conic in which that plane cuts the 
surface. The locus of the tangents from A is therefore the 
cone generated by lines which pass through A and intersect 
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the conic in which the polar plane of A cuts the conicoid. 
This cone is the enveloping cone whose vertex is A. We 
may find its equation as follows: If A is (a, /3, y), and the 
line APQ, whose equations are 

x—a. y — g —Y 
~t ~~ m ~ n ' 

meets the surface in coincident points, the equation (1) of 
§ 36 has equal roots, and tlierefore 

(oZ^ + hir^ +C'n.“)(aot,“+6/3“ + cy'^ — 1) 

= {aal-{-h^m+cyn)\ .(1) 

The locus of APQ is therefore the cone whose equation is 
[a (a:—a)®+6 (y —/3 f+c (c — y)'] [act-+ 6i3’-+ c-/— 1 ] 

= [aa(a: - a) + 6/3( ?/-/3) + cy (s - y )]2 
If S = ax- + hy^ + C 2 - — 1 , S, s oa- + 6/3^ + cy^ — 1 , 
and P = aocr + 6/3y + cy 2 — 1, 

this equation may be written 

(S-2p + S,)S, = (P-Si)^ i.e. SSi = p2, or 

{ax--\-hy^-\-cz- — +cy^— 1 )={acLx + 6/3y -f cyz — 1 )* 

Compare the equation to the pair of tangents from the point (a^ /3) 
to the ellipse ax^+i^*=l. 


Ex. 1. Find the locus of points from which tliree mutually per¬ 
pendicular tangent lines can he drawn to the surface ax^+by^ + cz^^l. 

Atu. a{b+c)x* + b(c + + c(a + b)z^^a + b + c. 

Ex. 2. Lines drawn from the centre of a central conicoid |)ai-allel 
to tlie generators of the enveloping cone whose vertex is A geneiate a 
cone which intersects the conicoid in two conics whose planes are 
panillel to the polar plane of A. 


Ex. 3. Through a fixed point (/% 0, 0) pairs of perpendicular 
tangent lines are drawn to the surface a.t^ + oi/^ + cz^^l. Shew that 
the plane tlirough any pair touches the cone 


(x-k)^ . .V* . 


0 . 


Ex. 4. Tlie plane meets any enveloping cone of the sphere 
r^+y* + «* = a* in a conic which has a focus at the point (0, 0, a). 

Ex. 5. Find the locus of a liiininous point if the ellipsoid 

= l casts a circular sluidow on the plane t=0. 


Aju. X 


y=o. ^+5-1. 
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Ex. 6. If S=0, M=0, r=0 are the equations to a conicoid and two 
planes, prove that S+A?ty=0 represents a conicoid which passes 
throii'^h the conics in which the given planes cut the given conicoid, 
and mterpret the equation S + Ak-=0. 

Ex. 7. Prove that if a straight line has three points on a conicoid, 
it lies wholly on the conicoid. 

(The equation (1), § 66, is an identity.) 

Ex. 8. A conicoid passes through a given ^int A and touches a 
given conicoid S at all points of the conic in which it is met by the 
polar plane of A. Prove that all the tangents from A to S lie on it 
Hence tiiul the etjuation to the enveloping cone of S wlioso vertex is A. 


Ex. 9. The section of the enveloping cone of the ellipsoid 

whose vertex is P by the plane j = 0 is (i) a 
parabola, (ii) a rectangular hyjjerbola. Find the locus of P. 

A/ts. (i):=±c, + 


74. The locus of the tangents which are parallel to 
a given line. Suppose that PQ is any chord and tliat M is 
its mid-point. Then if the line PQ moves parallel to itself 
till it meets the surface in coincident points, it becomes a 
tangent and M coincides with tlie point of contact. There¬ 
fore the point of contact of a tangent wliich is parallel 


/ n 



to a given line lies on tlie diametral plane which bisects all 
chords parallel to tlie line. This plane cuts the surface in 
a conic, and the locus of the tangents parallel to the given 
lijie is therefore the cylinder generated by the parallels to 
the given line which pa'^s through the conic. 
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Let (a, /3, y) (fig. 35) be any point on a tangent parallel 
to a given line xll = ylm = zln. 

Then since, by § 73 (1), the line 

x-CL^ y- ^^z-y 
I m n 

touches the surface if 

{al^ + hm- + cn^){acf }++ cy^ — 1) = (acd + h^m + cyn)^, 
the locus of (a, /3, y) is given by 

+ cn‘){ax' + •\-cz-—\) = {alx-\-}yiny+cm% 

Tliis equation therefore represents the enveloping cylinder 
whicli is tlie locus of the tangents. 

The enveloping cylinder may be considered to be a limiting case or 
the enveloping cone whose vertex is the jwiiit P, (/»•, mr, nr) on the 
line xjli=yjm=zjn^ as r tends to infinity. By §73, the equation to 
the cone is 

+ hy” + cz^—l ){al‘^ + bm^+cn^ - = ^cf?,c+ 6wiy + cm - * 

whence tne equation to the cylinder can be at once deduced. 

Rt. 1, Prove that the enveloping cylinder* of the ellipsoid 
r2/a^+yV62+z'V<'“ = l* whose generators are parallel to the lines 

_ y _ t 

Q°±^at’-U‘ «’ 
meet the plane ^=0 in circles. 

Ez. 2. Prove that the polar of a liue AB is the line of ittter- 
aectinn of the plane.s of contact of the enveloping cone whose vertex is 
A and the enveloping cylinder whose geneiators aie parallel to AB. 

76. Normals. In discussing the properties of tlie normals 
we shall confine our attention to tlie normals to the ellipsoid, 
the most familiar of the central conicoids. 

Consider the ellipsoid wliose e(juation, referred to rect¬ 
angular axes, is x'^ja^-\-y^lh'^-\-z‘^lc^= 1. If tlie plane 

p=x cos a-1-2/ CO.S /3-b2 cos y, (p > 0), 

is a tangent plane wliose point of contact is (x', y\ zf), we 
have, as in § 68, 

rni 

cos a — ~s 
a* 
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that is, the direction-cosines of the outward-drawn normal 

at (a^, z') are '"'bere p is the perpendicular 

from the centre to the tangent plane at the point. The 
e(juations to the normal at (a:, y, z) are therefore 


px 


n. 

6 = 


C2 


Bx. 1. If the normal at P meets the principal planes in Gi, G^, Gg. 
shew that PQ^. pQ ^. pQj = : ja. ^a. 

Putting 0 for X in the equations to the normal, we obtain 

■a 

r=PG.= -—, etc. 

‘ P 

Bx. 2. If PG,-+PG/+PG 32 = it 2 , tind the locus of P. 

Am. The curve of intersection of the given ellipsoid and the 

ellipsoid 

Bx. 3. Find the length of the normal chord through P, and prove 
that il It is equal to 4 PG 3 , P lies on the cone 

^(2c2-a^)-K^^2c=-6=)+i=0. 


Am. 


Ex. 4. The normal at a variable point P meets the plane XOY in 
A, and AQ is drawn pamllel to OZ and equal to AP. Prove that the 
locus of Q is given by 

,^^-1 

Find the locus of R if OR is dmwn from the centre equal and 
parallel to AP. Aiis. a'j^+b-i/--\-c^^=c^. 

Ex. 5. If the normals at P and Q. yK)ints on the ellipsoid, intersect. 
PQ is at right angles to its polar with respect to the ellipsoid. 

76. The normals from a given point. If the normal 
at (x', y', c') passes through a given point (a, j8, y), then 


CL—x' ^ — y — z' 

^ ~ Vl — ’ 

P c2 

and if each of these fractions is equal to X, 


( 1 ) 


. a-a. , hr8 


‘-y 


.( 2 ) 
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Therefore, since (x', y', z') is on the ellipsoid, 

/Q', 

(a--= + X)'^'^(6^+A)-"^(6‘-^ + X)^ .^ ^ 

This equation gives six values of X, to each of which 
corresponds a point {x\ y\ s'), and therefore there are 
six points on the ellipsoid the normals at wliich pass 
through (oc, /3, y). 


Ex 1 Prove that equation (3) gives at least two real values of A. 

(If F(A)s(X + a^)^XX + t 7 -(X + c-V^-:^«-‘^-(X + i-)-(X + c^^^^^^ F<X) is 
negative when X= -«*, -fr*. and is positive when X= ± x.) 

Ex. 2. Prove that four normals to the ellipsoid pass through any 
point of the curve of intersection of the ellipsoid and the cjiiicoid 

cr'(f)* + C-) +y*(c“ + (/*)+;-(«■ + i*) = 


It follows from equations (1) that the feet of the- normals 
from (a, /3. y) to the ellipsoid lie on the three cylinders 

b-s(/3 -y) = c-y(y - s). c^x(y-z) = a- 2 (a~x), 

a-y(fx -x) = b'^x(/3 - y). 

Compare the equation to the rectangular hyperbola through tho 
feet of the normals from the point («., /?) to the ellipse L 


These cylinders have a common curve of inter.section, 
and equations (2) express tho coordinates of any point on 
it in terms of a parameter X. Tlie points where the curve 
meets a given plane 


ux + vy + wz + d = 0 


UU'O. . v0‘(5 , wey , 

are given by ^ + i?qrx+ei + x + '*-‘'- 


and aa this determines three values of X. the plane meets 
the curve in three points, and the curve is therefore a 
cu6i<; curve. The feet of the normals from y) to the 

ellipsoid are therefore the six points of inter.scction of 
tho ellipsoid and a certain cubic curve. 

If tho normal at ex', y. z') posses through (a, j8, y) and 
Las direction-cosines I, m, n. 



~a^ + X’ 
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and therefore 

j{b"—,?)+§y-a?)+l{a^-h^)=0. 

(/ Tft/ •%' 

This shews that the normal whose equations are 

x — a. y—/9 z—y 
I “ 'flu n 

is a generator of the cone 

x—oL ^~y 

Hence the six normals from (a, j8, y) lie on a cone of the 
second degree. 

Ex. 3. !f P is the point (a, /?, y), prove that the line PO, the 
parallels through P to tlie axes, and the perpendicular from P to its 
polar plane, lie on the cone. 

Ex. 4. Shew tljat the cubic curve lies on the cone. 

Ex, 5. Prove that the feet of the six normals fjom (a, y) lie OD 
the curve of intersection of the ellipsoid and the cone 

X If s' 

Ex. 6. The genei-atois of the cone which contains the normals 
from a given point to an ellipsoid are at right angles to their polnrs 
with respect to tlie ellipsoid. 

Ex. 7. A is a fixed point and P a variable point such that its 
jKilar plans is at right angles to AP. Shew that the locus of P is the 
cubic curve through the feet of the normals from A. 

Ex. 8. If P, Q, R ; P’, Q', R' are the feet of tlie six normals from 
a p*'int to the ellipsoid, and the plane PQR is given by f.r+wiy+ni=/), 
then the plane P Q'R' is given by 

^ + - 2^+—+-=0 

(If P Q'R' w given by equation (3) of §76 is the 

same a.') 

\a-+A'^6' + A C-+A ^/\a'-+A t- + A tr+A W ' 

Ex. 9. If A, A' are the poles of the planes PQR, P*Q'R\ 

AA'2^0A--0A'2=2(aH6-+c2)^ 

77. Conjugate diameters and conjugate diametral 
planes of the ellipsoid. If the equation to the ellipsoid 
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is x-Ja--\-y^fh^-\rZ^lc- = \, the axes are conjugate diametei*s 
and the coordinate planes are conjugate diametral planes, 
(§65). If P, (iCp i/j, 2 ,) is any point on the ellipsoid, the 
diametral plane of OP has for its equation, (§ 72 ), 


a* b 


+^ = 0. 


Let Q, (rCo, 1/2. 3^2) be any point on this plane and oh the 
ellipsoid, then 

V: .2/12/2 


Hence, if Q is on the diametral plane of OP. P is on the 
diametral plane of OQ. 

If tlie diametral planes of OP and OQ 
intersect in the diameter OR, (Hg. 36), 

R is on the diametral planes of OP and 
OQ, and therefore P and Q are on the 
diametral plane of OR; that is, the dia¬ 
metral plane of OR is the plane OPQ. 

Thus the planes QOR, ROP, POQ are the 
diametral planes of OP, OQ, OR resnec- 

. ‘ ^ Fio. 3il, 

tively, and they are tlierclore conjugate 
diametral planes, and OP, OQ, OR are conjugate diainetei-s. 

If R is (iCj, 3/.,, 2;,), we have 




4.hlb Mhh - 0 

^ ^ . 

These correspond exactly to equations (a) and (u) of §53, 
and shew that 

Vi, y^, 5 , Ih, h 

a 0 c a 0 c a b c 
are the direction-cosines of three mutually perpendicular 
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lines referred to rectangular axes. Therefore, as in §53, 
we deduce, 

+ X .}+] 3/1^1+ y-H + 2 / 3-3 =0. ] 

yi+y‘i-+y2-=^^’ >.(c') z,x,+z.^^-\-z^x^=o, . {■o') 

2^2+ 2^2+s^2=c2;J x^y^+x.y^+Xsys=0;} 

^_L (2/2-^3 ~ ^ 2 / 3 ) yi _L (go^ 3~^2 ^3) ^1—4- (‘‘^22/.3 ~ ^ 2 ^ 3 ) 

a~ ^ be ’6“ ctfc * c ab 


+teL_Mi), etc., etc.; 
a ~ be 


■M 


= ± abc. 


yv 

®'2> 2 / 2 * ^2 

^3> 2 / 3 * ^3 

If the axes to which the ellipsoid is referred are 
rectangular, equations (c') give, on adding, 

Op2 + OQ- + OR“ = a- + 6^ + c^. 

Hence tlie smn of the sejuares on any three conjugate 
senii-diaineters i.s constant. From the last equation we 
deduce that the volume of the parallelepiped which has 
OP, OQ. OR for coterminous edges is constant and equal 
to abc. Again, if Ap A.,, Ag are the areas QOR, ROP, POQ 
and Wr, '^^r. (r= 1, 2, 3), are the direction-cosines of the 
normals to the planes QOR, ROP, POQ, projecting Aj on the 
plane x = 0, we ubiaiii 


^A,— 


?/2-a-~22/3_ 


hex 


similarly, 


= ±^^. by(K0; 

m.A. = ±^, TJiAi= ; 


4A2=±-2a’ 

, . b(\i\ , , cay. , , abz. 

/ 3 A 3 — 'UgAg—+ 2 ^. 

Therefore, squaring and adding, we have, by 
A 2+A22-PA32= ^(&V + c2a2-J-a“62X 
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Ex. 1. Find the equation to the plane PQR. 

If the equation is then 

Multiply by Xj, respectively, and add ; then by (c’) and (o'), 

f«2=/j(.r,+a-2 + X3), etc. 

The required equation is therefore 

j(.r,+j-2+.r.-i) . .yCvi+yg+.v.,) . z(g|+^2+"3) _i 

■** h’' t- " 

Ex. 2. Shew that the plane PQR touches the ellipsoid 
at the centroid of the triangle PQR. a- b tr 2 

Ry. 3. Prove that the pole of the plane PQR lies on the ellipsoid 

x^/a-'+^V6*+2Vc*=3. 

Ex. 4. The locus of the foot of the perpendicular from the centre 
to the plane through the extremities of tnree conjugate scuii-diauictci's 
ifi a-j^ +i-y*+^ (•"•" + i/’ + ‘‘f- 

Ex. 5. Prove that the sum of the squares of the projections of OP, 
OQ, OR, (i) on a given line, (ii) on a given plane, is constant. 

Ex. 6. Shew that ai»y two sets of conjugate diaiueters He on a 
cone of the second degree. (Cf. § 09, Ex. 6.) 

Ex. 7. Shew that any two sets of conjugate diametral planes 
touch a cone of the second degree. (Apply § 6li, Ex. 4.) 

Ex. 8. If the axes are rectangular, find the locus of the equal 
conjugate diameters of the ellip.soia J^/a*+^*/0* + ;-/c*= I. 

If r is the length of one of tlie equal conjugate diaiueters, 


and 


3)-**a*+62+c*, 

til* , n* 

H a***" 6* 


wliere tn, n are the direction-coHines. Tbeiefore the diameter is a 
generator of the cono 


or 


X 


s 


^2(2a* - 6* - c*)+g(26* - c* - o2) + ^(2c* - a’ - V^) - 0. 


Ex. 9. Sliew that the plane through a pair of equal conjugate 

diainetcrH touches the cono =0. 

a^{za^ - 6^ - c^) 

Ex. 10. If X, /A, y are the angles between a set of equal conjugate 
diameters, ov/;? 2 v« 

cosU + cosV + cosV = 

Ex. 11. If OP, OQ, OR ai'c equal conjugate diameters, and S is 
the polo of the plane PQR, the tetrahedron SPQR has any pair of 
opposite edges at right angles. 
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Ex. 12. If OP, OQ, OR are conjugate diameters and pz* 

jTi, ffj, TTjare their projections on any two given lines, 
is constant. 


Ex. 13. If, through a given point, chords are drawn parallel to 
OP, OQ, OR, tlie sum of the squares of the i-atios of the respective 
choi-ds to OP, OQ, OR is constant. 


Ex. 14. The locus of the point of intersection of three tangent 
-2 ;.2 

planes to +'4,+-^—1, which are parallel to conjugate diametral 


a- 
.1*2 


.'/■* . _ 1 a* . i' c* 


planes of “ + Is “ 2 +^+~“ “3+77i + - 2 * What does this 

^ aj f3* Y P* 7‘ 

theorem become when a-/3=y i 

Ex. 15. Shew that conjugate diametei’s satisfy the condition of 
Ex. 8, § 70, for conjugate lines. 


Since the plane POQ, (fig. 36), bisects all chords of the 
conicoid which are parallel to OR, the line OQ bisects all 
cliords of the conic ROQ which are parallel to OR. Similarly 
OR bisects all chords of the conic which are parallel to OQ; 
and therefore OR and OQ are conjugate diameters of the 
ellipse ROQ. But Q is any point on the ellipse; therefore 
OP and any pair of conjugate diameters of the ellipse in 
which the diametral plane of OP cuts the ellipsoid are 
conjugate diameters of the ellipsoid. 

Ex. 16. P is any point on the ellipsoid -3+r2+“5® I 2)8 

are the pi'inclpal a.\es of the section of the ellipsoid by the diametral 
plane of OP. Prove that OP-=o*+6*+c2-a2~)8®, and that a/?/>=a6c, 
where p is the perpendicular from O to the tangetit plane at P. 

Ex. 17. If 2a. and 2/3 are the principal axe.s of the section of the 
ellipsoid by the plane fx+7M?/+7J2=0, prove that 

^ ^ a'H'^+bhn^+C'n" * 

.f^_ a-b^c=(P+m^ + n^) 

Ex. 18. If P, (j*,, y,, c,) is a point on the ellipsoid and (^j, t;,, f,), 
(^ 2 , V 2 ' f**) extremities of the principal axes of the section of the 
ellipsoid by the diametral plane of OP, prove that 

b"{c^-a-) c^{a--b-y 

(52 - c 2)9 + (e^ - a=) + (a2 - 52) J ^ Qi 

Ci Vi f, 
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Conjugate diameters of the hyperboloids. The eqiiatimi of a 
byperboloid of one sheet referred to tliree conjugate diameters as 

yi £t 

coordinate axes is + ^,—^=1. Hence it ai)i>ears that the x- and 

ct' p' y 

j/-axes meet the surface in real jwints ( ±a., 0 , 0 ), ( 0 , ± /J, 0 ), and tliat 
the ^-axis does not intersect the surface. The **axis, liowever, iiiter- 

v- z- 

sects the hyperboloid of two sheets hose equation is-n — ^+-5 = 1 

at the points ( 0 , 0 , ± 7 ), and these points are Uiken as the c.xtreniities 
of the tliird of the three conjugate aiameicr.s. 

Hence, if P, {.r,, ?|), Q, (Xs’-'/s. ^-j), R. (‘n. .V 3 > -3) are the extremitiee 

of a set of conjugate semi-diameters of the byperboloid of one .sheet, 




it follows, as for the ellipsoid, that 

V+^2®-23-= -c*. etc. j 

and therefore, tliat if the axes are rectangular, 

OP- + OQ—OR- = aH6^-c2 
and +A.;^ - A^'^= 

Similarly, if one of a set of three conjugate diameters of the hyper* 

t>oIoid of two fthcets, intersects tlie surface, the otliei 

o- o* <?• 

two do not, but they intei-sect the hyperboloid of one sheet, 


and the ])')ints of intersection are taken as their extremities. Hence 
if P, Q, R are the extremitie.**, and the axe.s are rectangular, we have 

OP- - OQ* - OR* = - c* 

and A,* - A^* - A 3 * = i (A*t* - c^a* - a*A*). 


TFIE CONK. 

78. A liomo^eneous etjuation of tlie form 

ax^ + hy^ + cz^ = 0 

represents a cone. If (x', y\ z') is any point on tlie cone, 
{ — x', —y', —g') lies also on the cone, and tlierefore we 
may consider the cone a.s a centrul surface, the vortc.x beiiiy 
the centre. The coordinate plane.s are conju;;ate diametral 
planes and the coordinatx* axes are conjugate diumetois. 

We easily find, a.s in the ease of tlie other central 
conicoids, the following results: 
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The tangent plane at {x\ y\ z) has for its equation 

axx' + hyy' + czz' =0. 

The plane lx-\-my-\‘'nz=0 touches the cone if 

l-ja ++ n^jc ~ 0 . 

Tlie polar plane of P, (oc, jS, y) is given by 

acLc+ h^y + cyz =0. 

The section whose centre is at ((x, j8, y) has the equation 
(x-a.)aa+(2/-^)6^+(£-y)cy=0. 

The diametral plane of the line xjl = ylin=zln is 

alx+hmy+cnz^O. 

The locus of the tangents drawn from P, (a, y) is the 
pair of tangent planes whose line of intersection is OP. 
They are given by 

4- hy~ + cz~) {acL- + +cy-) = (accx + b^y -j- cyz)-. 

The diametral plane of OP is also the polar plane of P. 


R 
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Conjugate diameters. Let OP, OQ, OR, (fig. 37), any three 
conjugate diameters of the cone, meet any plane in P, Q, R. 
The plane meets the cone in a conic, and QR is the locus 
of tlie harmonic conjugates of P with respect to the points 
in which any secant through P cuts the conic; i.e. QR is the 
polar of P with respect to the conic. Similarly, RP and PQ 
arc the polars of Q and R. and therefore the triangle PQR 
is self-polar with respect to the conic. Conversely, £f PQR 
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is any triangle self-polar with respect to the conic in which 
the plane PQR cuts the cone, OP, OQ. OR arc conjugate 
diameters of tl>e cone. For the polar plane of P passes 
through the line QR and through the vertex, and therefore 
OQR is the polar plane of P, or the diametral plane of OP ; 
and similarly, ORP, OPQ are the diametral planes of OQ 
and OR. 


Ex. 1, The locus of the asymptotic lines drawn from O to the 
conicoicl \ is the asjrmptotlc cone aj-^+fv/'-’+a^sO. 

Ex. 2, The hyperboloids 

x^la^ + yW - zVc‘^= 1, " -t-Va* - = 1 

have the same a.syinptotic cone. Di-aw a figure shewing the cone and 
the two hyperboloids. 

Ex. 3. The section of a hyperboloid by a piano which is parallel 
to a tangent plane of the asymptotic cone is a parabola. 


Ex. 4. it a plane through the origin cuts the cones 

ax^ + iy* + «' = 0, a_r- + /Jy" + yj- * 0 
In lines which form a harmonic pencil, it touches the cone 

^ 1 ■'/- ^_tl _ ^0, 

by + c^'^ ca. + uy <i{i+ba. 

For the following examples the axes are rectangular. 

Ex. 5. Planes which cut ax* + f>y* + r;-= 0 in perpendicular 
generators touch - .j 

• • 


- ^ »•/ _ ^ _ 

b+c c+a a+0 


= 0. 


Ex. 6. The liiiCH of intei-scction of of tangent planes to 

+ + = 0 which touch along perpemlicular generators lie on 

the cone a^{b + c)j:^ + b-ic + ayr + c\a + b)z‘=0. 


Ex. 7. Perpendicular tatigent planes to + intellect 

Id genei'ators of the cone 

a{b + c)x^ + i(c + + c{a + b)i^ = 0. 


Ex. 8. If the cono By- + CV + 2Fy^ + 2O^vr + 2Hxy = 0 passes 

through a set of conjugate diameters of the ellipsoid 

then AaHJ3iHCV = 0, 

Ex. 9. If three conjugate dianietere of an ellipsoid moot the 
director sphere in P, Q, R, the plane PQR touches the ellipsoid. 

Ez. 10. Find the equation to the normal plane at right angles 
to the tangent plane) of the cone aj^ + by^ + cz-ssO which pjisHe.s through 
the generator xH=tflm=zln. j... ^ 

7tSt ^ j ' " — 
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Ex. 11. Lines drawn through the origin at right angles to normal 
planes of the cone +by"+c:^=0 generate the cone 

a{b-cf , b{c-af . c{a~bf ^ 

+ 

Ex. 12. If the two cones cu^+6j/-+C 2®=0, haw 

each sets of three mutually perpendicular generators, any two planes 
which pass through their four common generators are at right angles. 


THE PARABOLOIDS. 


79. The locus of the equation 


02 + ;, 2 — ^ ’ 


( 2 ) 


62“ c’ o2 62 C 

The equation (I) represents the surface generated by the 

3 /* * 2 /* 2 /* 

variable ellipse z-lc, = ellipse is imaginary 

unless k and c have the same sign, hence the centre of the 



ellipse lies on OZ if c>-0 and on OZ' if c<0. The sections 
of the surface by planes parallel to the coordinate planes 
YOZ, ZOX are parabolas. Fig. 38 shews the form and 
position of the surface for a positive value of c. The 
surface is the elliptic paraboloid. 
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The equation (2) represents the surface generated by the 


X* 2A 

variable hyperbola = z = The hyperbola is 

real for all real values of h, and its centre passes in turn 
tlirough every point on z'z. When k=i) tlie hyperbola 

degenerates into the two lines ^ ^ = 0, z = 0. The sections 

of the surface by the planes z = k, z=~~k project on the 



plane XOY into conjugate hyperlx^hw whose asymptotes are 

<> 

2 = 0, ^ — ^ = 0. The sections by planes parallel to YOZ, 

20X are parabolas. The surface is the hyperbolic paraboloid, 
and fig. .39 shews the form and position of the surface for 
a negative value of c. 

80. Conjugate diametral planes. An equation of the 

aa^ + bij- = 2z 

represents a paraboloid. Any line in the plane XOY which 
passes tlirough tlic origin meets the suiface in two co¬ 
incident points, and hence the plane XOY is the tangent 
plane at the origin. The planes YOZ, ZOX bisect cliords 
parallel to OX and OY respectively. Kaeh is therefore 
parallel to the cliords bisected by the other. Such pairs of 
planes are calle<l conjugate diametral planes of the paraboloid 
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81. Diameters. If A is the point (a, ft y), and the 
equations to a line through A are 


I ~ 7?l ~ 71 




the distances from A to the points of intersection of the 
line and the paraboloid are given by 

7i)+aa^+6ft—2y=0. ...(1) 

If Z = 771 = 0, one value of r is infinite, and therefore a 
line parallel to the s-axis meets the paraboloid in one 
point at an infinite distance, and in a point P whose 
distance from A is given by 

_ gg-q-^ig^ —2y aa^+6ft —2y 

^ — 2(((a/ +6/3771 —77.) ~ 2n 

Such a line is called a diameter, and P is the extremity of 
tlie diameter. 

Hence (ix-+hii^ = 2z represents a paraboloid, referred to 
a tangent plane, and two conjugate diametral planes 
through the point of contact, UvS coordinate planes. One 
of the coordinate axes is the diameter through the point 
of contact. If the axes are rectangular, .so that the tangent 
plane at O is at right angles to the diameter through O, 
0 is the vertex of the parul)oloid,and the diameter through O 
is the axis. The coordinate planes YOZ, ZOX are then 
principal planes. 

Ex. What surface i.s represented by the equation jy=2cr? 


82. Tangent planes. We find, a.s in § 67, the equation 
to the tangent plane at the point (a, /3, y) on the paraboloid, 

«a2: + 6)3?/ = c4-y. 

If /.c + 77!^/ + is a tangent plane and (a, ft y) is the 
point of contact, 

Q -771 -« 

«7i.’ ^ bn ' n ' 


a = 




and therefore 
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Hence 2n(Za; + m?/ + 7i3) + —+-^ = 0 is the equation to 

the tangent plane to the paraboloid which is parallel to the 
plane lx-\-my-\-nz = 0. 

If the axes are rectangular and 

72 2 

2nr{l^-\-mry-\-7irZ) +-^ + -^ = 0, (r=l, 2, 3), 

represent three mutually perpendicular tangent planes, 
we have, by addition, 

22+- + r = (), 

a 0 

and therefore the locus of tl»e point of intersection of three 
mutually perpendicular tangent planes is a plane at right 
angles to the axis of the paraboloid. 

Ex. 1. Shew that the plane 8a'-6y-z = .') touches the piiraboloid 
g —?» and find the cooidinates of the point of contact. 

An$. (8, 9, 5). 

Ex. 2. Two perpendicular tangent planes to the paraboloid 
” +'^ — 22 intellect in a straight line lying in the plane a' = 0. Shew 
that the lino touches the parabola 

x = 0, y^*(o + t )(22 + a). 

Ex. 3. Show that tlie locus of the taiiget>t.s from a point (ct, y) 
to the parsiboloid aa-* + 6y- = 22 is given by 

(c/.r* + InJ^ - 2z){«a.’ + hfi- - 2y) = («a.r + h^}/ -t- y )*. 

Ex. 4. Find the locus of points from which three mutually per* 
pendicular tangents can be drawn to the paraboloid. 

Ant. a6(ar*+yq-2(a + t)j-1 =0. 


83. Diametral planes. If a line op lias equations 
^ll — ylm = zln, the diuinctral plane of OP, i.e. the locus 
of tlto mid-point.s of cltords parallel to OP, is given by 
alx-\-hmy~n = {). Hence all diametral planes are parallel 
to tlie axis of the paralKjloid, and conversely any j)Iano 
parallel to the axis is a diametral plane. If OQ, who.se 
equation.s are xjV = ylni' = zln', is parallel to the diametral 


plane of OP, 


all' -^hmm' = 0. 
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Hence OP is parallel to the diametral plane of OQ, and the 
diametral planes of OP and OQ are conjugate. 

Eiiuation(l)is the condition that the lines alx->rhny=-Q, 
al'x + hm'y = (), in the plane z = k, should be conjugate 
diameters of the conic ux--\-hy- = 2h Hence any plane 
meets a pair of conjugate diametral planes of a paraboloid 
in lines which ai*e parallel to conjugate diameters of the 
conic in which the plane meets the .surface. 


Ex. 1. The locti.s of the centres of a system of parallel plane 
sections of a jwniboloid is a diuiiieler. 


Ex. 2. The plane 3.j-+4y=l is 
5.»;- + Gv-=a2;. Find the equations 
it bisects. 


a diametral plane of the paraboloid 
to the chord through (3, 4, 5) which 
. jr-3 v-4 2-5 

9 10 ^ 16 ■ 


Ex. 3. Any dianietral plane cuts the paraboloid in a pambola, and 
parallcd diameiral planes cut it in etpial iwnibolas. 


84. The normals. If ~+|2=2c represents an elliptic 

paraboloid, referred to rectangular axes, the normal at 
(x’, y , z) !ms for eijuations 


.r — .r' 



y-v 

t 

b- 



If this normal passes tlirough a given point (a, y), 


cx. 


= X, say. 

.r 1/ -1 


a 


o 


Therefore x’ = 


a-CL 


a^+y 


V 

. b''(3 

y=Ti 


b-+\ 


• ^ 


= y+X, 


ntid 


ir-fx? 


(cr + \f^{b- + \)- + 


This c(piation gives five values of X, and hence there are 
five points on the paraboloid the normals at which pass 
through a given point. 

Ex. 1. Piove that tho feet of the normals from any point to the 
paraboloid lie on a cubic curve. 
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OD^e normals from (a, /?, y) to the paraboloid lie 

_ 

x-(j. z-y 

Ex 3. Prove that the cubic curve lies on this cone. 

Ex. 4. Prove that the perpendicular from (a, /?, y) to its nol.ar 
plane lies on the cone. ' * 


Ex. 5. In general three normals can be drawn from a given point 

to tlie paraboloid of revolution .r*’+;/2=2az, but if the point lies on 

the surface 27«(.r«+y) + 8(a-r)3 = 0, two of the throe norinal.s 
coincide. 


Ex. 6. Shew that the feet of the normals from the point Co., Q v) 
to the paraboloid .t•2+^* = 2a^ lie on the sphere ’ 


’ + 2 = - z(a + y) - + (i^) = Q. 

Ex. 7. Shew that tlie centre of the circle throuu'h the feet of the 
three normals from the point (>a., /?, y) to the paraboloid .•.-+y^^2az is 



•Examples IV. 

1. Two asymptotic lines can be drawn from a point P to a conicoid 

+ + «■■*= 1, and they are at right angles if P lies on the cone 

«’(6 + c).i- + + a)y* + c*(y + b)z- * 0. 

2. The lines in which the plane /j; + wi_;/ + h? = 0 cuts tl»o cone 
a-r* + /}y- + y 22=0 are conjugate diameters of the ellipse in which it 

cuts the ellipsoid -. + '{- + 4- 1. Prove that the line f=s^:=i lies on 

a 0 “ c* i ui n 

the CO tie ^ ^ ^ ^ ^ ^ 

3. P and Q are point-s on an ellipsoid. The iioriiial at P meets the 
tangent plane at Q in R ; the normal at Q meets the tangent plane at 
P in S. If the perpendiculars from the centre to iho tangent planes 
at P and Q are p,, pt, prove that PR : QS = p.,: p,. 

4. The line of intcrHectioii of the Uingeiit planes at P and Q, points 
on «^ + f.y + «*=l, losses tliroiigh a fixed point A, (t/.. /}, y)’ and is 
parallel to the plane XOY. Shew that the locus of the mid-point 
of PQ IS the conic in which the polar plane of A cuts the surface 

ax^ + bi/- -p or* = r/y. 

5. Shew that tlie greatest value of the shortest distance between 
the axis of a* and a normal to the ellipsoid j,-*/a*+y*//>*-pr*/c*= 1 ia 
6 — r. 


6. Plane Rcclions of an ellipsoid which have their centres on a 
given straight lino are parallel to a fixed straiglit line and touch 
a parabolic cylinder. 
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OP, OQ, OR are conjugate diameters of an ellipsoid 




At Q and R tangent lines are drawn parallel to OP, and P|, are 
their distances from O. The per^ndicular from O to the tangent 
plane at right angles to OP is p. rrove that 

p- ■\-p^+p^=a^+}^’>f<r. 

8 . Conjugate diameters of 

meet ajX* 4 - 62 y^+<y*=l 

in P, Q, R. Shew that the plane PQR touches the conicoid 

63 ^^+ 032 ^=!, 


where 


^3 ^^3 C3 rto 

a, 


6 , Cl ui b 




9. The ellipsoid which has as conjugate diameters the three straight 
lines that bisect pairs of opposite edges of a tetrahedron touches the 


edges. 


10. Shew that the projections of the normals to an ellipsoid at 
P, Q, R, tho e.xtremities of conjugate diameters on the plane PQR, 
are concurrent. 


11. If through any given point (a, 0, y) perpendiculars are drawn 

to any three conjugate diameters of the ellipsoid a:®/a®+y-/ 6 *+ 2 */c*=l, 

the piano through the feet of the perpendiculars passes through the 

fixed point / « .,« « . 

/ a-a. h-fi c®y \ 

\a‘ + V^ + c^' a^+b^> + c^' a^+b- + cV 


^12. If perpendiculars be drami from any point P on the ellipsoid 
«= + «-/r + ;-,c-=l to any three conjugate diametral planes, the 
plane through the feet of the perpendiculars meets tho normal at P at 
a fixed point whose distance from P is 

aW 

p{lr{^ + c-a-+ 

where p is the perpendicular from the centre to the tangent plane 
P« 


13. Find tlie locus of centres of sections of a conicoid that are at a 
constant distance from the centre. 

14. Shew that tlie equations to the right circular cones that pass 
through the axes (which are rectangular)are i/:±zx±.Tp=0. 

TVduoe that the lines through a given point P, which are per¬ 
pendicular to their polar.s with respect to x^la^+p’/h^+z^Jc^=\, lie 
upon a right circular cone if P lies on one of the lines 

= (c2 - a=)y = {a? - 

15. Cliords of a conicoid which are parallel to a given diameter and 
are such that the normals at their extremities intersect, He in a fixed 
plane through the given diameter. 
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16. The perpendicului-s from the origin to the faces of the tetra¬ 
hedron whose vertices are the feet of the four normals from a point to 
the cone lie on the cone 

«(6 - c)^J^ +6(c - a)Y +c (« - =0- 


17. P, Q, R ; P'. Q'. R' are the feet 

to the ellipsoid 

planes PQR, P'Q'R' lie on the surface 


of the sLx nonuaU from a point 
Prove that the poles of the 


18. The normals at P and P', points of the ellipsoid 

meet the plane XOY in A and A' and make angles 6, & with PP'. 
Prove that PA cos 0-1-P A'cos ^ =0. 


19. The normals to x^la^+>rib'^ + zVcr = \ at all points of its inter¬ 
section with fyi-l-m 2 a + ».ry = () intei-sect the line 




b-iv 


c*z 


f (a* - - a^) m (6'* - c^)(a* - h'‘) n (c- - a^){b- - c^)' 

20. Shew that the points on an ellipsoid the normals at which 
intersect a given str-aight line lie on the curve of interaection of the 
ellipsoid and a conicoiu. 

21. The normals to a-2/«*+1 at points of its intersection 
with xla+ylb + z/c^l lie on t\ie surface 

y/ + 

^ \i»(a* - f’Oj/ -f c(«' - f»*)2 / 

22. Prove that two noriuals to aj^ + b>/'^ + ct^=\ lie in the plane 
lx + mi/ + m=p, and that they are at right angles if 

abcpi2{a{b -I-c)f2} = 2 { a^{b-c)hnhi^). 

23. The locus of a point, the sum of the squares of whose normal 
distances from the ellipsoi<l x^/a'^+i/‘il/^ + z^/c^ = \ is constant, (=/:*), is 

6x= + 0/ + C:= - 22 + 2a« + 21= + 2o« = e. 

24. If the feet of the six normals from (a., (3, y) are 

i^rt yr v)» v^=lt 2, ... 6), 

prove that = 

25. If the feet of three -f the normals from P to the ellipsoid 

= l lie in the plane 1, the feet of the other three 

tf* 6* c* u o c 

lie in the plane + and P lies on the line 

A a 0 c 

a(6* - c^)xsa t(c3 - a*)^ * c(o* - b^)i. 
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26 . If A, B are (a,, / 3 i, -y,), (ou, /Jj* ydy tbe pair of tangent planw 
at the points where AB cuts the couicoid S=aa:''^+ 6 ^-+CJ^-I =0 is 

given by SaPr-2PiP2pi2+S,P2-=0, 

and the pair of tangent planes that intersect in A6, by 

S (S1S2 - P^,) - SaPr + 2 Pj PaPn- - Si P2^= 0 , 

where Si=aa.i^+bpi’+cyi--\, etc.; 

P,=ua,x+6/3iy+<7i3-l, etc.; 

P,^= Oa.,OU + 6/?|/^2 + <7172 ” i • 

27 . If P, (xj, *'j), Q, (r,, y,, 23), R, (Xj, yj, .-3) are the extremities 

y- *• 

of three conjugate semi-diameters of the ellipsoid + 

OP=r„ OQ = r2, OR^rj, prove that the equation to the sphere 
OPQR can be written 


^ + c2 j 


and prove that the locus of the centres of spheres through the origin 
and the extremities of three equal conjugate seiui-dlametei's is 


12(a*i^+iy+A2)=(a2 -f 62+c2)2. 
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CHAPTER VIII. 

THE AXES OF A PLANE SECTION OF A CONICOII). 

85. We have proved, (§ 54, Exs. 2, 3), that every plane 
aection of a conieoid is a conic, and that parallel plane 
sections are similar and similarly situated conics. We now 
proceed to lind ecjuations to determine the magnitudes and 
directions of the axes of a given plane section of a given 
conieoid. 

General method for determining the axes. If the len^rths of 

O 

the axes of a conic are 2a and 2/3, and a^ r > /3, the conic 
has two diameters of length 2r. and they are ecjually 
inclined to the axes. If r = a or the two diameters of 
length 2r coincide with an axis. Hence to find the axes 
of the conic in whicli a given plane cuts a conieoid, we first 
form the efjuation to a cone whose vertex is the centre, C, 
of the conic and which has as generators the lines of 
length r which can be drawn in tlie plane fi-om c 
to the conieoid. The lines of section of this cone and the 
given plane are the semi-diameters of length r of the conic. 
If 2r is the length of an axis, these are coincident, or the 
plane touches the cone, the generator of contact being the 
axis. 3'he condition of tangency gives an equation which 
determines r; the comparison of the e(|UaUon8 of the given 
plane and a tangent plane to the cone leads to the direction- 
cosines of the generator of contact. 

86. Axes of the section of a central conieoid by a 
plane through the centre. I.^t the equations, referred to 
rectangular axes, of the conieoid and plane be 

ax^ + hi/+cz*=sl, lx-\-my-hnz = 0. 
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The centre of the conicoid is also the centre of the 
section. If A, /x, y are the direction-cosines of a semi¬ 
diameter of the conicoid of length r, the point (Xr, jur, w) 
is on the conicoid. Therefore 


aX~+b/i-+a '-=^ =--• 

Hence the semi-diameters of the conicoid of length r are 
generators of tlie cone 

.rV -1/.’2)-|-?/‘(6- 1 /j-2)-|-5^(c-1/)'2) = 0.(1) 

The lines of section of the cone and plane are the semi¬ 
diameters of the conic of length r. Hence, if r is the 


lencfth of either semi-axis of the conic in which the plane 
Ix-i-my+722=:: 0 cuts the conicoid, the plane touches the 
cone, and tlierefore 



+ 


721 


+ 


72 


Z 






or hii-+cam --f ab 2 i -) — 2 '-{{h+c)l-+{c+a)+{a -f h)7 \^} 

The roots of this quadratic in give the squares of the 
semi-axes of the .section. 

If 2i' is the length of an axis and A, u, v are the direction- 
co.sines, tlie given plane touches the cone (1) along the 
line x;\ = = and therefore is represented by the 

equation 

Xr,{„-\’v-) + fji>f{b-llr^-)+vz{c~iy-) = 0. 


Therefore = = 


(3) 


in 71 

These determine the direction-cosines of the axis of 
length 2r. 


.Sincp the extreiuilies of the semi-diameters of length r of the 
conicoid lie u|>on the K|>heie the equation of the cone 

ihi'ough thc-tu may be obuined by making the equation to the conicoid 
homogeneous by means of the equation to the sphere. Thus the cone is 


A-a+v*-J-r 


.2 




which is anotlier form of equation (1). 
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Et. 1. Prove that the axes of the section of the conicoid 

by the plane L.*+niy + « 2=0 lie on the cone 

(6-c):^+(c-a)^+(a-6)^ = 0. 

(From equations (3) we deduce that 

(6-c)| + (c-a)'^ + (a-t/^ = 0.) 

Ex. 2. Prove that the cone of Ex. 1 passes tluouLdi the normal to 
the plane of section and the diameter to which the pliiiie of section is 
diameti'al plane. Prove also that the cone passes through two sets of 
conjugate diametei-s of the conicoid. (Cf. Ex. 6, § 77.) 

Ex. 3. Find the lengths of the semi-axes of the conics given by 

(i) 3A-- + 2y-t-Ci*= 1, x+y-f-2»0; 

(ii) + z^=], 3.r-f-4y+ 5i = 0. 

A/u. (i) -64, -45 ; (ii) 308, -76. 

Ex. 4. Prove that the equation of the conic 

x«+2j/»-2:*=l, 3x-2y-z = 0, 
referred to its principal axes, is approximately 

l-70x* - l-77i/*= 1. 


Ex. 5. Provo that the Icn'xths of the semi-axes of the section of the 

x3 + }/i Z‘ 

ellipsoid of revolution 'plane lx+my+m=0, are 


u. 


ac{l- + + »!*) + }*^, 


and tliat the equations to the axes ate 


_ i _ 

7n — i 6 ’ fU mn - m*)* 


Ex. 6. Prove that t}ie area of the Hcctioii of the ellipsoid 

x^/u^+r/0'^ + zyc^=\ 

hy the plane fx+my+«r»0 tg 


P 


where p ih the perpendicular from 
the centre to the tangent plane whicli ia parallel U) the given plaiif-. 

Ez. 7. The gection of the coniruid ax^ + lfi/^ + cz^=l hy a tangent 

plane to the cone ? 2 * * 

^ V* . z 


h + c c + a « + 6 


= 0 


IB a rectangular hyperbola. 

Ex. 8. The section of a hyperboloid of one sheet by a tangent 
plane to the anyinptotic cone ih ewo parallel Btraiglit lines. What is 
the coiTe«iHinding neetjon of the hyperboloid of two sheets which has 
the aarne asymptotic cone 1 

Ex. 9. Central sections of an ellipsoid whose area is constant 
envelope a cone of the second degree. 
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Ex. 10. If A,, As, A 3 are the areas of three mutually perpendicular 
central sections of an ellipsoid, Ai"'+As'^+Aj”* is constant. 

Ex. 11. One of the axesofeauhsection of the ellipsoid—^ + -s = l 
by a tangent plane to tbi cone/+ 2 *=j :2 Hes on the cone 

What is Llie I'ature of the section of this cone by a plane parallel to 
the plane XOY 1 Sketch the form of the cone. 

Ex. 12. Prove that the a.xes of sections of the conicoid 

J* ff 2 

wliich pass throiijjh the Hue cone 

^^(mz - n>j)+—in.v - lz)+—{l>/ ~ »/u-)=0. 

X 1 / ^ 

87. Axes of any section of a central conicoid. Let the 
equations, referred to rectangular axes, of the conicoid and 
plane be «.c-+ -f = 1, b'-\-my-^vz= 2 ). 

Then if C, (a, y) is the centre of the section, the 
plane is also represented by the equation 

(.0 - a) «a y)('y = 0. 

.( 1 ) 


„„ iKJL 6/3 Cy afir + b^' + cyr 

Therefore — = -^ = -' =- 

I VI n p 


Hence («x.-+ 6,/3- + t’V" = t >i —;— ?7r7 — 7rr = ^>' 

' > ‘ f l-'a+m-ib + ir/c Pq' 

The e([uation to the conicoid referred to parallel axes 
tlu'ough C is 

ax'-\-by- + cz-+'2(aaj: + b^y + cyz)+ua.- + h^- + cy--l=0, 

i.)r ((X-+ 61 /- + fC“ + 2 (((OX + 6/3y+cyc) — Ic- = 0, 

Vq~ 

The equation to the plane is now lx-\-my + nz = 0. 

If X, fx, V are the direction-cosines of a line of length r 
drawn from C to the conicoid, 

4 - 2r(«aX + h^y+Cyv) - F = 0. 

If the line lies in the given plane 

fX + 7»/i + 7?r=0, 

and therefore, by 1 1). aaX + 6/3yU + cyv = 0. 


where 




§ 87 ] 


AXES OF NON-CENTRAL SECTIONS 


135 


Hence r^(a\^+bfx- + = 

and therefore the semi-diameters of tlie section of length r 
lie on the cone 

If r is the length of either semi-axis of the section, the 
plane touches the cone. Therefore 




ar- 


+ 


m- 




-1 




= 0 . 


-1 


cr 


( 2 ) 


-1 


And, as in §86, the direction-cosines of the axis of 
length 2r are given by 

7- 


^C-F-0 


.( 8 ) 


7)t a 

Comparing these ecjuations with equations (*2) and (8) of 
§86. we see that if a and /3 are tlie lengths of the semi¬ 
axes of the section by the plane lx+/ny + nz = 0, the 
semi-axes of the section by the plane l.c+my-\-'}n — p are 
/:a and A:/3, or F r, L 

V? . 

and that the corresponding axes are pai'allel. We thus 
have another proof for central surfaces of the proposi¬ 
tion lliat parallel plane sections are similar and similarly 
situated conics. 

From equations (4) it follows that if A, A„ are the areas 
of the sections of a conicoid by a given plane and the 

parallel plane through the centre, A^Aufl—where 

p, Pf^ are the perpendiculai*s fi‘ 0 »n the centre to the given 
plane and the parallel tangent plane. Thus the area of the 

section of the ellipsoid ^ + = ^ plant 

lx-\-wy-\-nz—p 


IK 


^ _ 

-f IF-m 


V 
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The student should note tluit the equation to the cone through all 
the lines of length r drawn from C to the conicoid would be obtained 
by making the equation 

oo:*+Ay-++2 (att.r+f>/ 3 y+<72) - X-® =* 0 

homogeneous by means of the equation j*+y*+i2=sr' It would be 
of the/o«rM degi*ee, while for our purpose we require a cone of the 
second degree, 'riie cone chosen passes through the lines of length r 
which lie in the given plane, and tliese lines alone need be considered. 


Ex. 1. OP is a given semi-diameter of a conicoid and OA(=epLX 
OB( = /i), are the principal semi-axes of the section of the diametral 
plane of OP. A plane parallel to AOB meets OP in C. Prove that 
the pri ncipal a xes of tlie secti on of the conicoid by this plane are 
a.'Jx - be- OP% (i-J I - OC'-/OP'-, and deduce equations (4), § 87. 

(Take OP, OA, OB, a.s coordinate axes.) 


Ex. 2. Find the coordinate.s of the centre and the lengths of the 
semi-axes of the section of the ellipsoid Gj- -r -i-Cc*= 10 by the plane 
a:-r J/->-: = l. 



44 s'44 
15’ 5 




Ex. 3. If OP OQ. OR are conjugate semi-diameters of an ellipsoid 
prove that the area of the section of the ellipsoid by the plane PQR is 
two-thirds the area of the parallel central section. 

y 2 ^ 

Ex. 4. Find the area of the section of the ellipsoid —o-h t- 5 +‘: 5 =l 
by the plane r/a+y/i+c.c® 1 . a- 0 (r 

Ans. 

3v'3 


<i 


Ex. 5. Find the lo<'ua of the centres of sections of the ellipsoid 

jw 

- 1 -^ = 1 M hose area is constant, (= rX-). 


' c- 


*1 ^ 

Ex. 6 . Prove that tangent planes to ^+' 7 ^-^ +1 =0 which 
,/2 -s . 

cut --f .-5 - - 3 - 1 = 0 in ellipsc.c of constant area irk’ have their points 

~i /.I 

of contact on th surface ■ ^ 


<7 


4 . z_ 


Ex. 7. Pr(»vo that the axes of the section whose centre is P are 
the straight lines in which the plane of .section cuts the cone con¬ 
taining the normals fiom P. 

Ex. 8. Find the lengths of the semi-axes of the sections of the 
surface 4y; r 5:4: -oxy =8 by the planes (i) x-f y-c =0, (ii) 2x + y-z=0 . 

-IM. (i)2. (ii)2. 2. 

Ex. 9. Prove that the axes of the section of 

/(x. y, z) = ffx* * 4 cz- + 2fyz + 2gzx 2hxy = 1 
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by the plane /.r + »HJ/ + nr = 0 are fjiven by 

r*(Ai*... + 2Fmn...) + r'l/(/, i«, h)~ C'^ + ^ + cXf^ + m^+n^} 

+ (/* + nj 2 + w 2 ) = 0 , 

■where A = 6c-/*, etc. 

Prove also that the axes are the lines in which the plane cuts the cone 
{mz- ny) +(hx - ^+(/y - mx) ^=0. 

Ex« 10. Prove that the axes of the section of the cone 

ax^ + 

by the plane + are given by 




?/?• 


n* 


• , in* n* 

where ;)o*s —+ -^+— 
* a o c 


88. Axes of a given section of a paraboloid. If the 
equations to tlie plane and tlie paraboloid are 

lx + ')ny + nz=p, ax-+by- = 2z, 
the centre of the section, (a, /3, y), is given by 

ott _ — 1 _ aa.^ + 6/3^ —y 

I ~ m~ Ti ~ j) 


iin o I/» l^la-^'in^lh-^2np 

Whence aa^ + — 2y = - - - = . say. 


Changing the origin to (a, /3, y) and proceeding a.s in 
§87, we find that X, p, v, the direction-cosines of a semi- 
diameter of length r of the .section, satisfy the equation 

n V(«X^ + = 0. 

The semi-diarneters are therefore the linos in w’hich the 
plane cuts the cone 


»2(a7iV* -/>„') p y^{bnh''^ -p„^) - Z‘p^ 
Hence the lengths of the axes are given by 


= 0 , 




+ J—c 


771 


n 


or 


anV -^p^ ^ hn^r^ - 7 )^ 


' Po^ 


abn^i’*^nh^f^^{(a + h)n^+am'^+hP} +p(,*(l^+rn*-\-n^) = 0 

and the direction cosino.s by 

Xiav’^r^ — pJ^) _ fi ( hr^^‘^~Py)_ 

I m —n 
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Ex. 1. Find the lengths of the semi-axes of the section of the para¬ 
boloid 2x^ + y^=z bj' the plane x + 2y + z = ^. Ans. 5'28, 1 -68. 

Ex. 2. A plane section through the vertex of the paraboloid of 
revolution makes an angle $ with the axis of the surface. 

Prove that its principal semi-axes are a cot $ cosec 6, a cot $. 

Ex. 3. Prove that the semi-axes of the section of the paraboloid 
xy=az by the plane }x + mfj + m=0 are given by 

n*r* - 4a V/*;n*n* - -!- m®-f n®) =0. 

Ex. 4. Find the locus of the centres of sections of the paraboloid 


— +^=22 wliich are of constant area ttk-. 


Ex. 5. Given that the radius of cun*ature at a point P of a conic 
whose centre is C is equal to CD*/(x.;8, where a. and ji are the semi-axes 
and CD is the semi-diameter conjugate to CP, tind the radius of curva¬ 
ture at the origin of the conic ax^~by^ = 2z, lx + my + nz=0. 

Ex. 6. Planes are drawn tluvugh a lixed point («., (i, y) so that 
their sections of the paraboloid ax^ + by-=2i are rectangular hyper¬ 
bolas. Prove that they touch the cone 


(x~r^y- (y-py .(:-yr_. 

“T"*’ a ^ a + b~^- 


CIRCULAR SECTIONS. 


89. If F = 0, tlte equation to a conicoid, can be thrown 
into tile form S + Xtti' = 0, where S = 0 is the equation to a 
sphere and « = 0, t‘ = 0 represent planes, tlie common points 
of tlie conicoid and planes lie on the sphere, and therefore 
the .sections of the conicoid by the planes are circle.s. 

90. The circular sections of an ellipsoid. The equa¬ 
tion, referred to rectangular axes, of the ellip.soid, 


•> o *> 

.»T 7T> X •> 

ir 0- c- 


can be written in the forms 


X- 


«/l 

1' 

\ Aj 

fl 

IN 

1 = 0, 

-i+rG-.- 



i<r 

arJ 



)+a;^| 

n 


1 — 0 



hv 

f — V, 



)+f{ 

a 

h) 

=-0. 
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Hence the planes 

cut the ellipsoid in circles of radii o, h, c respectively. If 
a>6>-c, only the second of these equations gives real 
planes, and therefore the only real central circular sections 
of the ellipsoid pass through the mean a.xis, and are given 
by the equations 

± = 0 . 

it c 

Since parallel j)lane sections are similar and similarly 
situated conics, the e<|uationa 

- X, = fj 

(t c a c 

give circular sections for all values of X and /n. 

91. An}/ two circular scctioihs of mi ellipsoid which are 
not parallel lie on a sphere. 

The equation 

(- X ) (Ir - -./SW -= 0 

'a c / Ml f / 

re])resents a eonieoid \vliieh passes lln'ough the sections, 
and if k = li-, the efination becomes 


x" + i/- + 2'^- 


, (X -h ,x)fa^- b-i )JlP - 


xA- 


z-\.\^-V^ = 0, 


o c 

whicli represents a spliere. 

92. Circular sections of the hyperboloids. By the 
inethofl of §00, we <leduce that the real central ciicular 
sections of the hyperholoi*ls 


... . V" t /"v ?/■ 2' , / I .V. V 

'6*“*c*“ ^ a-~ ^ ^ 
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are given by 


(i) — — (ii) — — 0 

f) C 0 / c 


The radius of the central circular sections of the hyper¬ 
boloid of one sheet is a. The planes given by 

5v'52+F+?s/P^=0 

a ~ c 

do not meet the hyperboloid of two sheehs in any real 
points. Tliey are the planes through the centre parallel 
to systems of planes which cut the surface in real circles. 

Ex. 1. Prove that the section of the hyperboloid hy 

the plane ’■-s^a‘4-6*+- -c-= X is real if 

* a c 


Ex. 2. Find the re.al central circular sections of the ellipsoid 
= x2-4j2s=0. 

P.T. 3. Prove that the planes 2 j:+3j- 5 = 0, •2r-3r+7 = 0 meet 
the hyperboloid - j- + 3v-+12c-s=75 in circles which lie on the sphere 

3a-2 + 3y2+3 c 2 + 4jr+36.'- 110=0. 

Ex. 4. Prove that the radius of the circle in which the plane 


<l c 


rj, 


cuts the ellipsoid -7.+ ,;,+^,= l is b 
^ a* O' c' 

Ex. 5. Find the locus of the centres of spheres of constant radius 

^ .f 

yC* which cut the ellipsoid yj+‘^-o + ,j = l in a pair of circles. (Use §91.) 




4*1 y ” 0« .» 14 I - -' -“j ^ 1 !•>* 

’ a- —6* 6--C* o- 

Ex, 6. of the ellipse 1, r —0, are drawn so as 

to make eijual ani;les with its axes, and on them ns diameters circles 
are described whose planes are parallel to OZ. Prove that these 
circles generate the ellipsoid 26*4^ + 2a*y^+(a®+6^)^-=2a^6*. 


93. Circular sections of any central conicoid. An 

equation of the form 

fix, y, 2) = ax- + hy- + cz* -|- S/yz -t- tgzx +2/txi/ = 1 
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represents a central conicoid. It be written 

y, s)-X(a;-+/+3-)+x(.^'^+2/H3--^) = 0. 

Hence if f{x, y, z)~\{x^z-) = 0 

represents a pair of planes, these planes cut tlie conicoid in 
circles. For a pair of planes 

<t“X, h, 0=0. 

h, 6-X, / 

9> f, 

This equation gives three values of X. It can be shown 
that these are always real, and that only the mean value 
gives real planes.^ 

Ex. 1. Fiod the real centra) circular sections of the conicoid 


3j2 + 5,/8+3i2+2.t-2=4. 

'fhe equation may be written 

3x^ + + 3?* + 2 x 2 — A(x* +y* + z^) + A(x® + »/* + r®) — 4 = 0. 

If 3x*-f5.v*+32*+2x2-A(x*+y*+ 2 -) = 0 represents a pair of planes, 
X* —llA* + 38A-40 = 0, OP A*s2, 4, or T). For these values of A the 
equation to the planes becomes 

(x + i)* + 3 y* = 0 , (x-2)*-y- = 0 , x^-x2 + 2*-0. 


The real circular sections correspond then-fore to A = 4 and have 
equations . _ « 

’ x-2+y*0, X — 2-y = 0. 


Ex. 2. Find the equations to the real central circular sections 
of the conicoids, 

(i) .V-822 + 18y2- 142X-10.ry + 27=0, 

(ii) 2x* + .')y* + 22*-y2—42X-xy + 4='0, 

(iii) 13y* + 62*- 10y2 + 42x- I0x»/ = 1 
Atm. (i) (x - 2 y - 52 )( 3 x - 4 y + 2) = 0 , 

(ii) (x+i/ + i)(2 x~y+ 2 i) = 0 , 

(iii) 2 (x+«)*- iq»/(x + 2)+0y*=O. 

Ex. 3. Find the equations to the circular sections of the conicoid 
5*^f + ^“X, ax + i>y + C2*=/x. 

the author'a Coordituxle. Ofometty of Thrrt Oifnciuions, §§ 14-1, 145. 
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Ex. 4. Find the conditions that the equations 

z)=l, U+in^ + m = 0 

should determine a circle. 

The equation/(.r,s)-A(.i"i-^-+^-)=0 is to represent two planes, 
one of which is the given plane. Therefore 

f{-^r 0 - +/ + ;-) = (/x+ 7IJ)( (rt - X)y + (6 - A) ^ + (c - A)-|. 

Whence, comparing coefficients of yr, zx^ ay, we obtain 

. _ in- + c//i- — + — 2y«/_a?n-4-W- - 2/t?ni 

m- + n- l-+7n- 

(We assume liere that f, >», n are all different from zero. If f=0, 
the conditions become (A = a), 5 r=As= 0 , {c-a)m~~2/)ioi + {b-a)n-=0.) 

94. Circular sections of the paraboloids. The equation 
ax- + bt/- = 2z may be written in the forms, 

a ^.i;- + y- + 3- — — y\a — 6 ) — as- = 0 , 

h +)/' + 3- — — .r-( h — a) — bz~ = 0 , 

„.,-2 _}. ^ Q,y2 0 .- 2 ^ 23 ) =: 0. 

Hence if n 0, .r\tt — h) = ht- represents real planes 

wliich meet the paraboloid in circles, and the systems of 
circular sections are j^iven by 

~ IjzXsUi — b — Zs^ = fx. 

If. however, <i or h is negative, the only real planes are 
those given by = The e(piation 

0.x^ + 0.y2 + o.c= + 23 = 0 
is the limiting form of 

A..,= + V^+A-(o+J.)'=i 

as k tends to zero, and tlierefore the sphere containing 
tlie circular .sections is in this case of infinite radius, and the 
circular sections are circles of infinite radius, i.e. straight 
lines. Tliey are the .straiglit lines in which the plane 3 = 0 
cuts the .surface. (^70). 

Ex. 1. Find the circular suctiuii.-^ of the jjjiraboloid .r^+ 10?' = 2y. 
-•1 j<.<. j/±3.- = A. 

Ex. 2. Find the radius of the circle in which the plane 7.r+2?=’5 
cuts the paraboloid r>.3.»’ + 4y-as8r. Ahj>. 
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95. Umbilics, The centres of a series of parallel plane 
sections of a conicoid lie upon a diameter of the couicoid 
and the tangent plane at an extremity of the diameter is 
parallel to the plane sections. If, therefore, P and P' (fig. 40) 
are the extremities of the diameter which passes through 
the centres of a system of circular sections of an ellipsoid, 
the tangent planes at P and P' are the limiting positions 
of the cutting planes, and P and P' may be regarded as 
circular sections of zero radius. A circular section of zero 



radius is called an umbilic. It is evident from the form 
of the hyperboloid of one sheet that the smalle.st clo.sed 
section is the principal elliptic .section and that the sinfoce 
has therefore no real umbilics. 

To find the mnhilicH of the eUlpHoid —,4-'^ + ^= 1 

If P. is an umbilic, the diajiictral plane of OP 

is a central circular section. 'J’herefore the eejuations 

+ ? = 0. -s'"'- -c‘ = Q 

represent the same plane. Heijce 

^la _ ^Ic 

~ IT “ 

1 ^2 

f-e £.-L.L4.L = 


and therefore 


±Jd^-c^ 


since 


1-,+ 2 
a* o- r.^ 


1. 




- X'-VW —0" 




Ja-~c^ 

These give the c/xjrdinutcs of the four umbilics 
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The unibilics of the hyperboloid of two sheets 

.2 


x‘- 


a 


6« 


are real and given by 

±aJa‘^-\-b'‘ 


f= 






•Jar-^ 


c® 


Ex 1 . Prove that the unibilics of the ellipsoid lie on the sphere 

^+j/^+z-=a^~-b'+(P. 

St. 2. Prove that the peri>endicular distance from the centre to 
the tangent plane at an unioilic of the ellipsoid is ac/b. 

Ez. 3. Prove that the central circular sections of the conicoid 
(cf.- 6 )a'-+ay--f-('' + 6 );-=l are at right angles and that the umbilics 

■e given by x= ± y = 0 , e= ± 


at 


+f>) 


■* 


£z. 4. Prove that the umbilics of the conicoid H— 

a+b a a —0 

are the extremities of the equal conjugate diameters of the ellipse 


^^0, ■ ‘ f + ‘ L ^1* 

’ a+b a-b 


^ ,y 


Ex. 5. Prove that the umbilics of the paraboloid 

0 , ± -y- j- 

£z. 6 . Deduce the coordinates of the umbilics of the ellipsoid 
from the result of Ex. 4, § 92. 


♦Examples V. 

1, Prove that if A,, 0 ,, v. ; A-, ju.., v-. are the direction-cosines of the 

* * •* 2 

axes of anv plane section of the ellipsoid= 

* t»» A3 ^ 


\| A>> 


VyV^ 


r 4 # % 

2. If ^ 1 , Aj, <^ 3 ; 3,, ^ 3 , S 3 are the areas 
ipsoids by thi 


a^6--<^) b-(c^-a-) <.^a^-b‘) 

of the sections of the 

ellipsoids •^ + p+^=l. = b by three conjugate diametral 

planes of the former, 

5,2 oi-fS^- \ a2 52 • 

3. If Aj, A 3 , Aj are the areas of the sections of the ellipsoid 
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by the diametral planes of three mutually perpendicular semi- 
diametei-s of lengths rj, 

r^^ rj* r,* V a2 6* J‘ 


4. Through a given point (a, /?, y) planes are drawn parallel to 
three conjugate diametral planes of the ellipsoid + -r> = I. Shew 

that the sum of the ratios of the areas of the sections by these planes 

m y2 

to the areas of the parallel diametral planes is 3— 


6. Provo that the areas of the sections of greatest and least area 


X' 


X y z 
-r e s- _ are 
I m 7i 

lx 


r, 

the plane'-f+?^+2f=0. 
a o c 


jr 

6* 

Trahc ^ where rj, are the axes of the section by 


of the ellipsoid —^ + ^+^=1 which pass through the fixed line 


6. Prove that the systems of circular sections of the cone 

ax® + 6^-4-cc^ = 0, a >b >c, 

are given by xs/a — 6i«v^6 — c=A, and that these also give circulai 
sections of the cone (a + /x).r^+(6 + ^)y-^ + (c+/i)2*«0. 

7« Any tangent plane to a cone cuts the cyclic planes in hues 
equally inclined to tho generator of contact. 

8. Any ])air o f tan gent pla nes to tlte cone ax^+by^+cz'^=0 cuts the 
cyclic planes .rVa - b±zs^O^c^O in lines which lie upon a right 
cii^ular cone whose axis is at right angles to the plane of contact. 


JIT t 

9. The plane -+^ + - = 1 cuts a series of central corn'coids whose 
* a 0 c 


principal planes are the coordinate planes in lectangular hypeibolaa. 
Shew that the polo of the piano with respect to the cunicuids lies on a 
cone whose section by the given plane is a circle. 


10. OP, OQ. OR arc conjugate diameters of an ellipsoid, axe« 
a, c, and S is the foot of the perpendicular from O lo the ])lanc PQR. 
Show tliat tho cone whose vertex is S and base is the section of tho 
ellipsoid by the diametral plane pai'allel to the plane PQR has 
constant volume Tratc/Os/S. 


^ 11. If two concH with the same vertex have the same systems of 
circular sections, their common tangent plan<*s touch them along per- 
[icndicular generators. 

12. The normals to the ellipsoid at all points of a 

a" 6* c* 

central circular section are parallel to a piano that makes an angle 

oo8~‘ ■■ - ^ with the section. 

oVa*-6* + c* 
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13. If T], rj are the axes of a centi'al section of an ellipsoid, and 
$2 the angles between the section and the circular sections, 


. . . . aV /1 1 \ 

in 6 ,. sin 0 ^—-^—:.( — —)i 
‘ - a* — r^'J 


where a and c are the greatest and least axes of the ellipsoid. 

14. Through a fixed point w'hich is the pole of a cii-cular section of 

the hyperboloid —5 = 1 are drawn planes cutting the surface 

in rectangular liyperbolas. Shew that the centres of these hyperbolas 
lie on a fixed circle whose plane is parallel to one system of circular 
sections. 

15. The locus of the centres of sections of the cone aj^-\-by^-\rCZ^—0, 
such that the sum of the squares of their axes is constant, (=X*^), is 
the conicoid 

3^ V- ^ 

16. Tlie area of a central section of the ellipsoid — 3 +‘^+^=l Is 
constant. Shew that the axes of the section lie on the cone 


. a^-6--\yy_ 

\ <? V h- z) 


where p is the distance from the centre of a tangent plane parallel to 
any of the planes of section. 

17. Pi ove that the tangents at the vertices to the parabolic sections 
of the conicoid tf.r^ + 6y- + c;'=l are parallel to generatora of the cone 


<i(/.-c)2. ft(c-a)=. c(a-6)2 ^ 

‘t * .» r w* 


18. Prove that the normals to central sections of the ellipsoid 

b'*^c-~ 

which are of given eccentricity c, lie on the cone 
aWie^ - 2P(.r3 + z^-)(a^3.- + by + <rz^) 

= (1 - e'-){a^(y +c=).r3+ b\i? + a^)f +c^Ca*+ 

Find the locus of the centres of sections of eccentricity e. 

19. Prove that the normal at any point P of an ellipsoid is an axis 

^3 

of some plane section of the ellipsoid. If tlie ellipsoid is 
and P is the point shew that the length of the axis is 


where p is the perpendicular from the centre to the tangent plane 
at P. 
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20. The normal section of au enveloping cylinder of the ellipsoid 

has a given area irk-. Prove that the plane of 
contact of the cylinder and ellipsoid touches the cone 


y 


+ 




' c\a-U--k*) 


= 0 . 


21. Prove that the locus of the foci of parabolic sections of the 
paiaboloid «.r® + 6j/- = 2z is 

«6{25 - a.x^-hy'){aj^ + by-) = a‘X^+b’y-. 


22. Prove that the equation to a conicoid referred to the tangent 
plane and normal at an uinbiiic as a-y-plane and ^-axis is 

a ( j:* + + a- 4- -J>f2 + 2^2.r + 2 jrr = 0. 

If a variable sphere be described to touch a given conicoid at an 
umbilic, it meets the conicoid in a circle 'whose plane moves parallel 
to itself as the radius of the sphere varies. 

,2 ,.3 .2 

23. If through the centre of the ellipsoid + ■* P®'" 

pendicular is dmwn to any central section and lengths equal to the 
axes of the section are marked oil* along the perpendicular, the locus 
of their extremities is given by 

62,^2 _ 

where r^ = .r®+y- + c-. ('flio locus is the iVave Sur/act\) 


24« Prove that the asymptotes of sections of the conicoid 

which pass through the line x = y = 0 lie on the surface 

{ax(x^/i) + b^^)^^rz!^{a(x - by + ht/-\ ^0. 

25. If the section of the cone wliose vertex is P, (a, y) and base 
r = 0, a.f^+ss 1, by the plane x^O is a circle* then P lies on the 
conic^ = 0, ax^ — bz^ss}^ nriu the suctiiui of the cone by the plane 

(a - b)yx - 2a(ju = 0 


Ih also a circle. 
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96.^ Ruled surfaces. In cones and cylinders we have 
examples of surfaces which are generated by a moving 
straisrht line. Such surfaces are called ruled surfaces. We 
shall now prove that the hyperboloid of one sheet and the 
hyperbolic paraboloid are ruled surfaces. 

.^.2 ,.2 32 

The e<|uation ^ + = L which represents a 

boloid of one sheet, may be written, 




Whence it appears that the h^'perboloid is the locus of the 
straight lines whose equations are 


a c 


X 

a c 

II 

bJ’ 

.(1) 

X z 


a c 


_^v 
6^ ■■ 

.(2) 


wliero /\ and /t are variable parameters. It is obviously 

impossible to assign values to X and n so that the equations 

(1) become identical with the equations (2). Hence the 

oq\iations give two distinct systems of lines, no member of 

one coinciding with any member of the otlier. As X 

assumes in turn all real value.s the line given by the 

equations (1) moves so as to completely generate the hj^er- 

boloid. Similarly, the line given by the equations (2) 

mo^•es. as fx varies, so as to generate the hj’perboloid. The 

hyperboloid of one sheet is therefore a ruled surface and 

‘ Soe .Appendix, p. ir. 
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can be generated in two ways by the motion of a straight 
line. (See fig. 41.) 

In like manner the equation 

which represents a hyperbolic paraboloid, may be written 






Flo. 4L 


Whence it is evident that the paraboloid is the locus of 
either of the variable lines given by 



z 


_o\ . 

a b 


a b 

— Z\ , 

a b 

z 

M 

a'b 

= 2 /.. 


The hyperbolic paraboloid is therefore a ruled surface 
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and can be generated in two ways by the motion of a 
straight line. (See fig. 42.) 'J’he generating lines are 

parallel to one of the fixed planes -+^ = 0. 



Ex. 1. CP. CQ are any conjugate diaiuetevs of the ellipse 

C’P', CQ' arc tlie conjugate iliumetei-s of the ellipse .i*2/a'+.y2/6*=h 
:=-(•, thiiNvn in the same iliiections as CP and CQ. Prove that the 


2 .- 


•2'i- 


Iiyperboloid 4 = 1 is generated by either PQ' or P'Q. 


Ex. 2. A point, on the j«iiabo!a// = 0, f.r^*s2u%’, is(2<i7n, 0, 2tw*), 
and a point, on tlie paraliola .r = 0, -2^»%', is (0, 26/», — 2c«-). 

riml the loitis of tlie lines joining the points for which, (i) m = n, 
(ii) m = - II. 


A US. 






97. Section of a ruled surface by the tangent plane at 
a point. Since a liyperboloid of one sheet or a hyperbolic 
paraboloid is genera ted completely by eacli of two systems 
of straight lines, lliere pass tlirougli any point P, (fig. 43), 
of the surface, two generating lines, one from each s^’stem. 
Each of tlicsc meets tlio surface at P in, at least, two 
coincident point.s, and tlmrefore tlie lines lie in the tangent 
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plane at P. The tangent plane at P is therefore the plane 
through the generators which pass through P. But any 
plane section of the surface is a conic, and therefore the 
section of the surface by the tangent plane at P is the 
conic composed of the two generating lines through P. 

It follows that if a straight line AB lies wholly on the 
conicoid it must belong to one of the systems of generating 
lines. For AB meets any generating line PQ in some point 
P, and AB and PQ both lie in the tangent plane at P. But 



Fio. 43. 


the section of the surface by the tangent plane at P con¬ 
sists of the two generators through P, and tlierefore AB 
must bo one of the generators. 

Again any plane through a generating line is the tangent 
plane at some point of the generating line. For the locus 
of points common to the .surface and plane is a conic, and 
the generating line is obviously part of the locus. The 
locus must therefore consist of two straight lines, or the 
plane must pass througli the given generating line and a 
second generating line which meets it. It is therefore the 
tangent plane at the point of intersection. 

The intersection of a cone or cylinder witli a tangent 
plane consists of two coincident generators. The ruled 
conicoids can therefore be divided into two classes according 
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as the generators in which any tangent plane meets them 
are distinct or coincident. If the generators are distinct 
the tangent planes at different points of a given generator 
are different, (see fig. 43). If the generatoi-s are coincident, 
the same plane touches the surface at all points of a given 
generator. 

98. If three -pomU of a straight line lie on a conicoid 
the straight line lies wholly on the conicoid. 

The coordinates of any point on the line through (a, y), 

whose direction-ratios are I, m, n, are oL-^lr, /S-f-w?', y+nr. 
The condition that this point should lie on the conicoid 
F{x, y, 5) = 0 may be written, since F{x, y, z) is of the 
second degree, in tlic form 

ArH2Br-f-C = 0. 

If three points of the line lie on the conicoid, this 
equation is satisfied by three values of r, and therefore 
A = B = C = 0. The equation is therefore satisfied by all 
values of r, and every point of the line lies on the 
conicoid. 

99. To find the conditions that a given straight line 
should hr a generator of a given con icoid. 

Let tlie e(|uations to the conicoid and line be 

<ix- + hy--^rz- = \, 
r — rj. — y 

I m n 

The point on the line, (a. + lr, 0 + mr, y-|-7ir), lies on 
the conicoid if 

r^{al- -p hm- + 2r{aoLl -H h^m + cy7i) 

-f act" -P 6/3'- -p cy^ — 1 = 0. 

If thi.s equation i.s an identity, the line lies wholly on 
the conicoid, and is a generator of the conicoid. The 


required conditions are therefore 

+ +cy= =].(1) 

aal + b8m-^cyn=0, .(2) 

al- -phm" -Pen- =0.(3) 
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Equation (1) is the condition that (oc, Q, y) sliould lie 
on the surface; equation (2) shews tlmt a generating line 
must lie in the tangent plane at any point (a, /3, y) on 
it; and from (3) it follows that tlie parallels through the 
centre to the generating lines generate the avSymptotic cone 

ax- + by- + cz^ = 0. 

The three equations (1), (2), (3) shew that through any 
point (a, /3, y) of a central conicoid two straight lines can 
be drawn to lie wholly on the conicoid, the direction-ratios 
of these lines being given by equations (2) and (3). By 
Lagrange’s identity, we have 

{aL^ + 6^) — {nal + h^m)- = ahia.m — ; 

whence, by (1), (2), (3), 

— C71.* = ah{(x.m — /SO".(4) 


The values ol l:m:n are therefore real only if ah and c 
have opposite signs, which can only be the case if two of 
the quantities a, b, c are positive and one is negative. The 
only ruled central conicoid is therefore the hyperboloid of 
one sheet. From c(|uations (2) and (4) we deduce the 
direction-ratios of the generators through (a, y), 


I 


m 


n 


±6^V 


ab 


-hcay ^^aa. 


V 


— c 
ab 


+ c/3y 




Similarly, the conditions that the line 

x — a._ y — _ z~y 

I m n 

should be a generator of the paraboloid ax^-\-by- = 2z are. 


afx}+b^^=2y .( 1 ) 

acd+b(3m — 7i=0 .(2) 

al^ + bm- = 0 .(3) 


Equation (3) is satisfied by real values of I :m only if 
a and b have opposite signs. The only ruled paraboloid 
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is tlierefore the Iij'perbolic paraboloid. The direction-ratios 
of the generating lines through (a, y) are given by 

I m n 

The following examples should be solved in two ways, (i) by 

factorising the equation to the surface as in § 96, (ii) by means of the 
conditions in § 99. o > \ / j 

^Ex.^1. the equations to the generating lines of the hyperboloid 

T'^’i ~ ^ 1^® through the points (2, 3, -4), (2, -1, 

Am.^=^=i±±- .+ 4 . 

1 0 -2 ’ 0 “ 3 “"^4 ’ 

2-^^ ^-2 ,v+l £-4 
0 3 - 4 * 3 6 “ 10‘ • 

Ex. 2. Find the eipiations to the geneiating lines of the hyperboloid 
y 2 + 2cx+ary+{i = o which pass through the point(-l, 0, 3). 

[yz + 2i;r + ;j.ry + 6 = (y + 2)(2 + 3) + (2; + tiyXx - 1).] 

.r=-l,£=3; 'T±l- y 

\ -I 3 ■ 

^EX|^ 3.^ Mnd the equations to the generators of the hyperboloid 

through the point (acoso, isina, 0). 

A ns «■ z 

nsino. -tcusa. 

Ex. 4. Find the equations to the generating lines of the paraboloid 
(a'+?/ + 4-)(2.r+y-£) = f)£ which pa.s.s through the poiut (1, 1, 1). 


A ns. 


1 -3-1 
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THE SYSTEMS OF GENERATING LINES. 

100. M G shall cull the systems of generating lines of the 
hyperboloid of one sheet which are given by the equations 


'+!)■ 

X z 

a c’ 

a 

'i_yV 

/ 67’ 

.(1) 

■+»■ 

At ^ 

- + - = 
a c 

ti 

. 67'. 

.(2) 


the X-system and /i-system, respectively. 
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101. No two genei'ators of the same system intersect 
For the equations (1) and 


^+-=X'( 
a c \ 


X Z 1 / 
a c A'* 

i-f) 

lead to - + --0, 

a c a 

1 

II 

o 

V 

1 + 1 = 0. 

II 

1 


wliich are obviously inconsistent. 

Otherwise, if P and Q are any points on any generator of the 
^-system and the generators of the A-systein thiough P and Q 
intersect at R, then the plane PQR meets the hyperboloid in the sides 
of a triangle. This is imimssibie, since no plane section of a conicoid 
is of higher degree than tne second. 

102. Any generator of the \-system intersects any gene¬ 
rator' of the fi-system. 

From tlie equations (1) and (2), 

5 ^ 14 - 2 / 

a c tL c h _ 

\ ~ /U ~ A/x ” 1 

Whence, adding and subtracting numerators and de¬ 
nominators, 

x_ A + /X ;/_ 1 — X/x z_ \ — fi 

a it 1+A/x’ c l+\/i‘ 


These determine tlic point of inter.seclion. 
The equations 



o 

II 

I 

....(3) 


• 

I 

,...(4) 

both reduce to 



^(A + /.i) + "(l-XA)-?(A-/i) 

= 1 +Xfi . 

....(51 


if /t'= 1///= A//i. But equation (5) represents the tangent 
plane at the point of intersection of tlie generator.s. Hence 
the plane through two intersecting generators is the tangent 
plane at their common p<jint. (Cf. ^97.) 

If, in erjuation (3), k is given, the e<juution represents 






156 


COORDINATE GEOMETRY 


[CB. IZ. 


a given plane through the generator. But the equation 
reduces to equation (5) if fjL = \jk. Hence any plane 
through a generating line is a tangent plane. 

Ez. Discuss the intersection of the A-generator through P with 
the /x-generator through P' when P and P' are the extremities of a 
diameter of the principal elliptic section- 


103. Perpendicular generators. To find the locus of 
the points of intersection of peipendicular generators. 

The direction-cosines of the X- and yu-generators are 
given by, (§ 42), 

Ija _mfh njc Ija mlh njc 

X--1 2X 

The condition that the generators should be at right 
angles is 

«=( -1 - 1 ) + + 1 ) (//* + 1 ) = 0 , 

which may be written 

ti^X + /x)H6-(l-X/t)“ + c2(X-ya)2 = (aHfc--0(l+X/t)2, 
and shews that their point of intersection 

/tj/X+yO —X/z) c(X —yu) ! 

\ 1+A/i ' 1 + XyU ’ 1+X/i / 

lies on the director spliere 

The locus is therefore the curve of intersection of the 
hyperboloid and the director sphere. 

Or if PQ. PR are pi-rpendicular peneratoi-s and PN is normal at P, 
ny § 102 ihe planes PQR, PNQ, PNR are mutually perpeudicular 
tangent planes, and i.heref<»re P lies on the director sphere. 


104. Ihe 2 ^'^’ojections oj the generators of a hyperboloid 
on a principal plane are tangents to the section of the 
kypcrbi>loid by the principal plane. 

The projections of the X- and y«-generators on the plane 
XOY are given by 
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which may be written 

. = 0, v(l + |)-?^+(l_|) = 0. etc. 
Whence the envelope of the projections is the ellipse 


i67 


X- 


z = 0. -’ = 1 -^'. 


a 


Similarly, the projections on the planes YOZ, ZOX touch 
the corresponding principal sections. 

The above e{|uations to tl)e projections are identical if 
X = /a. Hence equal values of tl»e parameters give two 
generators which project into the same tangent to the 
ellipse z = 0, x^ja^ + y^jh'^—l. The point of intersection, P. 
of the generators given by \ = — t is, by § 102, 

(“if.' «)■ ' 

i.e. is (a cosa, 6sln a, 0), where t = tan P there¬ 

fore the point on the principal elliptic section whose 
eccentric angle is a, and the generators project into the 

tangent ^ 

« = 0, ^-cosa-f-^ sina= 1, (fig. 44). 

From § 103, the direction-cosines of tljc X-gencrator are 
proportional to X® —1 2\ 

or, since X = tan — a sin a, —6 cosa, — c. 

Therefore the equations * to the X-genei ator through P are 

X —a cosa_ ?/ —sin a_ z 
a-sin a —6 cos a — c 

Similarly, the equations to the /x-gencrator are 

x — a cos a _ y — /^sin a _ z 
a sin a —/>cosa c 

Ez. Prove that the generatorH given by A = /,/!=- 1/x are parallel, 
and that they meet the princip.'il elliptic section in the extremities of 
a diameter. 

* Scse Appendix, p. iv. 
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105. Let P and Q, (fig. 44), be tlie points on the principal 
elliptic section whose eccentric angles are a and Then 
the \-generator through P intersects the /z-generator 
through Q at the point, R, 



c—-^) 

1 -i-Xfx/’ 


where 


\ s tan 


and 


fx = tan 



Whence the coordinates of R are 




Fio. 


Now the coordinates of any point on the hyperboloid 
can be expressed in tlie form 

a cos d sec 0. 6 sin 0 sec ctan0; 
therefore if R is the point “ 6, 

. (S + 'x , ^ B — cl 

0 = ^- and = 

or 0 + 0 = ^, d-^ = oc. 

Similarly, it may be shewn that the ^u-generator through 
P intersects tlie X-generator through Q at the point “0, — 
Suppose now that P remains fixed wliile Q varies, so that 
IX is constant and variable. R then moves along a fixed 
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generator of the X-systein, and in any position 0 —0 = ol 
H ence for points on a generator of the X-system 0 — <p is 
constant. Similarly, by supposing Q to remain fixed and 
P to vary, we can prove that for points on a given generator 
^f the /i-system 6 + (f> is constant. 


Ez. 1. If R U “0, <f>” (fig. 44), shew that the equations to PQ are 
2 = 0 , “COS 0+‘^sin 6=cos </>, and deduce that 6 — tj>=cL, 0+<f>=/3. 

Ex. 2. Tlie ei[uations to the generating lino.s through “ 0, </>” are 

jv — a cos 0 sec ?/ — h sin 0 sec </> z — r laii <f> 

aHiu{0±Kf>) - bcos{0±ifi) ±c 

Ex. 3. If (aco$0sec<^) bsin0sec<pf ctan^) is a point on tbc 
genei-atiijg line 

prove that tan and hence sliew that for points of a given 

generator of the X-systeiu ^-<^18 coiibtant. 

Ex. 4. Prove that the equations 

X cos (0- <f>) 9/ cos <f> 2 _ sin 0cos 

a cos (0 + <f>y b cos (0 + c cos ((^ + </>) 

detei'tiiiiie a hyperboloid of one sheet, that 0 is consUint for points on 
a given generator of uno system, and that tf} is constant for points 
ou a given generator of the other systeni. 

^The wiuatiou to the surface is 


Ex. 5. Find the locus of R if P and Q are the extiemities of 
conjugate diameters of the principal elliptic section. 

We have </>a»a, $ + <^ = a, ± whence </>« ± and R lies in one 

of the plarkes i c. ^ 


Ex. 6. Trove also that RP-+RQ^ = a« +t- + 2c». 

Ex. 7* If A and A' are the extrciiiitics of the major axis of the 
princij^al elliptic section, and any genci*utor meets two gencratoi*H of 
the narne HVKtem through A ariQ A' resiiectively in P and P\ prove 
that AP. A'P'^b^ + c^. 


Ex. 8. Prove also that tlie jilanes APP', A'PP' cut either of the 
seal central cii'cular sections in perpendicular lines. 

Ex. 9. If four goneiators of the liypcrboloid form a skew quadrb 
lateral whose vertices are “ 0^, r — 1, 2, 3, *1, prove that 

+ ^- =» 09+O4y ^ + ^ 4 ' 
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Ex. 10. Interpret the equation 

£: 4.^ _ V 

Va2'^62 c^J* 

where P, (x', y', z') is a point on the hyperboloid. 

[The equation represents the pair of planes through the origin and 
the generators that intersect at (x\ y, r').] 

Ex. 11. Prove that the generators through any point P on a 
liyperboloid are paiallel to the asymntotes of the section of the hyper¬ 
boloid by any plane which is paiallel to the tangent plane at P. 

Ex. 12. Prove that the angle between the generators through P 
is given by 

’ 

where p is the perpendicular from the centre to the tangent plane 
at P and r is llie distance of P from the centre. 


Ex. 13. All parallelepipeds which have six of their edges along 
gciicratoj’s of a given hyjierboloid have the same voUime. 

If PQRS is one face of the parallelepiped and P, P'; Q. Q'; Ri R’'» 
S, S' are opposite corners, we may have the edges PS, RP', S'R' along 
generators of one system and the edges SR, P'S', R'P along generators 
of the othei- system. The tangent planes at S and S' are therefore 
PSR, P'S R'. and are parallel, and therefore SS' is a diameter. 
Similarly, PP’ and RR' are diameters. Let P. S, R be (x,, j/j, Z\\ 
(x^. ?/ 2 i ('‘n« .v.v -.i)- Then the volume of the parallelepiped is 

twelve times the volume of the tetrahedron OPSR, (O is the centre). 
Denoting it by V, we have 


V = 2 


yi. -I 

j-2, Vo, r., 

•2*3» ya* 


= 2atc\A- 1 


Xj 

.Vi 


a’ 

V 


Xj 

.Va 


a ’ 

V 



.Vs 


» 

a 

b' 



2ci6c.V -1 


But 


“ •» r I .. ^ 1 • w ,1 ^ i« w .1 1 s 

if if b- c* ’ a- a- 


V 


V 

Xj-fo 


a-’ 


a- ’ 

V 

XiXa 

V 






V 


V 



a- ^ 


a- 

«> 

•1 

^ 2 

_ _ 

•1 

L 

2’^ 




a 


•i 


^ 3 V 

a¬ 


a 


r> 

•J 


4 


and. since R' and S are on tbo tangent piano at P, and S on the tangent 
plane at R, 

^ •> * • .1 A % 

a- a- a- 


V = 2ai'tV - 1( -4)-= 4a6c. 


Therefore 
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Ex. 14. Find the locns of the corners Q and Q' which are not on 
the given hyperboloid. 

Since QS and PR bisect one another, Q is the point 

(a‘i-x2+x3, yi-y2+y3> 

and hence lies on the hyperboloid 






106. The systems of generators of the hyperbolic 
paraboloid. We shall now state the results for the 

hyperbolic paraboloid corresponding to those 

which we have proved for the hyperboloid. Their proof 

is left as an exercise for the student. 

The point of intersection of the generators 


is given by 


5_» = 2X, 

a b 


5 + 1 = 2/., 

a (> 


x . 2/_£. 


a h II 


? = ;i + X, | = At-X. 2 = 2 X/i. 


(n 

(2) 


The direction-cosines of the gcneratoi's are given by 


I ^ 'in _ n 
a"-b 2//’ 


and hence the locus of the points of intersection of perpen¬ 
dicular generators is the curve of intersection of the surface 
and the plane 2z + o.^ — b'^ = 0. 

The plane 




pnsse.s through the generator (i) and is tangent plane at 
the point of intersection of that generator and tlie generator 

of the /i-system given by /i = X/Ar. 

The projections of the generators on the planes YOZ. ZOX 

envelope the principal sections whose equations are 

x = 0, y^= ~2h-z; y = 0. x^ = 2a”-z. 
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Any point on the second parabola is (2am, 0, 2m^), and if 
\ = = the generators of the X- and yu-systems corre¬ 
sponding to these values project into the tangent to the 
parabola at ‘‘ m.” 

Any point on the surface is given by 

X = ar cos 0, y — br sin 6, 2zssr^ cos 20, 
and the equations to the generators through “ r, 0 ” are 


X—ar cos B _y —hr sin 0 
a 


o 

z — ^ cos 20 


±b r(cos0Tsin0) 


Ex. 1. Shew that the angle between the generating lines through 
(ar, y, r) is given by 

Et. 2. Prove that the equations 

4a:=a(l +cos20), y = &co3h ^cos 0, z=C8inh <^cos 9 

cletennine a hyperbolic pai-aboloicl, and that the angle between the 
generators through “0, is given by 

. 1(6- + co8*0+2a-(?>^+c^)cos-0 cosli 2<^ 1^ 

6- — c-+a-cos-0 


Ex. 3. Provo that the equations 

Sx=ae*'^, y= bc"^ cosh 9, *=ce^ sinh 9 

ilctennine a liyperboHc paraboloid, and that 9+<f> is constant for 
j)iiints of a given generator of one system, and 0 —is constant for a 
given generitor ot the other. 

Es. 4. Planes ai-e dtawn through the origin, O, and the goneratoi's 
tlirougli any point P of the paraboliud given by x^—y'^—az. Pix)ve 

cluit the angle between them is tan”*—, where r is the length ot OP 
Ex. 5. Find the locus of the perpendiculai"s from the vertex of 

•I •» * * 

the paiaboloid ^.-'^-^=2; to the generators of one system. 

.1h5. + + —T—JV —0. 

• ao 


Ex. 6. The points of intei’section of generators of xy^az which are 
inclined at a constjint angle ol lie on the curve of intersection of the 
paraboloid and the hyperboloid i^tan-a-|-a®=0. 
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107. Conicoids through three given lines. The general 
equation to a conicoitl, 

ax^ + hy~ + C3“ + 2/^3 + 2(jzx + 2hxy + 2ux + 2 vy + 2u-z + c/ = 0, 

contains nine constants, viz., tlie ratios of nine of the 
ten coefficients a,h,c, ... to the teutli. Hence, since tliese 
are determined by nine equations involving them, a coni- 
coid can be found to pass througli nine given points. But 
we have proved that if three points of a straight line lie 
on a given conicoid, the line is a generator of tlie conicoid. 
Therefore a conicoid can be found to pass through any 
three given non-intersecting lines. 

108. The general equation to a conicoid thr<)iigh the two 
given lines u = 0 = v, u' = 0= v, is 

\uu‘ + /X w r' -f- wtL + p vv' = 0, 

since this equation is satisfied wlion 7i = 0 and t’ = 0, or 
wlien u' = 0 and v'= 0, and contains three di.sposable 
constants, viz, the ratios of X, /u. »' P- 

109. To find the equation to the. conicoid fJirouyh three 
given non-intersecting lines. 



Fio. 16. 


If the three lines arc not parallel to the same plane, 
planes drawn through each line parallel to the other two 
form a parallelepiped, (fig. 4.5) If the centre of the 
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parallelepiped is taken as origin, and the axes are parallel 
to the edges, the equations to the given lines are of the 
form, 

{\)y^b,z=~c) (2)2: = c, a:=-c,; {Z)x=a, y=-6, 
where 2 a, 26 , 2 c are the edges. The general equation to a 
conicoid through the lines (1) and (2) is 
{y - b){z ~c)+\{y - b)(x +a) 

+fi(z+c){z—c)-\-v(z-\-c)(x+a)=0. 
Where x = a, y = —h meets the surface we have 
/zc"+2c (a (»—6)— fiC' +2c (av +6)—4a6\ = 0, 
and Ol x~a, y= —h is a, generator, this equation mxist be 
satisfied for all values of z. Tlierefore 

. b . c(ctv+h) c 

^ a ^lab a 

and the equation to the surface is 

o.yz 4- hzx + cxy +a 6c = 0. 



The origin evidentl}^ bisects all chords of the surface 
wliich pass through it, and therefore the surface is a 
central surface, and is therefore a hyperboloid of one sheet. 
(Of. § 47 , Ex. 1.) 

If the three lines are parallel to the same plane, let any 
line which meets them be taken as c-axis. If the lines are 
AjBj, A.Bo, A3B3, (fig. 46 ), and the c-axis meets them in 
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C^, C,, Cg, take A^Bj as x-axis and the parallel to AjB, 
through Cj as y-axis. Then the equations may be written 
( 1 ) y = 0, 3 = 0 ; ( 2 ) x = 0 , 2 = «.; (.* 1 ) Ix-^Tny = 0, £=/3. 

The equation to a conicoid through the lines (2) and (3) is 

\x{lx + my) + fxx{z~ /3) 

+ v{z — a.)(lx + my)-}- p{z — a.)(z — ^) = 0. 

If 2 / = 0, 3 = 0 is a generator, the equation 

l\x^ — x(yu/3 + via.) + po.^ — 0 
must be satisfied for all values of x, and therefore 

\ = p = 0, fx(^ + vloi = Q\ 
and hence the equation to the surface is 

z{lx{ai~^) — ^my] -\-a.^my=0. 

Since the terms of second degree are the product of linear 
factors, tlie equation represents a hyperooiic paraboloid. 


110. The straight lines which meet four given lines 
If A, B, C are tliree given non-intersecting lines, an infinite 
number of straight lines can be drawn to meet A, B, and C. 
For a conicoid can be drawn througli A, B, C. and A, B, C 
are generators of one system, .say the X-system, and hence 
all tlie generators of the /i-sy.stem will intersect A. B, and C, 
A fourth line, D, which does not meet A, B, and C, meets 
the conicoid in general in two points P and Q, and the 
generators of the //-system through P and Q arc the only 
lines which intersect the four given lines A, B, C. D. If, 
however, D is a generator of the conicoid tlnongh A, B, 
and C, it l>elongs to the X-system. and therefore all tlie 
generators of the /i-sy.stem meet all the four lines. 


111. // three »traight lineH can he drawn to meet four 
given non-intersecting lines A, B, C, D. then A, B, C, D arc 
generators of a canicoid. 

If the three lines are P, Q, R, each meets the conicoid 
through A, B, C in three points, and is therefore a generator. 
Hence D meets the conicoid in three points, viz. the points 
of intersection of D and P, Q, R ; and therefore D is a 
generator. 
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Ex 1. A, A'; B, B’; C, C' are points on X'OX, Y'OY, Z'OZ. 
Prove timt BC', CA', AB' ai-e generdtora of one system, and that 
B'C, C'A, A'B are generators of the other system, of a hyperboloid. 

Ex. 2. A, A'; B, B'; C, C' are pairs of opposite vertices of a skew 
hexagon* di-a’wn on a hyperboloid. Prove that AA’, BB', CC' are 
concurrent. 

Ex. 3. The altitudes of a tetrahedron are generators of a hyper¬ 
boloid of one sheet. 

Let A, B, C, D be the vertices. Then the planes through DA, 
perpendicular to the plane DBG, through DB, perpendicular to the 
plane DCA, and through DC, perpendicular to the plane DAB, pass 
through one line, (§ 45, Ex. 6. or § 44, Ex. 22). That line is therefoie 
coplanar with the altitudes from A, B, C, and it meets the altitude 
from D in D, and therefore it meets all the four altitudes. Tlie corre- 
.‘‘ponding lines through A, B, C also meet all the four altitudes, 
which are therefore generators of a hyperboloid. 

Ex. 4. Prove that the perpendiculars to the faces of the tetrahedron 
tliroiigh their orthocc*ntres are generators of the opposite system. 

Ex. 5. Provo that tlie lines joining A, B, C, D to the centres of 
the circles inscribed in the triangle.s BCD, CDA, DAB, ABC are 
generators of a hyperboloid. 

112. The equation to a hyperboloid when two inter* 
seating generators are coordinate axes. If two inter- 
.secting generators are taken as .’' axi-s and y-axis, the 
e.juation to tlie surface nm.st be satisfied by all values of x 
when ^ = z = 0, and b}’ all values of y when z = x = 0. 

Suppose that it is 

+ Iji/- + cz- -f 2/ifz d- 2gzx + 2hj:g + 2ux + 2 -f 2 iv 2 = 0. 

Then we must have 

(i = i(, = 0, and b = v^0, 
and therefore the e<|uation takes the form 

cz’^-^2fyz + 2gz.c-{-2hxi/ + '2irz = 0. 

Suppose now that the line joining the point of intei’section 
of the generators to the centre is taken as c-axis. Then, 
since the generators through opposite ends of a diameter 
are parallel, the lines ?/ = 0, z = 2y: x = 0, z — 2y are 
generators, tlie centre bedng (0, 0, y). Whence 

/=_r; = 0. y = --ir/c. 

and the equation reduce.s to 

cz- + 2/i jij + 2 ivz = 0- 
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Ex. 1. Prove that (y4-Mu-)(^ + »*) + ^‘* = 0 represents a jxuaboloid 
which passes tluough OX and OY. 

Ex. 2. The generatiirs tliioiigli a variable pniiil P of a hyperboloid 
meet the generatoj's through ‘'xed point O in Q and R. If OQ ; OR 
is constant, find the locus of P. 

Take OQ and OR as x- and y-axes, and the line joining O to the 
centre asz-axis. The equation to the hyperboloid is 

cs* + 2/t.v^ + 2<rr = 0. 

It may be written z(cz + 2w)+2kxy=>0, 

and hence the systems of generating lines are given bv 

z — 2/iKj-, X(c2 + 2ic)+^ = 0 ; 

z^2hiLijy /a(«+2i/') + x = 0. 

OX belongs to the X-systeiii and corresponds to A =0; OY belongs to 
the /i-system and corresponds to //. = 0. If P is f), the generafoi*3 
through P correspond to 

A = C24^, ,i = (/2/n,. 

Where a generator of the p-systein meets OX, 

V=0, x=~2icn, 

therefore OQ=-2?/7i= - wC./*'/- 

Similarly, OR = - 2irA« - 

and P therefore lies on the plane 

[OQ and OR may bo found more easily by considering that tho 
piano PQR is the taiif'cnt plane at P whose eipiation (see § 134) is 
hr]T + /i^ + (c(+ »/')r+ yi = 0.] 

Ex. 3. Find the locus of P if (i) OQ • OR = r, (ii) OQ- + OR^ = /-2. 


Ex. 4. If OQ*^ + OR-2 is constant, P lies on a cone whose vertex 
is O and whose section by a plane parallel to OXY is an cllijise whose 
equal conjugate diameters are parallel to OX and OY. 


Ex. 5. Shew that the projections «>f the genmatoi-s of one system 
of a hyperboloiil on the tangent plane at any point eina-lope a conic. 

Take the generator.s in the gi\en tangent plane a.s OX and OY. an«l 
the normal at O as OZ, The plane z — Ki/ is a tangent plane, (-(S)?), 
and the projection on OXY of the secoml gcneiatoi- in which it meets 
the Hurfuce hits e<pialions 

s = 0, cA*y + 2 A(//.r + «•) + 2/«.r = 0. 

Whence tlie eiivolojio of the piojection.s is the conic 

z = f), (y r +/)/ + ir)* = 2i'hx;i 


*113. Properties of a gfiven generating line. If we 

have a .system of rectangular axes in which the .r-axis is 
a generator ami tlie 2 :-axi.s is the normal at the origin, 
the etjuation to the hyperboloid i.s of the form, 

-f cc' + 2/72 + 1 <jzx. + 2Axy + Iviiz = 0, 

or 3 / (^?/ + 2/<x) -h cfcj + + 2/y + 2 w) = 0. 
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The systems of generating lines are given by 

Xy = z, (by + 2kx) -\-\(cz + 2gx + 2fy + 2w) = 0; 
y = fx (cz + 2gx + 2fy + 2iu), z-\-y{by + 2hx) = 0. 

The oj-axis belongs to the /i-system and corresponds to 
= The generator of the X*s}'stem through the point 
(«., 0, 0) is given by ^_ -ha. 

~^ga. + w 

Tlie tangent plane at {cl, 0, 0) is the plane through this 
generator and OX. Its equation is therefore Xy = z, 

or ha.y+z{gcL-\-w)^0. 

Let P, (a, 0, 0), P', (a', 0, 0) be points on the ic-axis. 
Then the tangent planes at P and P' are at right angles if 

( h~ +g-)a.CL' + v‘g(a. + cl) + w'^ = 0, 


i.e. if 




Therefore if C is the point 0, Oj, CP-CP' is 

constant for all pairs of perpendicular tangent planes 
through OX. C is called the central point of the generator 
OX. If the origin is taken at the central point, the equa¬ 
tion (1) must take the form aa= constant, and therefore 
7 = 0, and fxoc.'= — k’-’A-. The equation to the conicoid 
when OX is a generator and O is the central point, OZ is 
the normal at O. and the axes are rectangular, is therefore 

by- + cz‘ -h 2 fyz 2 hxy + 2 xl'z = 0. 


Ex. 1. Find the locu.'t of the normal.*' to a conicoid at points of a 
given generator. 

Taking a.xes as above, the equations to the normal at (<x, 0, 0) aro 

~ = Tlie locus of the normals is therefore the hyperbolic 

0 hrt. ir 

paraboloid whose equation is Ai" = jey. It has OX and OZ as generators, 
ami it.s vertex at the origin. 

Ex. 2. The anhnrmonic ratio of four bvngent planes through the 
same gencnitor is the anharinonic mtio of their j)oint.s of contact. 

The tangent plane at (oc,. 0,0) is hairy+icz=0, whence, by § 38, Ex. 4, 
the anljarmonic ratio of the planes is 

(g, - a..)(a.^ - g.^) 

(“-3 - a-h”-! - 
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§§113,114] CENTRAL POINT AND PARAMETER 

Ry. 3. Four fixed generators of the same system meet any generator 
of the opposite system in a range of constant anharnionic latto. 

Ry 4. Find the locus of the perfiendiculars from a point on a 
hyperboloid to the generators of one s^'stein. 

Take O, the point, as origin, and a generator through O as OX. 
Take the noriual at O as OZ, then XOY is the tangent plane at O. 
The equation to the hyperboloid is 

6y* + C 2 * + 2/vz + ^gzx + 2/<xy + 2erc = 0. 

The systems of generators are given by 

ky = z, (6j/4-2^x)+X( c2 + ^x + 2/y + 2?r) = 0 ; 

y = /X (c 2 + 2g.v + 2/y + 2>r), ? + /x (iy + 2/<,r) = 0. 

The locus of the perpendiculars to the generators of the A-system is 
the cubic cone 

+ 2/y2 + - 2(y + *0. 


*114. The central point and parameter of distribution. 

Taking the axes indicated in the equation to the 

conicoid is , ^ . o . . m . « 

hy- + cz^ + 2/y? + 2hxy + 2tvz = 0. 


The equations to the system of generutoi-s to wliicli 
OX belongs ai*e 

y = \{2fy-\-cz + 2w), s4-X(2//a’ + %) = 0, 

OX being given by X = 0. Tlie direction-cosines of a 
generator of this system arc proportional to 

heX^ - 2/X +1, - 2ch 2h X(2 A - 1). 

and therefore the shortest distance between tliis generator 
and OX has dircction-cosincs proportional to 


0, 2A-1. 

Hence the limiting position of the shortc.st distance, as X 
tends to zero, is parallel to OY. Again, any plane through 
the generator is given by 

y{2f\~l) + c\z + 2'Uf\—k{2h\x-^hXy + z) — 0. 

This plane meets OX where x — vojhh. It contains the 

if (2A-lK2A-f “'^^'^) + ^’McX-A:) = 0, 


i.e. if 


,_1-4A 


squares and higher powers of X being rejected. 
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Therefore the S D. meets OX where 


Since x tends to zero with X, the limiting position of the 
s.D. is OY. Hence the central point of a given generator is 
the point of intersection of the generator and the shortest 
distance between it and a consecutive generator of the 
same system. 

The equation = represents the plane 

through the X-generator parallel to OX. Therefore the 
shortest distance, S, is given by 

» 2irX _ 

Jd-yxy+cV 

rejecting X", etc. 

Again, if B is the angle between the generator and OX, 

^ trX2-2A + l 

cos f?>= _ _ _ _ ■ • ■ ■ f 

n/ (/)cX' - 2/'a+1 y ++ 4 /r x-( 2yx -1 

wlionce, if X’ and higlier powers be rejected, 

6 = -2h\. 

The limit of the ratio ^'0, as X tends to zero, is called 
the parameter of distribution of the generator OX. Denoting 
it by p. we have 2tcX 

Cor. If O is the central point and the tangent planes at 
A and A' are at right angles, OA . OA'= — 

Ex. 1. If tlie g<*nerat<'r “ 0” of tlie hyperboloid 


w(c — b)\ 


cos B 


rS ,fi -2 

_—=1 

„3 ^ pi 


1 x-acosdi //-bsindt z 

js given bv -^— t ^=-—,-r = —» 

ti sm «/> —6 cos 9 —c 

and 6 is the angle between the genenitors “ ” and “ prove that 

. <j> —sin 0,)'+&‘c^cos^—cos 

(a*sin*<jf»H-6^co3-<3fi+c^)(a*sin*^, +6'Cos^^i+c^) ’ 

, , , ,, (id (a2f--* + &V8in2<A + <r(72cos2(6)^ 

and deduce that - 7 t =-— 

(/<}> a*sin-(^+6*cos*^+c* 
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Ex« 2* Prove that the shortest distance, 5, between the genei'a^x;i*s 
^ ” and “ <^i ” is given by 


B= 


2abcsh\ ^^2 ^ 


^6Vsin^ +c-a-cos- 


and deduce that ^ = 


al>€ 


is 


(a ^6* + si II •</)+cV- cos*^) 

Ex* 3* Prove that the parameter of distribution for tlie generatoi 

al/c(a^s\n^<f> + t-cos-^ + c-) 


d^b'* + 6*^c-sin'‘^^+cos^^ 

4. If D is the distance of any generator of the hyperboloid 

from the centre, and p is its parameter of distribution, D-p^ahr. 

Ex. 5. Find the coordinates of the ccntml rioint of the generator 
<f>J> 

The equation to the plane through the generator parallel to 

the generator “ is 

-sm ■ -•'cos + - cos ^ ' + sm = 0. 

a 2 b 2 c 2 2 


Wlience the direction-cosines of the s.i). between the generator 
and a consecutive generator of the same system are r^roportional to 

1 . ^ 1 ,1 

cos</>, 

Tlie coordinates of any point, O, on the generator arc 

a(cos sin </>), 6(Hin ^ cos </>), ci\ 

If O is tlie central point the iiorinal at O is piM peridicular to ihu 
fi-D. between the generator and a consecutive generator of the saiuo 
systetn. lienee wo find 

^ €*(/>• - «-)Kin ^cos </> 

~ a^b'^ + b^c^ sin*^ + c^d^ cos*</>’ 

and the coordinates of the central point are given by 


y 


<^HI^ + €^)qob^ l^(c^ + d^)n\n fff 4^(b'^ - a'^)Hii\ 4> cos <f> 

\ 


+ b'^c'^ sin^^ + c’«* 


Ex. 6. Find the locus of the central ]>oints of the generators of 
the hyi>orboloid. 

The equation to a surface containing the central points is obtained 
by eliminating <f> between tlie equations for the coordinates. It is 




b^ 


mO 
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Ex. 7. For the generator of the paraboloid given b/ 

“+' 1=^1 pro'^e that the parameter of distribution is 


a 0 'a 

ab(a'+b-+4X^) central point is 

a-+b^ 

2a?k -263A. 2(a2-62)X2'\ 
a3+62’ aHi*' A 
Prove also that the central points of the systems of generatois lie on 
the planes ^±^=0. 


( 


Ex. 8. If G is a given generator of a hyperboloid, prove that the 
tangent plane at tlio central point of G is perpendicular to the tangent 
plane to the asymptotic cone whose generator of contact is parallel 
to G. 


Ex. 9. A pair of planes through a given generator of a hyper¬ 
boloid touch the surface at points A and B, and contain the normals 
at points A' and B’ of the generator. If 0 is the angle between them, 

*u w -o AB.A'B' 
prove that tan-ty= “ab’^~A'B' 


Ex. 10. If the tangent plane at a point P of a generator, central 
point O, makes an angle 0 with the tangent plane at O, ptan $~OP% 
where p is the parameter of distribution. 


♦Examples VI. 


1. Pr’ove that the line fj+my+?«+p=0, I'x+fn'v+n't+p'—^ is 
generator of the hyperboloid .i^ia-\-rf‘jb-¥:?jc—\ if af2+6»i^+cn2=p*, 
al''X-bm'-+cn''-=p"’, and afr-|-6mm'+cnn'=pp'. 

2. Shew that the equations 

i/-A„’-t-A+l=0, (A.+ l).c+y+X=0 

represent for ditlerent values of X generators of one system of the 
hyperboloid y:-|-ii'+jy + ls=0, and nnd the equations to generators 
of the other system. 

y'i -2 

3. Tangent planes to ~ 5 +p-;j=l, which are parallel to tangent 

pl.anea to ** 

c--cr o--a- a-+62 ^ 

cut the surface in perpendicular generators. 


4. The shortest distances between genei'ators of the same system 
drawn at the ends of diameters of the principal elliptic section of the 

.I'* yC 2* * 

hyperboloid ^+*^' 3 ” ” 2 ^^ surfaces whoso equations are 


exy , ahz 
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6. Shew that the shortest distance of any two perpendicular 
membei-s of that system of geiieratoi-s of the paraboloid i/{<LX + bi/)=^Zy 
which is perpendicular to the y-axis, lies in the plane a-z = b. 

6. Prove that any point on the lines 

.r+l=/xy= -(/a+1)? 
lies on the surface yz + ar + jry+y + j = 0 , 

and find equations to determine the other system of lines which lies 
on the surface. 


7. The four conicoids, each of which passes through three of four 
given non-intei'secting lines, have two common generatoi's. 

8. Prove that the equation to the conicoid through the lines 

u = 0=v, u' = 0=y', 

Att + fiv + \.'n’ + fj.'v' = 0 = /k + my + I'u + m'v' 

\u + /iv fii + )nv 
An +fjLV I u + 7)1 V 

9. Show that, in genera), two generators of the hyperboloid 

can be drawn to cut a given generator at right angles, and that if they 
meet the plane z^O ii\ P and Q, PQ tou<’hes the ellipse 

10. If from a fixed point on a hypeiboloid lines are drawn to 
intersect the diagonals of the quadrilaterals formed hy two fixed and 
two variable generators, these lines arc coplunur. 

11. Through a varial>le generator x —// = A, of tho 

paraboloid —a plane is drawn making a constant angle a. 
witli the plane Find tho locus of the point at which it touches 

the paraboloid. 

12. Prove that tlie locus of iha line of intersection of two perpen¬ 
dicular planes which pass through two fixed non-intersecting lines is 
^ hyperboloid wliose centra! circular sections are perpendicular to the 
linos and have tlieir diameters equal to their slmrtcst distance. 


^ V* 

13. Provo tliat if the generators of —j + p—bo drawn thrmigb 
the points where it is met by a tangent to 

^ 1 
aHa'i + c*) + ~ 

they form a skew quadrilateral with two opposite angles right angles, 
and the other diagonal of which is a generator of the cylinder 

a* Cr 


9 2 2 

14. Tlie normals to ^+*^”^ 2=1 ^t points of a generator meet 

the plane at points lying on a straight liiic, and for ditieroDt 

generators of tho satuo systeni this line toucnei? a fixed conic. 
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15. Prove that tbe generators of aar2+6y'+«*=l through (a:|,yi,z,) 

(xj, ‘ 2 ) the planes ' 

= 2(axa-i -h iyyi + czz^ - iXorxj + +cWo -11 

16. The generators through points on the principal elliptic section 

of such that the eccentric angle of the one is double the 

eccentric angle of the other, intersect on the curves given by 


1 + i^ ’ 




z= ±ct 


17 The planes ot triangles which have a fixed centre of gravity 
and have their vertices on three given straight lines which are parallel 
to the same plane, touch a cone of the second degree, and their sides 
are generators of three paraboloids. 


18. The cubic curve 

1 1 1 

A-o.’ 

meets the conicoid + 1 in six points, and the uornials at 

these points are generators of the hyperboloid 

u y.K/i -y) + Oz.iiy -<*.) + cjy{a. -/3)+.v{b - c) +y(c - a) + z(a -b)-0. 


19. Prove that the locus of a point whose distances from two given 
lines are in a constant ratio is a hyperboloid of one sheet, and that 
the projections of the lines on the tangent plane at the point whera 
it meets the shortest distance form a harmonic pencil witli the 
generators through the poiut. 


20. 'I’he generators through P 

meet the plane ; = 0 in A and B. 
locus of P. 


ou the hyperboloid ^+^-^=1 

a- 6^ c* 

If PA : PB is constant, find the 


21. If the 
parallel to the 
surface 


median t>f the triangle PAB in the last example is 
lixed plane ui.v + fSy + yz — 0, shew that P lies on the 

r («-r + (iy) + y (c- + z-) * 0. 


22. If A and B are the extremities of conjugate diameters of the 
principal elliptic section, prove that the median through P of 
the triangle PAB lies on the cone 



23. A and B are the extremities of the axes of the principal elliptic 

section of the hyperboloid = h tind T is any line in the plane 

of the seotifin. G,, G.. are generatora of the same system, G, piassiug 
through A and G.j through B. Two hyperboloids are drawn, one 
through T, G,, OZ, the other through *T, G 2 , OZ. Shew that the 
other common generators of these hyperboloids lie on the surface 


.r2 




y2 . zfx y\ 


X y 



OH. 1X.1 


EXAMPLES VI. 


17f> 

24. Prove that the shortest distances between the generator 

- cos a. - sin ou T — - sin a. + cos cl. 
a c o c 

and the other generators of the same system, meet the generators in 
points lying in the plane 

^COS OL f •t\ ^ sin f ff t u *i\ t ^ / *»■ I *>\ r\ 

—(a •*+c- 2 )+'i——(- 0 - 2+6 -+c 2 )+-(a -'+6 -+c- 2 )=a 

25. If the geneiators through P, a point on the hyperboloid 

whose centre is O, meet the plane 2=0 in A and 8, and the volume of 
the tetrahedron OAPB is constant and equal to a6c/6, P ties ou one 
of the planes c= ±c. 
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Note to § 37 : Distance from a point to a plane. 

When the axes arc rectangular, the distance from the point P. 
(x', 1 /, z') to the plane ax + by + cz + d=^0 can be found as follows. 

Let N, (a, B, y) be the foot of the perpendicular from P to the plane. 
Then aa+6^ + cy+ rf=0, and the direction of NP is given by 

x'-a:y'-^:2''y. 


or. since NP is parallel to the normal, by u-.b.c. 


Therefore 


x'-a 2'-y rtj' + bu' + cz' - («g -t- + cy) 

c ~ hS + 6* + c^ 


ax f-i/y 


f^hu' +rz’ + J 


«* -s 6’ + c* 

/. x'-a=au, !/' -^ = bu, z‘ y = cu. . 

and NP» = (a:'-a)= «(»/'-/?)* +( 2 '-y)'* 


= u. say. 


Hence 


= («* + 6* +c*)u*. 

^ by' +cz' +d 


i- nVj* -\-b-+c= 

From (1), N is given by -x—x'-au, p = y'-bu, y = z -cu. 


(1) 


Note to § 43 : Constants in the equations of a line. 

The constants may bo put in a more symmetrical form as follows : 

If 7 ib-nu:=^, Ic-Jia-ft. ma-lb=v, so that /A + + «e ~0, the 

valent to 


X-a v-6 z ~c 

ofjuations — j —= ccjui 


n 


from which 


ny-mz=X. Iz-nx^fi, mx-ly = v, 
Xx + fiy + vz-^ . 


(1) 

( 2 ) 


The equations (1) represent the planes through the line parallel to 
the coordinate axes ; the eciuation (2) reprr-sents the plane through the 

line and the origin. ^ , 

Since IX + niu + nv-O, the ratios of any live of the quantities I, m. a. 

A, fi, e. to the remaining one are equivalent to four independent con- 


U.i.#. 
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stants, and, when tiiey are given, the line is determined. If, for 
example, the ratios of m, h. A, fi, v to I are given, the equations 

Iz - nx—fi, inx - ly = v, 

determine fixed planes ; if the ratios of /, m, n, pi, v to \ are given, the 
equations 

ny - »«s=A, Xx+piy + t'Z=0, 
determine fixed planes. 

The ratios I: in •. n : X ■. pt •. v have been called the coordinates of the 
line, and the line is referred to as “ the line (/, m, n, X,fi,v).” (See 
Miscellaneous Examples I, Ex. 116.) 


Note to § 54 : Section of a surface by a given plane. 

The scheme on p. 73 can be written do\vn mechanically. Choosing 
0 ^ and 0^ as stated, we have 



X 

V 

= i 

1 



i 

* 

c 

V 

(I) 

(2) 

(3) 

C 

/ 1 

m 

w 


where the spaces (1), (2), (3) are to he filled. Now in the determinant 


I 




mi. 





I 

f 


of § r>.3, provided that the orientations of the new and the original a.xes 
are tlie same, each element is eipial to its cofactor. Hence in the spaces 
(1), (2), (3) we may place 


! - . 0 

1 

1 

- m 

0 1 


-m 1 

s ^ m- 

1 

• 1 

i v /^ m* 

• 

N /- + v7* + w* 

w, n 


1. 

n 1 


1, m 


respectively, or 


-In 


- mn 


<r- -r m- v7s m- 


• s7* + ni*. 


Note to § 63 : Cone with a given curve as base. 

Let V, (x, )S. >') be the given vertex, and f(z, ij}~0, 2=0 represent 
the given base. L<-t P. (.r',//'. c') be any point on the cone and let 
VP cut the base in Q. Then VQ QP = - yjz', and hence Q is the point 

/oiZ'-yX' fiz'-yy' \ 
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Therefore, since Q lies on the surface/(r, y)=0, 

/(^'. ^')=0, 

\ Z -y 2 —y y 

or the coordinates of P satisfy the equation 


^/ ca-yx ^ pz-yy 
^ \ Z^y * 2“y 


’)= 0 , 


which represents the cone. 

This equation can be written 


\ 2-y z^y y 


which, in the case where/(j:, y) is of tlie second degree, can be expanded 
in the form 

^ I) . . 0. 

\5-y9« Z-yopy ' \Z-y Z - yJ 

or (z - y)y(a, ^) _ y(j. y) + y*^(j _ ^0, 

which can then be transformed as in § C3. 

A more general case is that of the cone with vortex V, (a, j8, y) and 
base the eurve in which the plane 

us/x+wy + n2+p=0 
cuts the surface /(z, y, 2)=:0. 

If P, (x', y', 2') is any point on the cone, if VP meets the plane in Q., 
an«l if VQ/QP =A/1, Q is the point 


/Ax' + a Xy'+ A2'+ y\ 

vxrr' xrr’ xTr/’ 


Since Q. lies on the plane and on the surface, 

A(ir' + my' + m' + p) + (/« + + ny +p) =0.( 1) 

and ff Xx' + « Xy’ + fi Az'+y '^ 

•^\A+1 ' A+1 ' A+l/“” . 

Whence, if u's lx' + my'+ m' +p and vsla+tn^ + ny+p, (1) and (2) 
give 

-^=A. and 

\ u' -V U - V u-v/ 

which IB tho condition that the coordinates of P should satisfy the 
equation 

. / otu - VZ fiu-vy yu - t^\ ^ 

and this equation roproBcnta tho cone. 
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Note to §96: The generators of the hyperboloid — +c:; - 75 = !* 
The equation of the hjq>erboloid can also be written 




= 1 




(3) 


(4) 


6 ® c* a* 

whence we deduce that the lines whose equations are 

are generators of the hj'perboJoid. Adding and subtracting the equa¬ 
tions (3), we obtain 

I — A* 

If now we put ^ for -—y equations (5) become identical with 

1 T* A* 

tt)o equations (2) of §96. Similarly from (4), by putting A for 
^ , wc obtain the equations (1) of § 96. Thus different methods of 


1 *f A 

tactorisin? the equation of the hyperboloid lead to the same two sj’stems 
of generating lines. 

X^ Y* Z^ 

Note to §104: The generators of -^ + ^" ' 2 =^ through the pomt 
(a cos a, b sin a, 0 ). a b- c 

The equation of the h\*pcrboloid can be written 


/r »/ y ^ I 

\ri b / \a b / c* 

Hcncc the tangent plane at (a cos a, b sin a, 0). whose equation is 
t'os a+'| sin a= I, nr cos a - cos -f sin a - sin — 0, cuts the 


siu^face where it cuts the planes - sin a - ^ cos * = ±- , that is, in the 
lines " * 


x'a - cos a Hfb - sin a 


±2/C 


nr 


sin a - cos a sin* «-f- cos* a ’ 

x-a cos a y -b sin a z 


a sin a 


- b cos a ±c" 


The reduction of the general equation of the second degree (axes 
rectangular). 

The nature of the surfaces represented by the equations 


^,r-+'W+^3C-=M^ .( 1 ) 

Aif‘+A,7,«=2,iC. .-(2) 
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is shown in the following tables : 


A. 

A, 

A, i 


Surface 

+ 

+ 

1 

4 - 

1 

+ 

Ellipsoid (or sphere) 




+ , 

Hyi)erboloid of one sheet 



— 

+ 

Hyperboloid of two sheets 




0 

Cone 

+ 

+ 

0 

+ 

Elliptic cylinder 


— 

0 

+ 

Hyperbolic cylinder 

+ 

— 

0 

‘ 0 

Pair of intersecting planes 

+ 

0 

0 

+ 

Pair of parallel planes 


X,€» + X,r,* = 2Hi; 


A. 


/* 

Surface 

+ 

+ 

+ 

Elliptic paraboloid 


- 

+ 

Hj'pcrbolic paraboloid 

•f 

0 

± 

Parabolic oyliodcT 


If wo change the origin and rotate the axes, tlic t^an^fo^mcd equation 
is obtained by substituting for 77 , ^ cxjirc-ssions of the form 

lx-\-7ny + «2 4 - p, 

and therefore it is of the form 


ox* + by* + «• + 2fyz + 2gzx + 2hxy -t- 2hx + 2i'y 2h‘2 hJ-O .(3) 

We shall now indicate how the values of Aj, Aj, fi in e(|uation.s (1) 
and (2) may be found when equation (3) is given. 

First wo shall prove that if, by a rotation of rectangular axes, 


ax* + by* + cz* + 2fyz 4 2(/zx + 2hxy 

transforms into 

A,f*4 A,7,* 4 A,C=. 

then A„ A„ A, are the roots of the equation 


a-A. h, 

h, b ~ 

9. /. 


9 

f 


e-X 



A* - A*(a +6 4 - c) 4-A(i*c 4-c« + ah -/* -g* - /i*) 

- (abc+2fgh -af* - - c/i*) =0. 


or 
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This equation is called the Discriminating CvbiCt and it can also be 
written in the form 

A“-.V(a+6 + c)+A(A+B + C}-D=0. 

where Ds a, A, g , and A, B, C are the cofactors of a, b, c 

h, b, f respectively, in D. 

<7. /. c 

Suppose that the scheme for change of axes is 

then ^ = liX + miy + njZ, 

Tj=l^ + m^ + n^, 

C=laX + m^ + ni:, 


and 

Ai(lia: + m,y + + Aj(/*a: + + tjjz)- + Aji/jX + mjy + n,s)* 

=ax- - by- + + 2 fyz 2 gzx 2 hxy. 

Whence 



rt =Ai/i* - Aj?j* As/j®, /—Ajm,7ij + + AaWsWj, 

A =A,7n,® + AjWj* -AaWh®, =A,nil, +A27ij?2 -^Aanj/,, 

c = A,n,® -^AjWa® +A371 j*, a =A,7,m, + Aj/jmj + Aj/jWi,. 
a + 6+c=A,+A8 + A 3 . since = etc. 
Again, be-p +A 3 Ai(mjai -m,n 3 )* 

- AjAj { W, 7J 3 - fU jU I )*, 

=A 3 A 3 /.® ^ AjA,/,® + X,X,l,\ by § 53 {E}; 

similarly ca - (f =X^3mi* -^XiX^m,^, 

ab ~ h- — A}A378 I® + AyXjJJ j* + AjA 3 M 3 *, 

6 c + cn +a 6 -/® - j7* - /j*=A 2A3 +AjAj +AjA*. 


Also 

7i» 

1 ^1^1^ ^2^2* 

X 3 I 3 


m^, Hia, 


Ajm, 


«J. »2. 

Wj 1 Ai^j* A^^jf 

Aj^s 

_1 

rA,/,=, 



1 

—A,7,»«,. 

^A|77? j 



2:a,»./,. 



i.o. 

A^AjAs = 

:| a, h, g \, by § 53. 



’ h, b, / 



9 . /. cl 

Therefore the roots of the discriminating cubic are Aj, A*, A*. (Cf. 
§93.) 



APPENDIX 


The direction-cosines of the new axes can be found as follows: 
From the above equations we obtain 

oZ, + Am, + gn^ =Aii, (/,* + m,* n,*) + AJj (/,/, + m,»n 2 -t- j) 

+ Aj/jlVi -t- mjm, -t-Hanj), 

=AiZ|. 


and similarly, 


(a-Ai)^i+Am,-f-^i=0, 

-f-(6 - A,) m, -h/ni = 0, 
gli + (c ~A|)«.j=0. 


Whence i,, m„ 71 , and, similarly, the other direction-cosines, satisfy 
the equations 

al-k-hm+gn hl + bm->rfn gl-\-fm+cn 

- : -=---A.(Of 

i rn n 


where A is the corresponding root of the discriminating cubic. (If we 
eliminate /i : m, ; ti, from the equations (4), we obtain 

a-Ai, h, g =0. 
h, 6-A., / 

g, f. c- A, 

and 60 anctbcr proof that A, is a root of the discriminating cubic.) 


Ex. J. 3^ + 3y* 52* - Syz - Sxy gives for cubic, 

A« - OA* - 9A + 81 =0. whence A = - 3, 3, 9 ; 

I, m, 71, 

corresponding to A, = -3, we have q = m,=2n„ or ; 


A, — 3,.2771j — 71,, or 


rn, n. 


- 2 1 2 ' 


A,= 9. 


U "'a ”3 

2/,= -tn, =7i„ or - = — = 


Thus if the lines |=|=j. = | = = ^ “■ 

Of, Or], Of, re 8 pectivel 3 ', a:*-f-3y*-f-52* - 8 r /2 - Kxy trurisforms into 

- 3f* -f 377 * + 9f *. 

Ex. 2. Verify the following transformations : 

(i) 6x* 1 ly* + 102* - 12y2 -f Szx - 4xy ; 3f* -h 0>,» I8f* ; 

2 ~ - 1 - 2 ' 2 ~ 2 ~ 1 ’ 1 - 2 2 ‘ 

(ii) 4x» + 2y* 32* + 4i/2 - 42x ; 377 * -t- Of* ; 

I ~ - 2 ~ 2 ’ 2 ~ 2 ~ I ’ - 2 ~ 1 ~ 2 * 
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(iii) 32 x 3 + s^ + s* +62/2-IBzar-l&cy; 367,*-2C*; 

X y z ^ X y z ^ y 

I'2"2’ 0“1 

(iv) 5 x 3 _ 161^1 + 5,a + 8^ - 142 X + 8x1/ ; 12^* - 18 t/* ; 

Of. —-o‘r ^^’2 1 


-1 


2 * 


Ex. 3. Reduce to the given forms : 

Tj® r* 

(i) 7x3 + 33y3 + 7=* + 12y=-lOcx-12xy- 36, to ^ + +y = l: 

(u) x3-31i/®+ c 2 _ 20 i/z- 6 zx + 20 xy= 36. to ^ ^ ^ Y = ^ • 

7>* C* 

(iU) 2x3 + 33y3 +2=3 + 12^2 -202x-12x!/= 72, to |+-| - | = 1 ; 


(iv) 13x3 + 20i/3 + 523 -l2y2+142x- 


4x3/= 336, tog+ ^ 



^3 7J* 

(V) 5x»-12y3-323 + 20y2- 2sx + 28xy = 336, to ^ = 1. 

Ex. 4. Show that 

(i) 2x3+ 5y3 + 10=3 + 12 y 2 + 62 X+ 4xy= 1 
anrl (ii) 4x3 +ys _ 4;2 _ jOy: - 62 X -4xy= 1 

rt^presctit an ellipsoid and hj’perboloid of revolution, respectively. 

(i) transforms into ^+tj 3+15^=1 and (ii) into 5^+ 5 tj* - 9^3 = 1. 

In (i) Oi is given by A3 = 1.5, whence ^^=^ = ^; A,=Ai=l give 

/, +2m, +3>Ji=0 ; i.e. and O7 can be any two perpendicular lines 
in the plane x + 2y + 32 =1), as is evident from the nature of the surface. 
Derive the same results for the axes in the cose of (ii). 


Ex. 5. Show that 13x3+45y3+ 40=* + 12^=+ 362X - 24xy =49 repre¬ 
sents a right circular 03'linder whose axis is x/6 =y,2 ==/( - 3)and radius 1. 

Consider now the case of 


0x3 ^ ^ ^ o/yc -i- 2 y 2 x 2hxy + 2hx + 2nj + 2«’2 + d = 0. 

By the above methotls we can determine new axes O^, Otj, O^, with 
direction-cosines r= 1, 2, 3, so that this equation transforms 

into 

Ai^^+AaTj3 + ^j^2^2f(«/, • r>/j, - a7i,)+ 2 t7(u( 2-f-VOTj + tm.) 

+ 2^{ul^+ vfn3 + wni) + d~0, 

or A,f .f AjTj* + Aa^ + 2U^ + 2 Vy + 2W5 + rf=0. 

If Aj, Ai, Aa are all different from zero, this can be \mtten 



U» 

A. 




and if the origin is changed to 
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this becomes + Xitf* + = (j., where 

U* V* W* j 

''-a;+a;+i7' 

If the new origin is r}', C') referred to Of, O17, and (a, y) 
referred to OX, OY, OZ, we have the scheme 



a 

fi 

y 


h 


«i 


i* 

Wj 

"2 

r 


mj 

»3 


. U_ «/, + em,+u*n, _(h/j + i-m,+iivi,) 

Xi A, a/j+Am,+^H, 

(o/j +Am, +^i,)f'= -/,{«/, + em, + u-n,). 

Similarly (a/j + Ams + f^j)Tj'= -/,(u/3 + i7«2 + twi,}, 

t^nd (a/, + Am, + ^na)r= -/j{u/s + i’mj + u*nj). 

adding, we have aa + Aj3 + j7y = - u. 

and, in the same way, A« + 6/S +/y = - f. 


by ( 5 ), 


Again, 


J7a +/j8 + Cy = - U.\ 


(6) 

(V) 

( 8 ) 


-Uf'- 

= ~ (jd, + wn, + U7i,)f' - (u/j + vmj + tenj)T)' -{ul, + iWj + - d 

= -(«a + f^ + tey + t/). 

Thus the values of a. y, ^ can be found from the given equation 
directly. The determinant 

a. A, g. u 

h, b, /, V 

g, f, c. w 

u. r, w, <l 

forms a useful mnemonic for writing do\vn the equations (6), (7), (S) 
for a, /5, y and the value of /i. 

The given equation in this case roprtwnts a central conicoid (or 
oone, if n =0), and («, y) is the centre (or vertex). 

The above transformation can still be carried out if one of the 
quantities A„ A,, A, is zero, provided that the cc»rres(H)M<ling U t)r V 
or W is also zero. Thus if A,=W =t), tho transformed eejuation is 

A,f* 4 Ajt,* 4 2Uf 4 2 V 17 4 d=0. 

which, by a change of origin, can bo reduced Ui 

X\(* + Xi-q* = fJ., 

which represents an elliptic or hyperbolic cylinder, or, if a pair 

of planes. 
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In this case is indeterminate. If we multiply the equations (6), 
(7), (8) by Is, ms, its, respectively, and add, the sum is identically zero, 
by (5). Hence {a, y) can be any point on the line of intersection of 
the planes corresponding to (6) and (7), 

ax-\-hy + gz-\-u=0, 7ix+6y+/z + v=0. 

This is what is to be expected, since any point on the axis of an elliptic 
or hyperbolic cylinder can be considered a centre. 

Similarly if A2=A3=0 and V=W=0, the transformed equation is 
Ai^ + 2Uf+ d=0, which represents a pair of parallel planes; and if 
A2=A3=0, V5i:0, W=0, the transformed equation is 

A,f* + 2U| + 2V7) + d=0, 

which can be reduced to Ai^ + 2V-»j=0, and represents a parabolic 
cylinder. These cases are easily recognisable, as the terms of second 
degree in the given equation must form a perfect square, and they are 
easily discussed by a direct method which is mdicated in Ex. 6 below. 

Lastly, we have the case in which cne of the quantities Ai, Aj, Aj is 
zero and the corresponding quantity U or V or W is not zero. Suppose 
A3=0, W:5t0. 

The transformed equation is 


A,f* + Aa7,« + 2U^ + 2 + 2W^ + d=0, 

which, by a change of origin, can be reduced to 


A,r + Aa77*+2WC=0, 

and represents an elliptic or hyperbolic paraboloid. 

If the final origin is {$', rj', I') referred to O^, Or;, Of and (a, y) 
referred to OX, OY, OZ, then 


and 


and 


+ _ -7, Od,-f-tTn,+?cn|) 

Ai ali+hjui+gni 

vl3 + vnu + U')is _ -Isitilj + tmts + ums) 


, by (5), 


A, 


al, + hm, + gHj 


(a?i + Am-,+gn,)f'= ~ l^(ull + l'ml + u’n^), 
(afj + htris + gn^)-q' = - Ii{uh + vm^ + urn,), 

{als-rlims + gns)^'=0, by (5), since As=0. 


adding, we have 


aa + hfi + gy = u{Is^ - l) + v/am, + ic/jn,, 


= .( 6 ') 

and similarly hx + b^+fy = msW -v, .(7') 

and gx+fp+ cy = 713^ -u\ .(8') 


These equations correspond to (C), (7), (8), but are not independent. 
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since, if we multiply them by respectively and add, the result 

is identically zero. But we have also 

U“ 

or 2{id, + vm^ + imi,)^' = - (ul^ + itoi + ifn,)f' -{ulg + i77ia + imj)Tj' - d. 

W^'= - uat - t jS - i/y - </, 

or W (/sa + nigfi + Hjy) = ~ Ux - - uy - d .(9) 

Any t\vo of the equations (6'), (7'), (8'), with equation (9). determine 
the values of «, y, which are the coordinates of the vertex of the 
paraboloid. If we multiply the equations (6 ), (7 ), (8 ) by a, /5, y. 
respectively, and add to (9), we obtain 

ua’ + 6^ +Cy* + 2/6y+ 2^a + 2A*/3 + 2iix + 2i-^ + 2u'y + f/ = 0, 

thus verifying that the point (a, y) lies on the surface. Note that in 
this case the three equations (C). (7), (8). i.e. <tx ++ gy + u =0 
/»a + 6/J+/y+ t> = 0, ja+/^+ cy + u; = 0, give, wlien rnnitiiilied by Ig, th-, 
«9 , respectivelj', and added, 1 //, +rjn 3 +u*» 3 =W - 0, since, bj- (5), 
<tli + hmt + ffna=\gf3=0, etc. But, by hypothesis, W5=0, so that the 
equations (6), (7), (8) give a point at infinity. (C’f. § 45.) 

Wo may sum up the mctho<is of reduction in the various cases as 
follows : 

(1) If the terms of second degree form u pc*rfcct square proceed as in 
Ex. 0 below. 

In any other case, first solve the discriminating ciil>ic. 

(2) If the roots Aj, A^, Aa arc all different from zero, find (a, /9, y) from 
the equations (0), (7). (8), i.c. «a + /<^ + yy + u = 0. Aa ♦ f*/3+/y + r = 0. 
gd+fft + Cy + w^O. Then /x = - («a + r/3 4-ity+ (/) and «hc reduced 
equation i.s A,^+A37,» + A 3 C» =/x. 

(3) If one root, Aj, say, is zero ; attempt to solve tlie etniations ((5), 
(7). (8). If they reduce to two indtq/endent equations, as-sign an 
arbitrary value to one of the quantities a. y. and solve for llie other 
two; e.g. put y = 0. Then /i= - (ux + rfi + uy -i d) an<l tlie reduced 
equation is A,f*-t-Ajtj* =,x. 

If the equations lea<l to a paradoxical result (as in § 45, p. 47), find 
in m„ n, from any two of the ccjuatioiiK 

alg+kmg+ffn,=0, hlg+bmg+fjig-O, <//,+/mj + en, = 0. 

Then W =u/, + um, + uti,. and the rtHlucc<l equation is 

Aif* + A,t,* + 2WC==0. 

Ex. 6. Reduce the equatiorw : 

(i) (3x - 4y + r)* + 9x - 12y + 3z - 10 - 0. 

(ii) (3x-4y + «)*=20(x + y + z). 

(iii) (3x-4y + 2)* + 10z-27y+18-0. 

Equation (i) can bo written 

(3r - 4y + 2)» +3(3x - 4y + z) - 10 =0. 
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or (3x-4y+s + 5)(3x-4y + 3 - 2 )—0, 

and therefore represents a pair of parallel planes. 

In (ii) we note that 3x-4y + 2 = 0 , x + i/ + z=0 represent perpen¬ 
dicular planes. Taking the first as ^Of and the second as 770 $, w’e have 
3x-4i/ + z ^ x + y + z ^ 

V~ -;= — • s—- —,sothat(ii)reducestOT 7 * = v3f,andrepresents 

V ^0 s o 

a parabolic cylinder. 

Write (iii) in the fonu 


(3x - 4y + s + A)* = x( 6 A - 16) - J/( 8 A - 27)2Ar-F A* - 18. 
and choose A so that the planes 

3x-4i/-f-z + A=0. x( 6 A- 16)-i/( 8A-27) + 2A3+A*- 18=0 
are at right angles. This gives A = 3, and the equation becomes 

(3x - 4y + 2 + 3)» = 2x + 3?/ -h 63 - 9, 
which, as in (ii), reduces to 2677 * = 7^. 


Ex. 7. Verify the following reductions : 

(i) {2x - 2;/ - 3;)= ^ I9x - 34y - 442+50 = 0 ; I77j* = Ilf 

(ii) ox* -r 7//* + 62* - 4 j/2 - 42X - Ox - lOy - 42 + 7 =0 ; 

^ + 2»7 * + 3^* = ‘i. centre (1, I, 1). 

(iii) 7 x* 4.^2^-;2 + 10^2 +82X-8xy-^2x + 4f/ -402 - 14=0 ; 

^* + T7 »-C*^ 1. centre (1, 2. 0). 

(iv) 2x= - V* - IO2* + 2Uyz - S2X - 2Sxv -*• 16x + 26y + I62 - 34 =0 ; 

2 f-^*- 2C*...l. contu' (V-. S. 1). 

(V) l!x* + 5y* + 22* f20v:- 42x - lOxy - lOx - 14y-282 + 26 = 0 ; 
2^ + 7 j* -C= = 0, vertex (1, 1. 1). 

(Vi) 4x* + 3^* + 2:* - 4y2 - 4xy - 4x - 67 - 82 + 6=0 ; ^> + 2*7* = 1. 

, .r - I 7-1 2-1 

nvifa-— •-^- 


(vii) X* - 7 /* 472 - 42 X - Ox - 27 - S: - 5=0 ; ^ -77* = 1 , 

. .T - 1 7-1 2-1 

To “ ”2 ~ ~ i " 


axis 


(viii) 32x* + 72 + + 07 ; - 162 X - IGxy - 6 x - I 27 - 122 - IS = 0 ; 

lS«-^*=:9^. vcrtex(i, g, 2 ). 

(ix) ox* - l(*v* + 02 * + 87 : - 14:x-4-Sx7 + 4x + 207 + 42 - 24 - 0 ; 
2 «- 377 * + 2 C= 0 , vertex (l/l, 1 ). 


Ex. 8 . Kcilucc the equation : 

x* 27 * V 32* - 672 + 42x - 2 . 1-7 - lOx + 127 - IO 2 + 7 =0. 

'I’hc (Jiscriininating cubic is A* - OA* - 3A + 2 =0, of which the roots 
eunnot be found by inspection. There are two changes in the sequence 
of signs in the equation, and hence, by De.scartes’ Rule, two of the 
root.s are positive and one i.s negative. (The value.s to three places are 
- O SOO, <)-3S7. 0 411).) Wc find in the u.sual way that a = l, ^ = 2, 
y=3, /j —1. Tlie reduced cquatkui is -0-800^ + 0-38777* + 6-419^ = 1. 
anc] repixwnts a hyperboloid of one sheet. 



MISCELLANEOUS EXAMPLES 1. 


1. If p is the distance of the origin fn>ni a line whose direction- 
cosines are /, vi, n, and p^, Pi, p^ are the disUnces of the origin from 
the projections of the line on the planes YOZ, ZOX, XOY, resfwetiveiy. 
show that 

Pi* +Pj* +P3* - p* = 

2. The equations of the linos bisecting the angles between tlie lines 

* _y_ * ^ _5 _y_' 

2 -1“0’ -10“1“12’ 2“ 6 2 3* 


3. Show that the jx)int {2, 3,-1) lies on both the planes 

2x-y~z = 2, a: 2y - 3r = 11, 
and that the line of intersection of the planes Is given by 

x-2 = »/ -3 = 2 i - 1. 

4. The equations of the perpendicular from the ]K»int (f), 0 , 3) to 

the lino a- _ I 2 2-3 J o y - 1» 2-3 

— 0 “= -o—i- T'^'.) - o • 

M «> 4 i M «• 

and the foot of the pcr|)cndicular is (3. 7). 

5* If OZ is vertical, the lino of great<-st sIojk- through the i>oint 
(1. I. 1) on the plane 2 j -f 3y -f42 = 9 is given by 

r -1 // 1 2 I 

“8“"“l2”“ - J3’ 

6. The orthogonal projection of the line ^ ^ 

plane 3a: + 4y + 62=0 is ? = 


7. Show that the lines 

(i) x4-y-)-2 - 3=0-2z-t-3y-f 42 - 6, 
4x-y + 02-7 = 0 = 2z-6y-r-3; 



y-2 

2 


2-f3 

3 ’ 


x-2 y-6 2-3. 
2 3 4 ’ 


are coplanar, and lie in the pianos 

(i) x + 2y + 32=2. (ii) x-2y-f 2 7-0, respectively. 

8. If a+6 + c = 0, show that the line x->ra = y + f>=x + c intersects 
the four lines x=0, y + 2 = 3a; y=0, z+x^Zb-, 2=0. j-»-y = 3e; 
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x + t/ + z=3k, 7 ^ + 7 ^T+ 7 ^= 0 ; at right angles, and that the 
^ a: - a k -0 k-c 

shortest distances between the first of these four lines and the other 
tlireeare v/3(a-6), v3(a-c), 

9. Find the equations of the common perpendicular to the lines 

x = 0, y + z = b-c; y = 0, z + x=c-a; 

in the form 3x + b -c=:3y + c -a~3z+a - b. 

Show that it is also at right angles to the line 2=0, x+y=a -b, and 
that the lengths of the shortest distances between the three lines are in 

the ratios 6 + c- 2a;c + a-2h:a + 6-2c. 


10. If pi -r qm + rn~0, show that each of the sets of equations 

p-7iy + m 2 = 0 ; g-lz + nx=0; r-mx + ly=0; .(i) 

l-ry+qz—Oi tn-pz + rx=0i n-qx+py=0; .(ii) 

is satisfied at all jx)ints of one of two perpendicular lines; that the 
length and C(|uations of their shortest distance are 


/--f 4- n- +p- +g--f r- 


tx + my->-nz=0=px + qy + rz ; 


and that the shortest distance is divided by the origin in the ratio 

11. Show that the three planes bz-cy = b-c, cx-az—c-a, 
ny-hx=.a - b, pass through one line, L, and that the three planes 

(c~a)z - (a -b)y = b + c, {a~ b)x - (6 -c )2 = c+fl, 

(6 -c)y ~{c- a)x=a + b, 

pass through a lino L'; that L and L' are at right angles and that the 
shortest distance between them is of lengtii 

2(<75 ++ c*)i/[(6 - c)2 + (c - ay + ia- 6)»]i 


.and has the equations 

ax ■^by + cz=a -rb + Ct (b -c)x + {c ~a)y + (a - b)z=0 ; 

.and that the shortest distance meets L and L' in the points given by 
x = y=z=l. 


y 


1 


't^~bc b'-cH c--ab a- + b‘+c'^-bc~ca~ab 


12. Show that the equations of any line which meets the three lines 


x^a, y = 0; y = a, 2 = 0 ; 2 =n, ar=0; 

can be written x-a = fy, 2 (/+ 1)+/(y-o)=0 .(i) 

,a!ul that the locus of such lines is the surface 

yz+ZX+xy - ax - ay-az+Q'—O. .(ii) 

Show that the equations of any lino which meets the three lines 

r=a, y-0\ x = a, 2 = 0 ; y=o, x=0; 

can be written x-a=«, y(s + 1)+ 5 ( 2 -a)=0, .(iii) 

and that this line also lies on the surface (ii). 
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Show that the lines (i) and (iii) meet at a point P given 

X _y_-_ » 

(t +1)(5 + 1) s t « + ^ +1 ’ 

and that, if they meet at right angles, cither st = l, or st +6 +t =0. 
Deduce that, in these cases, P lies on the sj)liere 

x(x - a) + i/ii/ ~ a) + z{z -a)=0 

and on one of the planes x + y + z = a. x+i/ + z = 2a. 

13. Show that the length of the S.D. between the lines 

x + 3 y-6 2-3 X i/-0_ z . 

2 “ 3 “-2* 2“ 2 ~-l’ 

is 3 and that the line of the S.D. cuts OZ. Show also that all lines 
which cut the given lines and OZ lie on the surface 

7(x~y + 6)(x + z)=(3x-2i/ + 21)(x + 2:). 

14. Show that the condition that the line drawn through the origin 
to meet both of the lines 

x-a, _ y~ljt _ z-Ct x-Oj ^ y-bs ^ z-Ca 
/| 7/I| Tlj 77 I 2 ^^2 

should also meet the line ^ = —- = -—is 

/j ?rta n. 


a». 

^ 3 . 



«3 


« 3 » 

63. 

<•3 

! 4 . 

rn2> 

ns 



^1 * 

b2. 

c* 

1 

"2. 

6,. 

^2 

. 0,. 


<^i 


^1* 

^1 if 


»% 

1 

1 


Wj, 

»2 



»! 


15. Show that the lines 

w,55a,z + 6 ,y + c ,2 + rf, = 0 , UaSUjX + bjy + c^z+di 0 ; 

UjSa^ + 6,y + c,2+</,=0, Ut^(itX + bty + CtZ+dt -.^0 ; 

are coplanar if a„ c„ di 

flj. bt, Cj, rf, 

^3 

^ 1 * ^ 1 * ^4 

and that tho equation of the plane containing them can be written 


a^, 

bt. 

Cl. 

«1 


Ol. 

61 . 

Cl. 

0 



« 2 . 


= 0 , or 

Oj, 

62 . 

Cj. 

0 

Os. 

is. 

e». 

0 

' Oj, 

* 2 . 

Cs. 



64, 


0 


«4. 


C4. 

«4 


16. If tho equal and parallol edges of a triangular pri«m pass through 
the points (a,. c,). (a„ 6 „ c,), (a„ 63 . ^ 3 ) the lengths of their 

projections on OX, OY, OZ are «, /9, y, respectively, show that tho volume 
ofthe prism is 0 

1 (7|. 6 |* 1 

2 <iif bjf Cfp 1 

c^, 1 
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17. The plane z + y + r = 1 cuts the axes OX, OY, OZ, which ore 
rectangular, in A, B, C. P is the point (a, p, y) and the feet of the 
perpendiculars from P to OA, BC ; OB, CA ; OC, AB, are D, D'; E, E'; 
F, F', respectively. Show that the equations of DD' are 

x-a _ y ^ g 

2x + -y+jS-1 

Show also that if DD', EE', FF' are concurrent, P lies on the line 
z=y = r, or on one of the hyperbolas 

y=z, 2zx-z-x-rl=0; z—x, 2xy-x-y + \=Q; 

x=y, 2yz-y-z+l=0. 

18. The lines AB, CD, EF are given by the equations y = b, z= ~c ; 
r=:c, x= ~a ; z=a, y= -6. If P is a point such that the planes 
PAB, PCD intercept a constant length 2k on EF, show that P lies on 
one of the hyiK'rboloids 

(lyz + bzx + exy + abe = ±k{x + a){y ~ b). 

19. A variable sphere passes through the points (0, 0, ±c) and cuts 

the lines z sin a= ±y cos a, z=±c in the points P and P'. If PP' 
has a constant length 2k, show that the centre of the sphere lies on the 
circle z- +y - = (I*- - c-) coscc^ 2a. 

20. A variable line which incetsy = »/iz, z=e ; and y~-mx,z=-c; 

and whicli Intcrticcts the ellipse x=0, y^Ja^ +z^lb- = l, generates the 
surface (cy-msz)* 

7 ? 6 * ~ 7 - 

21. Find the equations of the line through (a, y) which meets 
botli of the lines y = vix, z = c ; y= -r/ur, -c ; in the forms 

y-tnx^z-c y + nut z+c . 

^ -tnx y - C /8 + »?a y + C 

" niyx-c^ Py-mcx y*-c* 

22. The locus of a variable line which is always parallel to OX and 
intersects the given lines 

x-a y-b_z-c x~a' y-b' z~c' 

I ~ m ~ n ’ I' »»' »' 


is given by the equation 


\ r-a, y^b 


1 

1 

o 


x-a', y-b' 

1 

X-a, 5-c 



n' 

1 

V. m' 

1 

U n 


23. Show that the tetrahedron whose vertices are (1, 2, 3), (6, 4, 2), 

(3, -7'2. 8). (-5'8. 15'4. 35/8) is self-polar with respect to the 
sphert- 20, and verify that each edge is at right angles to 

the opposite eilgc and that the planes through the edges at right angles 
to the opjKwite edges all pass through the centre of the sphere. 

24. Show that A, (1, 2, 3), B. (0. 11, 7). C. ( -3, 2, 11), D, ( -8, 5, 3) 
are the vertices of a tetrahedron in which each edge is at right angles 
to the opposite edge. Show that the perpendiculars from the vertices 
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/ 31 61 165\ , . 

to the opposite faces meet at the point P» ^ ’ 24 ’ ~2H / 

P divides the shortest distances between the j)airs of edges AB, CD ; 
AC, BD ; AD, BC ; in the ratios 31 : 33. 319 : 465. 1431 : 1705. rcspec 
tively. Verify that the mid-poinU of the edges he on the siihere 
**+y*+2* + 6 x- 10 y -122 + 55=0, whose centre is the centroid of the 
tetrahedron. 

25. If O is the origin and A, B, C art* the iioints (4/?. 46. 4r). 
(46, 4c, 4a), (4c, 4a, 46), show that the sphere* 

z*+yt + zi -2(x + y + z){a + 6 +c) + 8(6f + ra ^ ab) - 0 

passes through the nine*point circles of the faces of the tetrahedron 
OABC. 

26. For the tetrahedron whose vertices are 

A, (1,-2, 11), B, (-4, 2. 4). C. (3, -6,0), D, {2. 2, 1). 

obtain the following results : 

The faces are 16 x+13y - 42+ .54=0, 8 x 4 11//^ 

20x + 5y + 42 - 54 = 0, 4x + 1 tJ/y + 8: - 51 0 ; 

the area of each face being 63/2: , . ... 

The lines joining the mid-points of pairs cf opiiosite edges arc mu ua . 
perpendicular and the lengths of the S.D. between the opposite edges 

are 3, 6, 9 ; 

The volume of the tetrahedron is 54 : 

The equation of the circumscribing sphere is 

a:* +»/■■'+ 2 *-x +2y - 113-6, 

and the three faces which meet at any vertex make the same angles 
with the tangent plane to the siihere at (hat vertex : • a - 

The cente of the inscribed 8l,l.crci.s (}. - 1. i<» radius .sO-,; 

the centres of the escribed spheres are ( 0 » O, 0 ), 4, ^ 

(■“!» -4, 10), and their radii are all e(juul t() IS,?. 

27. Show that the planes x - ?/- = 9 ^V 

x + 6y-z-l5=o. x-y + . 52 - 21 = 0 . are the laees of a regular tetra- 

hedron which is inscribed in the sphere 

x*+y*+2*-yx + y -2 -40=0 

and circumscribed to the sphere 

x»+y* + 2*-9x4y-3 + 14=0. 

Show that the escribed spheres are 

»* +1/*+ 2 * + Gx + 4 w + 22 - 13 = 0. X* 4 t 3* - 12x - 14y 4 22 4 59 (); 
**+tf* + 2 *-I2x + 4y-162+77=0. x* ^ r * z-- 18x+I0y +82 f 95 0. 

Show also that the spheres whi< h touch all the edges arc 

X* + y* + 2* - Ox + y - 2 ^ -i 9, 

;* + y* + 2 * + 21x + 7y 4-52 - •*-t'^=0, 

+ 4-2* - l,5x + 7y - 3 I 2 4 *-5*=0, 

Z» + y* + z* - 16 x -20y + 52 +^J-*-=0, 

x» + y* + «»-27x+ 19y+ 172 + *-5* = 0- 

N 


X 

x‘ 
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28. The six spheres 

+y' + 2 ® - 2x + 22r - 4 =0, 

X* + ?/’ + 2® + 8x + 22 - 4=0, 

X® + 1 /® + 2 ® - 12x + 422 + 36=0, 

X® + y» + 2 ® - 12x - 182 + 36 = 0, 

4x® + 4^® + 42® +42x — 12z + 9 =0, 

4x® + 4y= + 42® - 18x - 122 + 9 = 0 
all touch the four sides of the skew quadrilateral given by 

x = ±y + 22 = 3; 2 = 0 , x±2y = 6 . 

29. If the spheres Si = x® + y® + 2 * + 2ajX + 26,y + 2 c ,2 + rfj=0, 

Sj s X® + y® + 2® + 2a2X + 2 ^ 2 ^ + 2cs2 + dj = 0, 

meet in a great circle on the sphere S„ 

2 a,* + 26,® + 2 <',® - rf, = 2 a ,^3 + 26,63 + 2 ciCj - fig. 

30. The centres of spheres which cut both the spheres 
X® + ?/■ + 2 ® + 2u ,x + d = 0, X® + y® -i- 2 ® + 2ujX + d=0 

in great circles lie on the plane x + «, + Mj = 0 . 

31. Given the coaxal spheres 

S, s X® + y® + 2 ® + 2mxX + d=0, 

Sasx® + y®+ 2 ® + 2M3X + d = 0 , 

Sjsx® + y* + 2 * + 2 ( 2»2 - M,)x + d= 0 , 
show that S 3 cuts in a great circle any sphere orthogonal to S, which 
has its centre on S., and that S 3 cuts orthogonally any sphere which has 
its centre on 83 and is cut by S, in a great circle. 

32. Show that the circles 

X® + y® + 2 ® - 4x + 4y - 22 - 7 - 0, 2x - 2y + 2 - 9 =0 ; 

X® + y® + 2 ® - 2x -3y -r 62 + 3 =0, 2x + 3y - 62 -28 =0, 
lie on the same sphere and find its equation. 

33. Lines are drawn through O to meet the circle in which the plane 

(i) x + y + r = l cuts the sphere x®+ y®+ 2 ® - 4x - 6 y -82 +4 = 0. Show 

that they lie on the cone x® - y® - 32® - 6 y 2 - 42x - iry =0 and meet the 

sphere again at jioints on the plane, (ii) y + 22 = 2. Show that 

/{X® + y® + z® - 4x - 6 y - 82 + 4) + 2(y + 22 - 2)(x + y + 2 - 1) = 0 

represents a cone if / = - 1 or if /-19/25, and deiiuce that the circles 
in which the jilanes (i) and (ii) cut the given sphere lie on a second cone 
whose vertex is { - 30/7, - 4/7, 4). 

34. Show that two cones can be drawn through the circles in which 
the planes x + y+ 2 - 1, y+ 22 = 3 cut the sphere x®+y® + 2 ®= 4 , and that 
their vortices are (I, 2. 3) and ( - 2, 0, 2). 

35. If lines are drawn through points on the circle in which the 
plane tc + wy + 7i2 = A- cuts the sphere x® + y® + 2 ®=a® parallel to the lino 
xlp~ylq=zlr, show that they meet the sphere again in points on the 
plane 

(?x + my + «2 - !•) (p» + ^2 + r®) = 2 (px + yy + r 2 )(yZ +5771 + m). 
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36, Of a set of rectangular axes through O, one lies in tne piano 
<M? + 6y + c2=0, and one in the plane px + 7 y + r4=0. Show that the 
third lies on the cone 




37. If OX, OY, OZ, Of, Or,, Of are t%vo sets of rectangular axes 
through the same origin O, show that the equation of tlie cone whicli 
passes through them can be written in the forms 


X 


y 


^n^3^0; 

Z 


f 






where m^, r=l, 2, 3, are the direction-cosines of Of, Or;, Of, 
referred to OX, OY, OZ. Deduce that 




38. A.B, C, D.E are the pointed, 2. 3), (3, 2. 7), (4. 1, 9), ( 8 , 11,21), 
(4, J9, 21), respectively. Show that the eejuation 

(ll:c-fy- 5 s)( 9 x-h 3 y- 53 )-f<( 4 x + y-22)(13x + 2y-0;) 0 

represents a cone passing through the lines OA, OB, OC. 00, wliero O 
w the origin. Find the value of I if the cone passes through E and 
deduce that the cone through the five lines is given by 

&x^+y^-z^ = 0. 

39. Show that the cone generutc«l by rotating the line x// = y/m =://» 
about the line x/a=y/ 6 =z/c as axis is given by 

(/* +m* + n*)(ax -t- 6 y -f cz)* = (al + bm + + y® + s®). 

40. If a is the scrni-vertical angle of the right circular cone which 
passes through the lines OX, OY, x = y - r, sliow tliat 

cos a ^{9 - 4 n 3) 

41. The plane x+y + z—0 cuts the cone ."jx® -32,v®-f272®=-() in 
perpendicular lines. 8 how that the cone through these lines and 

OY, OZ is pven by 5yz - 32cx + 27xy - 0. .Show also that the planes 
through the origin at right angles to these lines are given by 

-32x + 6y427z=± VsWKx-y), or - 27x + 32//- 5 = ^ ± s'^(x - z). 

42. Ifl, tn, n, and l\ m\ n' are tho direction-coHincs of the linos in 
which tho piano pX'^qy + rz^0 cuts the e<inc 

{b-e)p {c-(t)q {n-b)r ^ 

X y z 

show that JL = ^ ^ ; 

6 -c c-a a ~0 ^ 

then Bhow» by taking tlio given plane oa a new coordinate plane, and 
ctunging tho axes, that these* line« bisect the angles between the line.s in 
which tho given plane cuta tho cone aar* + fcy’ + rz* — 0. 
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43. An ellipse of semi-axes a and b has its centre at the origin and the 
direction-cosines of its axes are respectively li, nj; and m*, 71 ,. 
Show that the ellipse itself is the orthogonal projection on its plane of 

--- ^ - — -- 

a® 6* 

and that its orthogonal projection on the plane XOY is given by 




a 


+ 


6 * 




44. Show that the section of the cone x*+y*- 22 ®ss 0 by the plane 
x + y-2z = l is a parabola whose equations can be written Z=0, 
6X*+4s^Y = l, and that the section of the hyperboloid a:*-f-y*- 2 * = 1 
by the plane ar-i-y -22 = 0 is an ellipse whose equations can be written 

z=o, x-+y‘i3=i. 

45. Wliat does the equation x^ + i/^+7z* + 8t/z-8zx + l&xy = Sl 
become when the lines joining the origin to the points ( 1 , 2, 2 ), 
( 2 , 1 , - 2 ), ( 2 , - 2 , 1 ) are taken as coordinate axes? 

46. The cone whose vertex is (1, 2, 3) and which passes through 

the circle x 5 -j-y 2 -*- 2 == 4 , x + y + z = l, 

is given by 

2(ar -t-y - 1-2 - l)(y -f22 - 3)=5(a:*+y’+2*-4). 

47. Show that the two cones nyz +bzx +cxy=0, fyz+gzx+hxy=0 
intersect in the coordinate axes and in the line 

x(bh ~cg)=y(c/-ah)=:z{ag~b/). 

48. The points common to the two cones y^~z^ + 3yz — 2zx + xy=0, 
x' - z'-‘2yz r 3zx + xy—0, lie in the pairs of planes 

{x - y){x+y + 02 ) = 0 , (x + y~z){x+y + 2z)=0. 

49. The cone through OX, OY, OZ and the lines in which the plane 
a(h -c)x + b{c -o)y-i-c{n - 6)2 = 0 cuts the cone 

( 1 =( 6 - - c*) + b‘ (c* - a 2 ) y* -t- c*(a» - 6 *) 2*=0 

is given by (6 - c)y 2 + (c - a)zx + {a- 6 )xy = 0 , and the other two com¬ 
mon generators of the two cones lie in the plane 

n(6 + e)x-i-6(c-f-a)y-i-c(a + 6 ) 2 = 0 . 

50. The common generators of the two cones 

{6 +r )(6 - (c -)-a)(o - a)’y*-f-(a -t- 6 )(a - 6 )*r*= 0 , 
ayz+bzx -exy -d, lie in the planes 
(6 - c)*.c -f- (c - fl)-y - (« - 6 )»r = 0 , ( 6 * -c*)x-{-(c* -a*)y+ (c* - 6 *) 2 = 0 . 

51. Show that 

-X h2y-i-2:=0, 2x-y + 22 = 0 , 2x + 2y~z~0; 
6x-2y^32 = 0, 3x + Gy -22 = 0. -2x-f 3y-f 62 = 0, 
arc two sets of mutuall 3 ' perpendicular tangent planes to the cone 

z' + y" + z‘-2yz - 2zx - 2xy=0, 

and that, in each case, the generators of contact are mutually inclined 
at angles of 60^. 
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52. Show that the cone 


6 -c 



c-a 




has sets of three mutually perpendicular tangent planes. If one plane 
of a set is x + y+ 2 = 0, show that the other two are given by 
{6 - c)(x* + 2y2) +(c - a)(ys + 2zx) + (a - 6)(2* + 2xy) ^0, 

and that the line of intersection of these planes is x = ij=z. Show also 
that the lines along which these planes touch the cone lie in the i)Iane 


b-c c-a 




53. Show that, for all values of i, the plane 

at*{x ~y-z)~ 2l{,bx+ay) ~ b{x - y + z) =0 
cuts the cone ax* + 6 y* = (a+ 6 ) 2 * in perpendicular lines, and deduce 
that all such planes touch the cone 

X* y* 2 * 

— +=T =- 1 • 

a b a + b 

54. Show that any cone whose vertex is on the paraboloid x’ + y* = 2cz 
and which passes through a meridian section has sets of three mutually 
perpendicular generators. 

55. A cone has vertex (0, 0, c) and ba.se 2 = 0 , y* = 4<ix. Show that 
its equation is cy»+ 4 «x (2 -c )=0 and that the equation of the rvciprocal 
cone is ay*+cx(z -c)= 0 . 

56. The cone wdiosc vertex is (0, 0, 2 a) and base 2 = 0 , y- = 4//.r is its 
own reciprocal. The plane 2 =x cuts it in a circle. liy chani:iiig tlie 
origin to the vertex, and turning the x- and 2 -axes through •l.'i’, show 
that the cone is right circular and has a sciiii-verticul angle oi 4.> . 
Draw a diagram showing the cone and tlic section by the plane z —x. 

67, The cone whose vertex is (0, 0, c) and base z = 0 , y* - 2 </x - 0 
has a reciprocal cone given by a*y* =c (2 — cllcz — c* - 2ax). Hence show 
that if the section of a cone by a plane at right angles to a generator i.s 
a circle, the section of the reciprocal cone by the suine plane is u para¬ 
bola. 


58. Show that the cone whose vertc*x is (3, 4, 5) urnl nhicli passes 
through the curve of intersection of the plane x < y + 2=-0 and tho 
surface yz + zx + xy + 1 =0 is given by 

6x*+4y* + 32»-5y2-4zx-3xy+ 2x + 2y + 22 - 12=0 
and that it meets the surface again at points in the plane 

5x + 4y -r 32 + 2 = 0. 

59. Lines drawn through points on tho circle 

x + y+ 2=1, X* -ry* + 2 * = 4, 

parallel to the lino x/2 = y/ - 1 = 2/2 generate a cylinder whoso equation is 
2x» + 8y* + 22* + 4y2 - 22x + 4xy - 2x - 8y - 22 - 9 = 0. 

The cylinder meets the sphere in a second circle in the plane 

x-6y + 2+3 = 0 
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and the two circles lie on the cone 

25x5 + y* + 25z* - 16yz + 8zx - l&cy + 8x + 32y + 8z - 96=0 
whose vertex is at the point (4/3, 16/3, 4/3). 

60. Show that the equations of the two planes which through 
the line 2a: = - y =22 and cut the cone 15a;* - 14y* + 52*=0 in perpendi¬ 
cular generators are 3a;+2y+ 2 = 0 , 2a;-y-42=0. 

61. If two planes, each of which cuts the cone 0 in 

perpendicular lines, are at right angles, their line of intersection lies on 
the cone ( 2 a + 64 -c)a;* + (26+c-f-a)y*-f(2c+a + 5 ) 2 *= 0 . 

62. Find the tangent planes to the hyperboloid 3 x* -7y®+422*=126 
which pass through the lines 

= and (u) 3a: + 7y + 42 = 0 =a;+ 4 y +32 + 3, 

giving the points of contact in each case* 

63. Show that the pair of tangent planes to + + whose 

lino of intersection is —=-=-is given by 

I m n 


y-q. z-r 

vt, n 

1 

2 -r, x-p 
n, 1 

t 

_ - 1 . 

x-p, y~q 

1, m 

s 

X, y, 2 

1, m, n 

a b c p, q, t\ 


and deduce that, if (p, y, r) is a fixed point and the planes are at right 
angles, the line of intersection lies on the cone 

a (6 + c)(a:-p)* + 6 (c + a)(y-g)* + c(a+ 6 )( 2 -r)* 

=«5c[(fy - g 2 )* + (p 2 - nc)* + {qx -py)*]. 

64. Show that the two tangent planes to ax* + 6 y* + C 2 *=l which 
pass through the line given by 

7iy-77is=p, lz~nx=q, 7nx-li/=r, lp + mq + nr=0; 
are repivsented by the equation 

{ng-mz-pV ^ ^ {mx-ly- r); ^ ^ 

a 6 c 


65. The tangent plane at a point P, not in a principal plane, and the 
normal at P to the ellipsoid x^/a* + y*/ 6 * + = 1 meet the plane XOY 

in a line QR and a point G. Show that QR is the polar of G with respect 
to the ellipse 


+ 


y 


a~ - c* 5* - c» 


= 1 , 2 = 0 . 


66 . If the normals at points P and P' on the ellipsoid 

X'ja^ + y®/5* -f- 2 */c® = 1 

meet a principal plane in G and G', show that the plane which bisects 
PP' at right angles also bisects GG'. 

67. If the normals at P, (x^, yj, Zj) and Q, (Xj, yj, 2 t) on the ellipsoid 
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**/o* + y+ 2"/c* = 1 meet at the point (a, p, y), show that PQ is given 
by the equations 



( 


cxx 


jr,x. 





68 . If the feet of three of the normals from (a, jS, y) to the ellipsoid 
x*/a* + y+ 2 »/c* = 1 are (x^, y^, z^), r = l, 2, 3, the equation of the 
plane through them can be written 

_ a*a^x _ __ 

(c“ - a*)(a® ~ 6 *)XiXjX 3 {a^ - - c'*)yiy.iy^ 

1 ft 


69. Normals are drawn to the ellipsoid x*/a* + yVi'' + 22/c-= 1 at 
points on its section by the given plane 2 = y. Show that the normals 
meet the plane XOY at points on the conic 

a^x^ ^ y' ,_Q. 

(a»-cs)* (6*-c*p c»’ " ’ 

and meet the planes YOZ, ZOX at points on the lines 

X = 0, 2 = y(l -«*/«*); y = 0, 2 = y(l-6*/c*). 


70. If the polar plane of P with respect to the conicoid 

ax* + 6y* + C 2 * = 1 
touches each of the conicoids 

6 x* + cy*+ 02 * = J, cx^+ay^+ bz* =1, 
show that P lies on the curve of intersection of the cone 

(6 -c)a*x* + (c -a) 6 *y* + (a - 6 )c* 2*=0 

and the surface 

(6 +c)a*x* + (c + a)6*y* + (a +h)c* 2 * = 2aic. 


71. The normal at a point P on the ellipsoi<l x*/a* + y*/6* + 2 */c*= 1 
meets the planes YOZ, ZOX in G and G', and OQ is dra>vn from the 
origin O equal to and parallel to GG'. 8how' that the locus of Q is the 
ellijwoid a*x» + bhj* + c* 2 * = («* - 6*)*. 


72. The normal to the elli{>soid x^ja* y^jb^ z*lc*^ \ at a point P 
on its curve of intersection with the plane /x + /«y+n 2=0 is produced 
outwards to a {raintQ such that PQ . p~k*, where p is the jx*rjH“ndicuiar 
from the centre to the tangent plane at P, and I' is a constant. IShow 
that Q lies on the conic 


a*ix 
a* + 1 * 


bhny 


c^nz 
^ c* ~+k* 



a*x» 

(a* + A*)'* 


+ 

(i* + it*)* 


C»2» 

(c* + I*)* 



73. P is a point on the hyperboloid x*/a*+y*/6* - 2 */c* = 1 such that 
the plance through the centre and the generators through P arc at right 
angles. Show that the normal at P intersects the conic 

X* V* c* c* „ 
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74. If P(/. is a point on the cone aar®+iy* + cs*=0, three 
normals, otiier than the normal at P, pass through P. Show that the 
equation of the plane through the feet of these normals is 

{a-6)(a -c)fx-\-{h~c){b-a)gy + {c-a)(c-b)hz=hcJ* + cag*+<Ah*. 

75. P is a point on the ellipsoid x^fa* + y^lb* + = l and ON is the 

perpendicular firom the centre O to the tangent plane at P. If PN is 
of constant length K, show that ON lies on the cone 

yH^b^ - c 2 )* +z=a:*(c» -a*)= +a:*i/Ma= - &“)* 

= KMa;* +y*+z®)(a*x» + 6V + c=2-)- 

76. The feet of the normals to a^ + 2i/* + 3z*=984 which lie in the 
plane x + y + z=2 are the joints ( 12 , -18, 8 ), ( - 6 , 18, - 10 ), and the 
normals intersect at the joint ( - 12, 64, -40). 

77. The j)Iane x-z=4 cuts the ellipsoid x* + 2y* + 3z^=50 in a circle 
and the radii of the circle through the joints ( 6 , ± 1 , 2) are the normals 
to the clIij>soid at these joints. 

78. If P, (Xi, t/„ Zj), is a point on the curve of intersection of the 
conicoid ax* + 6 y* + cc* = 1 and its director sphere, show that the normal 
at P meets the conicoid again at the joint Q given by 


x-Xi ^ y - y, _ z-Zj _ -2 ^ 

ax, 6 y, cz, a + 6 + c 

and that the locus of Q, is the curve of intersection of the conicoid and 
the cone 


(6 + c)a*x® (c + a) 6 *y* (a + 6 )c*z*_- 
(6 + c - a)* (c + a - 6 )* "*'(a + 6 -c)* 

79. The nonuala at (x„ y,, z,), (x*, y„ Zg), on the ellii)soid 

xVaS + yV6* + z*/c* = l 

will intersect if 

(fc*-c*)x, ^ ^a*)j^ ^ (a*-6*)z, 

yt-Vi Sa-M 


and if (x, j 8 , y) is the joint of intersection, 

\x, X./ \y, yj/ ' vr, Zj/ 


80. The six normals from (4/3. 2<3, 0) to the ellipsoid x* + 2y* + 3z* 
=24 consist of the nonnals at (2,2.2), (2,2, -2), the normal at 
(4, -2. 0) counted twice, and the normals to the ellijwe x* + 2y* = 24, 
s =0, at the joints where the line x-2y + 4=0, z = 0 cuts it. 


81. If the line —-—? = —.T jg jorpendicular to its jolar 

I m n 

with rcsjoct to the surface ax* + 6 y*+cz* = l, and meets the surface in 
P and Q, show that the nonnals at P and Q lie in the plane 

bc{qn ~ rm){x -p) +ca{rl -pn){y ~ q) + ab{pm -ql){z-r) = 0 , 
and that PQ is a prineijjal axis of the section of the surface by the plane 

*-i>. y-<?. 

I, m, n 

bc{qn-rm), ca{rl-pn), ab{pm~ql) 


=0. 
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82. Show that the points (1. -2. 2), ( -5. 4, 8 ) are the extremiti^ 
of a normal chord of the hyperboloid 2 x- + y* - s* — 2 and that the cbo 

is a principal a-via of the section of the surface by the plane 

42;-j/ + 5z= 10. 

83. P, (x„ z.), Q. (z:„ z,). R, (x,, y,. z,) are the extremities of 

three conjugate diameters of the ellipsoid x-/a* t yll>^ + z Ic 1. S ow 
that + represents the 

plane drawii through the normal at P at right aimles to the piano 
PQR and deduce that the projections on tlie plane PQR of the normals 
at P, 0,, R are concurrent at the orthocentre of the triangle PQK. 

84. OP, OO. OR are three conjugate sc*mi-dianicters of the ellipsoid 
x*/a» + y*/ 6 * + z*/c* = l. OP, OQ are produced to P' and Q so that 
0PV0P=00'/0Q=it, where k is a constant. Show that the enveloping 
cones whose vertices are P' and O' intersect in two planes, o u iic i one 
is the plane through OR and the mid-point of PQ. and the o or ouc 
the ellipsoid 


a:* 


a 


y z- 2 

2-4-_= - • 

fc- c* k» 


85. OP, OO. OR are conjugate semi-diameters of the ellipsoid 
a:*/a*-i-i/»/fc* 4 - 2 a/r* = l OP' OQ.'. OR' arc drawn at right angles to tne 
planes QOR, ROP, POQ, and of lengths such tlmt AOP'. ^'9® 

equal to the areas of the triangles QOR, ROP, POQ, resfico ‘V • • ? 

a certain fixed length. Show that OP'. Oe', OR' are conjugate aenn- 

diameters of the ellipsoid 

X* y* _ 2 *_ _ . 

86 . OP, OQ, OR are conjugate 

**/«• +y*/ 6 »+ 2 */c* = l. Show that the sides of the triaiitde PQR touch 
the ellipsoid + 1 /V 6 ’+ 2 */c’= 5 at their imd-iHmit.s. Sho^^ also that 

the nocesBary and sufficient condition that the line 

z - cc _ ^ ~ y 

/ m « 

should cut the ellipsoid in the ends of two conjuj'utx diuriKtcrs is 
2a*(7ny - n^)* + 2bHn« - iy)* + 2cHlfi - maV - 

87. The equations of the axe.s of the conic 3-r^ + !/J-2* = 3. 
2 x-i-y + 2 z= 0 aro x /1 =y /2 =z/- 2 . x /2 =y/- 2 ==/- L •ind the lengths 
of the axes arc 6 and 6/^5. The axes arc the lines in which the gi\ jri 
plane cute the cone 1 /x - I /y -l-1 /z = 0. The axes of all sections parallel 
to the given plane lie in the planes 

0a:-2y-1-2 = 0. 3x + 2y + 2z-0. 


88 . The lengths of the axes of the conic 

-a:*->-20yS-l-6z*=8, 32: + «y + 22 = 0 , 

are 4,2; the equations oftheoxes are 2/2 = y/ -3 =2/6, x/ -- 6 = y/2 = 2/3; 
the equations of the equi-conjugate diameters of the conic are 

x/ 2 =y/-l=z/ 0 . x/- 10 = y/l = 2 / 12 . 
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89. The foci of the conic a^/9+y*/4 + «Vl =21, 2a; + 3y-6z=0, are 
(9, -4, l),(-9,4, -1). 

90. The centre of the conic 14a:’ + 5t/*-42*=72, 2a:-y-2z + 36=0, 
is (10, - 14, 35); the lengths of the semi-axes are 18, 36 ; the extre¬ 
mities of the axes are (22, -2,41), (-2, -26,29); (22, -38,59), 
(- 2 , 10 , 11 ). 

91. The centre of the conic 2** + 1 /* = 122 , 6 a:- 3 y- 62 :s 7 is 

(3, - 3, 10/3); the lengths of the semi-axes are (39/2)^, (39/4)^, and the 
directions of the axes are given by 2 : 2 : 1 , 1 : - 2 : 2 . 

92. The centre of the conic 5x“-f-17y*-7z==0, a:-2y-t-22=81, is 

( - 119, 70, 170): the lengths of the semi-axes axe 3(595)^, 9(595)^; 
their directions are given by 2 : - 1 : - 2 , 2 : 2 ; 1 . 

93. The axes of the conic xy=az, lx + my + nz=0t are given by 

■ixx + am _ ny + al _ nH-2alm _^ 

(m= + n“)^ ± (»* +-1 (»i® + n*)i T m(n* + /*)- 

94. If the plane lx + my + m=0 cuts the paraboloid xy=^az in a 
hyperbola of eccentricity 2 , the line a:/l=y/m=r/n lies on the cone 

95. Show that the director circles of sections of the ellipsoid 

—= 1 , whose planes are parallel to the fixed plane 
a* 6 ^ c* 

lx + my + nz = 0 , lie on the conicoid 

{lx + my + nz) [( 6 » + c* - a*) lx (c* -J- a’ - 6 *) my -f (a* + 6 * - c*) 7 i 2 ] 

= - (a*/* + hhn* -t- c®n®) 

/ aHHb* + c*) + 6®m*(c*+a») -f- cVi*(a* + 6*)\ 

-- /■ 

9 6 . Show that if a* -f- 6 * = 2c», the generators through any one of the 
ends of an equi-eonjugate diameter of the principal elliptic section of 
the hyperboloid -f- y*/^* “ 2 */c* = 1 are at right angles. 


97. Show that x=l + Ay=-^-l represents a generator of the 

A 

hyperboloid x* - 2 y 2 = 1, and that any point on the surface is given by 



Show also that if the generators through P are at right angles, P lies 
on the circle in which the plane y-»- 2=0 cuts the surface. 

98. Show that the section of the h 5 T>erboloid 4x*-i-y*-22* = I2 
whose centre is ( - 3, 0, 6) is circular and that its area is twice that of 
tlio parallel central section. Show that the sphere which has the given 
circular section as a great circle is 

(X - 1 )(x -h 7) -f- (y - 4) (y -I- 4) (2 - 2) (z - 10) =0. 
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99. The radius of a real circular cylinder which circumscribes the 
ellipsoid x*/a* + y-/6* + z*/c*=l is b and the area of its curve of contact 

with the ellipsoid is jr(6*c* - c*a* (a>6>c). 

100. If each of two tangent cones to a conicoid has sets of three 
mutually jjerpendicular generators, their common points lie in two 
perpendicular planes. 

101. T^vo circular sections of the ellipsoid a-*/a*+y2/6* + 2 */c*= 1 of 
opjKJsite systems have the same radius r. Show that the square of the 
r^ius of the sphere through them is 

6*-^—or 6* + — 7 ^ (6* - r*), (a>6>c). 

102. Q, R, S are vortices of a skew quadrilateral whose sides lie 
along generators of the hyperboloid ar*/a* + y*/6" • 2 */c*= 1. Show that 
{zp + ZIi){ZQZS - C*) = {ZQ + Zs)(zpZR - c*). 

103. P, {x't y‘, 2 '), is a point on the ellipsoid x-/o* + + 22/c*= 1 

and ON is the perpendicular from the centre to the tangent plane at P. 
If OP = r and ON —p, show that the bisector of the angle PON is given by 

tz-x _ b-y _ c =2 

x‘{pr+a‘) y'(pr + b') z'(pr + '--)' 

and that, if a point Q is taken on the bisector such that OQ*=ON . OP, 
Q lies on the surface 

X- V* 2* 1 

. +-j-= - • 

a* + x*+y* + 2 * + c* + j:’ + y* + 2 * 2 

104. If the piano lx + nz=p cuts the hyjKTboloid 

xVa*+yVt*-2*/c®=l 

in a parabola, show that aH*=chi* and that the vertex of the parabola 
isthe|x)int /p*+aH^ p‘~chi^\ 

105. If a + 6 + c = 0, the Hcction of the cone ax* + 6y* + cz* = 0 by 

tho plane ax byczIHobc ia a parabola whose latus rectum is of 
length 4 >/3(a*-f-6* + c*); the axis in parallel to the line x = y =2 ; the 
vertex is + + and the focus is 

13(«« + 6ch 3(6« + m), 3(H+a6)]. 

106. If the piano lx -f nty + wr + /> s: 0 cuts the cone 

x^la + y^/b + z*/c =0 

in a parabola, tho directrix li(*s in the plane 

(6 + c “ a)/x + (c + a - b)my f (a -4 6 - c)?w=0, 
and the focus in given by 

_ y ^ g __ P _ 

a(6 + c ^a)l b{c + a - 6)m c{a + 6 - c)n 2(a^l^ + + c*74*) 

107. The hyperbolic paraboloid which has the lines 

+ 2=c,, f=l. 2, 3, 
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as generators is given by 


aiX + b^y-l 


f 

Z-Ci 


a^ + bty-1 

(h. 

t 

2-C, 

+ 1 

aj. 

f 

2 ^ C3 



108. The equation of the hyperboloid which has the coordinate axes 
for principal axes and the line x —a=y — b— z —c ba o. generator is 

__+_ y" _+ -_^!—-+ 1 = 0 , 

(c-o)(a- 6 ) (a- 6 )( 6 -c) ( 6 -c)(c-o) 

and the equations of the other generator through the point (a, b, c) are 

x — a y — b 2 — c 

-6c + ca+a6 be 6c+ca-ad 


109. The vertices of a tetrahedron are {a,b,c), (a, - 6 , -c), 
( - a, 6 , ~c). {-a, - 6 , c). Show that the altitudes are generators of 

the hype rboloid 

( 6 » - c») + 6 »y*(c* - «’) + c®-’(<** ~b^)+{b^~ c*) (c* - «*) ~ *“) = 0 * 

110. Show that the equations of the generators of the hyperboloid 

8 x* + 8 (/* - - 8yz ~8zx + 4xtj=3 

wliich are at right angles to the planes of the circular sections are 
2z = 2y±2 = 2z±l, 10x = 10y±10= -2z±5. 


111. The condition that ax* + + cz^ + 2fyz + 2gzx + 2hxy = 1 should 

have generators at right angles to the planes of its circular sections is 

a - 6 - c, 2h, 2g 

2h, b-c-a, 2 / 1 = 0 . 


2?. 


2 /. 


c-a-b 


112. A variable circle with its centre on OZ and its plane at right 
angles to the line x =a, y = z, intersects that line. Show that it generates 
the hyperboloid 2x* + 3y* - 2 * - 2 y 2 = 2a*. Show that the same surface 
is generated by a variable circle with its centre on the line x= 0 , 2 y=z, 
which has its plane at right angles to the line x=a, 3y + s=0, and 
intersects that line. 


113. PP' is a diameter of the principal elliptic section of the hyper¬ 
boloid x»/a* + i/*/ 6 *- 2 */c* = l. A variable genemtor intersects a gene¬ 
rator through P and the generator of the same system through P' in the 
points Q and Q'. Show that 2 ^^' = - c*. 

114. Show that the two generators through the point («, jS, y) on 

the hyperboloid x*/a* + — 2 */c* = 1 arc the lines in which the tangent 

plane at the point meets the planes 

(ffx-gy)* _ (2 - y)° 

0 * 6 * c* 

Show that the same result holds for the paraboloid x*/a* - yV^*= 22 /c. 
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115. Show that the equations of the generators ofyz +zar+ry+ a*=0 
are 

y-a=A(a: + a), A( 2 -a)+y+ z=0; z-a = /i(z + a), ^(y-a) + y + z=0; 
and that any point on the surface is given by 

X y z -a 

2+A + /i + A^ X — fi — Xfi — X + fi ~ Xfi X + fi + Xfi 
Show that 

i/=a, z= ~a ; z=a, x= -a ; z=a, y = ~a ; z-a= ~2y = z+a, 

are generators of the same system and that, if they meet any gen¬ 
erator of the opposite system in P, Q, R, S, respectively, (PR, QS) is 
a harmonic range. 

116. Establish the following results involving the coordinates of a 
line (see Appendix, Note to § 43). 

(1) If the line (1, m, n, A, fi, y) lies in the plane az + by + c: -rd = 0, 

, , /V . bv — cu cA-at« au-bX , 

al + bm + cn^Q and •—r-^ =- = — -=“• 

I m Ji 

(2) If the lines (I, m, n. A, /t, v), (/', m', n'. A', fi', y') intersect, 

IX' -i" Ttl fi' "h tlv" + I'X + tn'fx + 7l"y = 0, 
and the plane through the lines is given by 

l'{ny -mz - X) + m'(lz - 7tx - fi) + n'(mz - ly - y)=:0, 
or by l{n'y-m'z - A') + m{Vz ~n'z - ^x') + n(m'x - Vy -1 /')=0. 

(3) The line (/, m, n, A, fx, »/) touches the surface 

ax* 4- by* ■¥ rc* = 1 

if beX*+cay}-^abv* = al*-^bm*+CH*. 

(4) The tangent planes to x*/«* + y*/fc*-fz*/c* = l whose line of inter¬ 
section has coordinates /, m, n. A, y., v, are given by 

a*{ny - mz - A)*-»-6*(/z - nx - /i)*4-c*(«ix -ly -v)* = (Xx+ yy + vz)*, 

and, if the axes are rectangular and the planes are j)erix.‘ndicular, 

P(6» -t-c*) + m*(c* + «*) + n»(«* + b*) = X*+ y* + y*. 

(6) The tangent planes to z*la + tj*lb^2z whose lino of intersection 
has coordinates I, m, n, X, y, v, are given by 

a(ny-mz - X)*+b(lz-nx- y)* = 2{mx - ly ~ y){Xx + yy + yz). 

(6) The normals at the points where the line {I, m, n, X, y, y) meets 
the ellipsoid x*/o*-f i/*/6 *z*/c* = I intersect if a*lX + b*my k c'hiy — 0, 
and the equation of the plane containing them is 

a*(6* - c*)mrtx + i»*(c* - a*)nly -t- c*(rt* - b*)hm =b*cHX + c^a^my +a"b*tiy. 

(7) The line (/, m, n. A, y, y)iB & diameter of the section of the surface 
ox* ■+ by* -f- cz* = 1 by the plane 

-{ntj-mz~X) + ^{lz -nz-y) + *'(mz -ly -v) =0. 
a b c 
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( 8 ) The polar line of (I, m, n. A, pi, v) with respect to the surface 
aa,^ + by^-i-cz^=l is {bcX, ca^, a^, -al, -hm, -cn), and if the line 
is a generator of the surface, 

al bm cn Imn , -r- 

- = — =—= --—=±V-ahc. 

X y. V Xfiv 

(9) If the line (/, m, n, X, i') is a generator of the surface 

x*/a» - y = 2z/c, 

lla=±mlb, aA=i6 fi, cv=dbohn; 
if it is a generator of ayz + bzx+cxy + abc = 0 , 

abc 

(10) The conicoid which has the coordinate axes as conjugate dia¬ 
meters and the line (I, m, n, X, v) as a generator is given by 


Xmnx* -f- finly*+vlmz* + Xyif—0. 
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Prove that the lines 
■g+l _ y + l z+l 
2 3 4 ’ 


a: 4-2^ + 3c - 14 = 0=3;r-h 4 y + ru'- 26 


are coplanar, and find the coordinates of their point of iritersection. 
Atu. (1, 2, 3). 


2. Show that the planes 

x-y4-z-4=0, 2x-y-c + 4=0, .r+.»/- 5c+1 4 =0 

fornj a triangular prism, and calculate the breadth of each face of the 
prism. 

An^. vn". 


3. Find the angle between the lines 

= C.r+4y-5c = 4, .r-/iy + 2;= 12 ; 

show that the lines intersect, and finil the equation of the plane 
containing them. 

An». irjZ, .r+y —c = 0. 

4. Find the equations of the line di-awn through the point (3, - 4, 1) 
parallel to the plane 2j'+y —^*5, so aa to intersect the line 

.a' - 3 .y + 1 c - 2 

- 1 ■ 

Find also the coordinates of the point of intersection, and the equation 
of the plane through the gi%’cn line and the reqiiiretl line. 


A ns. 


x-3 f/ +4 c-1 
-1 3 “ J~* 


(1, 2. 3). .y-3.- + 7 = 0. 


6 . Prove that the equations of the perpendicular fnim the origin to 
the line ax + f*// + « + r/ = 0 =«'x 4 -//y+ c''c + t/' are 

x(6c' — //c)+y(crt' - c'«) 4'C(«6' — «7>) = 0, 

x{<ul' — a'ii) + — //t/) + c(ccf' — c'd) = 0. 

6 . I’rove that the planes 

6x + y + hz + 5 = 0, 2x + 7y + 3c + 3=0 

interse<*t the line j«»ining the points (1, 2, 3), (3, -5, 1) in points 
which form a harmonic range with the given points. 
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7. Obtain, in the symmetrical form, the equations of the projection 
of the line 8T-7ff-z+6=0=x+tf+z-Z 

on the plane 5r - y - 4s=3. 

, :r-l y-2 z 


8 . Prove that 4j^+8y*+s*—6ys+5ar —12jry=0 represents a pair of 
planes, and find the angle between them. Find also the angle between 
the lines in which the plane llx-13^ + 2s=0 cuts them. 

Aiu. cos“‘—- 1 ^. 90”. 

3v22 


9. Find the length of the shortest distance between the lines 

x—2 v+1 2 

-^ = -3-=4» 2x+3j^-52-6 = 0=3x-2y-2+3. 

Am. 97/13^6. 

10. Find the equations of the straight line perpendicular to both of 

~ 1 .V~ 1 _ 2 + 2 .v+2_^v —6_r + 3 


the lines 

•v 

”l ~ 2 “ 3 ’ 2 

and passing through their intersection. 

. .r-2 J/-3 2-1 


-1 


2 ’ 


11. For the lines 

.r—2_y —1 _z JT—3 .y —5 2+1 

0 1 i’ 2 “ 2 “ 1 ’ 

find the length and equations of the shortest distance and the co¬ 
ordinates of the point.s whei-e it meets the given lines. 

Ans. 3, = ( 2 , 1,0), (1,3, -2). 

12. A sqiiaio ABCD. «»f diagonal 2a, is folded along the diagonal 
AC, so that tlie planes DAC, BAC are at right angles. Show that the 
shortest distance between DC and AB is then 2a/\/3. 

13. Find tho equation of the plane which passes through the line 
3j-+6j/ + T2-r) = 0=:j:+_y+2-3, and is parallel to the line 

4.r + y + .- = 0sE2.r-3^-52. 

Ans. .r + 2y+3;=]. 

14. Find the equation of the right circular cylinder whose a.^i-s is 
x=2y= —2 and radius 4. and prove that the area of the section of the 
cylinder by the plane XOY is 24s- 

A us. 5 . 1 -’ + 8//2 + 5 .--’ 4 . 4 ,f: + - 4.ry = 144. 

15. Find tho equation of the right circular cone which passes 
through the line 2.r=3y= -5z, and has the line .v =^=2 asaxia 

Ans. y2+.’.r+Ty=0. 
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16. Obtain the formulae for the transformation from a set of rect¬ 
angular axea OX, OY, OZ, to a second rectangular set, 0§, Ov, OC 
^vhere lies in the plane XOY and makes an angle 0 with OX and 
Of makes an angle with OZ, viz. 

x=^ cos $ — 1 ) sin 0 cos sin flsin 

ysin cos 0 cos 4> — f cos $ sin 
z = rjnin <f>+^cos<f>. 

Apply these to show that the section of the surface 

by the plane 2x-2j/+z = 0 is a circle of radius 2. 

17. If fr, n>r, rir (r=l, 2, 3) are the direction-cosines of three 
mutually perpendicular lines, prove that 

«j2n2(»n3* - - n»3»3(»na’ - ”a') = 

and that 

;,ni,H,(>n2n3 + CT3n5)-l-^2’”2”2('”3"l + ’”l”3) + ^3’”3"3(’”l”2 + ”'2”>) = ^V3• 

18. If OA Ctj, of are a second set of rectangular axes whose 
direction-cosines referred to OX, OY, OZ are I,, n, (r=l, 2, .3) 
and the projections of O^ and Otj on the plane XOY make angles </>, 
and •l >2 with OX, prove that 

tan(</>,-<^.,)=±^^- 

19 Find the surface generated by a variable line which intersects 
the parabola.s .r=2am, y=0, z=am’^ \ x=0,t/ = 2an, 2 = -an*, and is 
parallel to the plane x-f-y=0. 

/ln«. x®-y* = 4a2. 

20. A line PQ moves with its extremities on the lines 

j/ = m.r, z — c\ .V = - ^ = - ft 

so as to subtend a right angle at the origin. Prove that the foot of 
the jierpendiculai- from the origin to PQ he.s on the curve of inter¬ 
section of the surfaces 

(y2_,„2^)(l = and }n:(j^+t/^ + i^-c^) = cx7/{\+t»-). 

21 Lines are drawn parallel to the plane x=0 to intersect the 
parabola .i/^ = 4fl.r, z = 0; and the line y=0, z=c. Prove that they 
generate the surface K^i/*^Aax{z~c)*. 

22. Find the surfiicc generated by a straight line whicli inteiRCcts 

the lines j/ = 0, 2 = c; x = 0 , 2 =—c 

and the hyperbola 2 = 0, x//-l-c*=0. 

Ans. z^-xy = r?. 

23. Prove that lines drawn from tbe origin so as to touch the sphere 

j:2 4 . ,/2 + ^2 2 Kjr + 2cy-I-2 tC 2 -t-= 0 

lieon the cone rf(x»-l-.v‘‘'-f 2 *) = (ux-Ho/-n«)a. 

24. Find the equations of the spheres which pass through the circle 

+ 2x-l-4y-h5z = 6 

and touch the plane r=0. 

Ant. x*+y‘'-l-2*-2x-4y-r>2-p5 = 0, 

+ 6y2 4 . _ 2x - 4y - r«-f 1 = 0. 

O 


fi.O. 
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25. Prove that the locus of the centres of spheres which touch the 


two lines 


y=±t7ur, z=±c 


is the surface J7m+c2(l +m^)=0. 


26. P and Q are points on the lines 


y=77ix, r=c; y—~Tiix, z=—c 


such that PQ is always parallel to the plane ZOX. Prove that the 
circle on PQ as diameter whose plane is parallel to the plane ZOX 
generates the surface 


27. Prove that the plane 

(.c-a.)(u+a)+(y-/3)(v+/3)+(2-7){w+7)=0 
cuts the sphere x2+y2+52+2HJ.*+2i>y+2«?£+c?=0 

in a circle whose centre is (a., 7), and that the equation of the sphere 

which has this circle for a centi'al section is 

— 2a(.r — u) - 2/3(y — r) - 27(« - M»)+2a.^+2/8*+27 ’+=0. 

28. If three mutually perpendicular lines whose direction-cosines 

are f,, n, (r=sl, 2, 3) are drawn from the origin O to meet the 
sphere qS jn p, Q, R, prove that the equation of the 

plane PQR is 

(^ + ^2+<3)**^+ (m, + mo+*”3)^+(«i + ^2 + ”3)^=f'. 

and that the radius of the circle PQR is ^/(2/3)a, 

29. If A, B, C are the points (a, 0. 0), (0, 6, 0) and (0, 0, c), and the 
axes are rectangular, prove that the diameter of the circle ABC is 

> -I-0*0*-I-0*6* 


30. Find the radius of the circle 

2.r-y- 2r-f- 13s=0, x*+ ?/*-I-s* = 2T-f-4y+ 43-1-1, 

and the equation of the right circular cylinder which has the circle for 
a nornial section. 

.4h.?. 1, 5.r*+8y*+53*-4y2+83.r+4r7-34.r-28y-203 + 56=0. 

31. Show that the plane 7x+4y+2=0 cuts the cones 

35.r* —8y*-32*=0, 7^r + H2x-3xy=0 
in the same pair of perpendicular lines, and that the equation of the 
plane through the other two common generators of the cones is 

5x—2y-33=0. 


32. An ellipse whose axes are of lengths 2a and 26 (a>6) moves 
with its major axis parallel to OX and its minor axis parallel to OY, 
so that three mutually perpendicular lines can l>e ilrawn from O to 
intersect it. Prove that its centre lies <»ri the ellipsoid 



33. Two right circular cones have n common vertex and axis, and 
their semivertical angles are -/4 and ir,3 respectively. Show that any 
tiingent plane to the first cuts the second in perpendicular generators. 
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34. OP, OQ, OR, whose direction-cosines are (r= 1, 2, 3), 

are three nintually perpendicular geiienitors of the cone 

+ h/-+ cz’= 0, (a-f-t-J-c = 0). 

Prove that the three planes throtigh OP, OQ, OR, at right angles 
respectively to the tangent planes which touch along OP, OQ, OR, 
pass through the line 

(6 — c).r_(c - a)»/ {a~h)z 


35. If P is any point on the curve of intersection of the ellipsoid 

;/2 ^2 ^.2 ,.2 / | j \ 

+ ^^6 cone-f 2 -j =0, the tangent plane 


at P to the ellipsoid cuts the cylinder jn an ellipse of 

constant area. * 


36. If the axes are rectangular, lind the length of tlie choid of the 
coiiicoid 3^ + Ay- — Az ^which is parallel to the plane ;i.r- 2y + 2: = 0, 
and is bisected at the point (2, 1, - 2). 

■An». n/i.')4. 


37. Find the equation of the tangent plane to the stiiface 

which pa.sses through the point (3, 4, -3), and is parallel to the line 

.,• = //= -z. 

Auji. x+// + 2:= 1 . 

38. Prove that for all values of A the plane 

a o c ^ fi o c / 

is a Uihgent plane to llie coritcoic] 

and that its point of aintact Ilex on the lino 

4*r —5^^ y Az + ^r 
3r'i b — r>L* 


39. Prove that the ntraif^ht lines tlie oi i^iii to the [minis ot 

contact of a comiiion tan^eiU plane Uj the conii'oidK 

a.t^ + hjr + = I, (a - A)j^' + (6 - A)y• + (<: - X):- =5 1, 

are at rif^ht angles. 

40. Find the e<|uationK of tlic two planes that can he drawn (hrougli 

the linear = 4, 3// + 4 js» 0 to loijrli the cmnicoiil .i-+ 3//^ — = 4. 

Ans. 4- Uj/ + I 22 = 4j .r - 9// - 1 2 j ^ 4. 

41. Find the points of c<intact of the tangent planes to the conie<iid 
- 2oy--f 22*-^* I, wliieJi Intersect in the line joining the |mint« 

(-12, 1, 12), (13, - 1 -13). 

A7U. (3, -1, 2)* ( - h ‘3)- 




H.Q. 
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42. Find the equations of the two plane sections of the surface 
.r^—_y34*2r=l, which have their centres on the line 

x-4_j/-3_2-7 
3 1 4 ’ 

and pass through the point ( -1, -5, 1). 

Ans. x-2y+62—15=0, 2x+^+2s+5=0. 

43. M, the mid-point of the normal chord at P, a point on the 

ellipsoid ^ ,,2 .2 

—1 

(r c- 

lies on the plane ZOX. Prove that P must lie on one of the planes 

-=— - —2=0, 


and M on one of the lines 


a- 


X 




as!iii~b’ 0 cs'W^ 


44. P is any point on the curve of intersection of the ellipsoid 

^2 2 “ ^ ^ Z 

— Jind the plane - + 7-|-- = l, and the normal at P meets 

a- h- IT ' a b c 

the pliiiio XOY in G. From O (the origin) OQ is drawn equal and 
parallel to GP. Prove that Q lies on the conic 

«j' -I- hi + Ct = «-.r *+b't/'+erz-=c*. 


45. A cone is described whose vertex is A, and whose base is the 
section of the conicoid o.r--t-6y-+cc- = l by the plane z=0. It meets 
the given conicoid at points in the plane XOY, and at points in a 
plane Q. Prove that if A lies in a fi.\ed plane P, the pole of Q, with 
respect to the given conicoid, lies on a conicoid which touches the given 
conicoid at all points of its intersection with the plane P. 


46. If the polar planes of P and Q with re.spect to a centml coni- 
r<iid meet in a line AB, and the plane through Q narullel to the polar 
plane of P meets the plane through P parallel to the p«'lar plane of Q 
in a line CD, show that the plane through AB and CO passes through 
the centre of tlie conicoid. 


47. Prove that the ecjnation of the cone whose verte.x is (a, y) 
and base the conic (ijr + bi/-+<-z-^ 1, P = h'+m^+iiz-p=:0 is obUiined 
by eliiuinating A from the ccpiations 

a(\.v+a.y+b{\>,-\-py^+ci\z-i-yy-={\+\r 

and AP-!-P' = 0, where P'=la.+mP+7iy-p, and then obtain the 
equation of the cone in the form 

P"{ii(i.* + blSr + cy--'l)-2PP'(aoi.v + b^j/ + cy:- 1) 

-|-P~'(«.E2+6y=+r;^-l)=0. 

Deduce (i) the equation of the cone whose vertex is (fjc, (3, y) and 
base a.r- + biy= I, j=0, and (ii) tlie equation of the other j>lane section 
of the conicoid and the cone. 
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48. Prove that the locus of centres of sections of 

which through the line —X is a conic whose centre 

* ® I m a 

. . I 2*r — tt. 2 V — i3 2c - V + b(ini + cy;i 

® •^ / m n a/- + 07n- + <vr 

49. If the axes are ivclangular aiul P, (.rj, tf^y :i), Q> y:-* ^oX 
R, (X3, Vj, C3) are the extremities of tliree conjugate diuiuetei s of the 

ellipsoid P‘0''e that the planes through the centie and 

the normals at P, Q, R pass through the line 

•r,J-8.r3 h‘/s 

50. If OP, OQ, OR are conjugate seiuullainclers of tlie ellipsoid 
whose equation referred to rectangular axes is 

areas of the triangles QOR, ROP, POQ aie equal, the i)iaiies QOR, 
ROP, POQ touch the cone 


_£-__ . _ •/ , _" _ —0 

a-(u^l>i + aV - 2tV) 6-(iV + b-n-- •>€■>/•) + c-7,-' - ia-b-) 

61. If P(a:„ y„ z,), Q(x,, .y,, //,, -- 3 ) are tlie ext^■<nilie.^ of 

three conjugate senudiaineters of the ellipsoid ^~ ^’ 1 *'^'*^ 

chat the cone thiough the coordinate axes and OP, OQ, OR is given 

by . .Vi.ViV 3 . ^i^-- 3 _Q .j,„i jIij. foiii- which touches the coordinate 

^ a^x b'^y c-z ’ 
planes and the planes QOR, ROP, POQ hy 

y/xx,x.r^ _ Q 

^ fr ^ 

^ '» •» 

!*• 

52. If one u.xis of a central section of the ellipsoid 1 li.-s 

iti tire plane j(j;+r_y + rr; *= 0 , the other Ih-s on the cone 

a‘{y- - c^)li b-{v- - «') <• ^ r^(u- -/.-> »■ ^ 


X 


}f 


63. If the nidius of the dii-ector < iicle of the cotric/.r + //o/ + »z = 0 
r*/a*+y/6^ + 2«/c«= 1 is of constant length r, prove that tlie [riane of 

the conic touchen the cone 


a 


—+ 


54 

the 
which 


+ az - r») r-(o« + b'^ - 

4. Prove that the e.riial conjugate diameters of the conic in which 
phiiie x + y 4 - 4=0 cutrt the coiiicoul 2.r^ + 3y* 4-4:^= I arc Llio hues ui 
ich tile ulune cutn the cone - lOz* —0. 


53. If a piano Kection of aj,^ + by + ci^* I has one of its axes along 

the line r=*- = ' it»< enuation innst he 

A /X r 

(\^ + fi^+yi)(aX.r + bfij/ + e^'2)==(<^^' + bti^ + cu^)iX^ + lii/+viy 
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56. Prove that the lengths of the semi-axes of the section of the 
surface by the plane lx+my-yiiz=0 are 

a and a(^-+ m“-l-B-)^(27nn -1- 2ni-|- 2fm — 

By considering the cases (i) »i-H»=0, (ii) l^^vx^n, show that the 

surface is a hyperboloid of revolution whose axis is x=y=z and whose 
equation referred to ks principal axes is j^+y--2z’=aK 


57. Prove that the axes of the conic in which the plane 

cuts the paraboloid a^-\-by^^2z are the lines in which the plane cuts 
the cone ^ _ m _ ( 0 - 6 ) 11 ^ ^ ^ 

aju*+f bny-Vm"*^ abn^z-hC^-am^ 

[i jji2 ,j2 

58. The fi.\ed plane /j:+niy + M2s=;7, where -+ 7 -^— 

(X o c 

cone «.r2-f Av2+«2=o in a parabola. Pi-ove that the axes of all 
parallel parabolic sections He in the plane 

(r *(6 —c).r f^(a~b)z 


, + 
i m 

and the vertices on the line 

_ U _ 

h -^ . .T < V 7. .. ? 


-f- 


« 


= 0 , 


my 


nz 


+ S (»-*■)= 5 («- 6 )= + ^( 6 -o)> 


59. If tlic axes are rectangular and a line moves so as to intersect 
the lines .r=«, y — O ; x= —a, y — mz and the circle x^+y-=a", 2 = 0 , 
prove that its locus is a hyperboloid of one sheet whose circular sections 
are perpendicular to the given lines. 

60. Prove that the centre of any sphere which passes through the 
origin and througli a circular section of the ellipsoia 

«> 4 > A 

.r- V“ 1 y 1 V 
,pi+'/7i+pi = ’- («>6>'’)i 

lies on the hyperbola 

•> *1 

, 7-/,2 

61. Prove tliat the cylinders 

41.1-2- 24.rv-f34y- = 25, 25.r2+4ar2-f 3422 = 9 

have a common circular section, finding its equation and radius. 

4r-3y-|-5? = 0, 1. 

62. Prove that any enveloping cone of (he conicoid .r^-f 4 y 2 - 22 *=fr, 
whose vertex lies on the 2 -axis, touches the conicoid at all points of a 
circle. 


63. O is an nmbilic of an ellip.soid and OP is the normal chord 
through O. The tangent planes at O and P intei-sect in a line AB. 
Prove that any cone whose vertex is O and whose liase is the section 
of the ellipsoid by a plane through AB is right circular. 
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64. If the generators through a point P on tlie hvperboloid 

X-, a- + >/-! 6 " - 2*, c- = 1 

meet the principal elliptic section in A and B, and if the eccentric 
angle of A i.s tliree times the eccentric angle of B, prove that P lies on 
the curve of intersection of the hyperboloid and the cylinder 

^^z-+c-)=4h-z^. 

65. IfP is an extremity of an eqniconjugate diameter of the elli|).se 

2=0 and 2c-=«2 + />*, the two genenitors through P of 
the hyperboloid — 2 *;c^= 1 are at right angles. 

66 . P and D are the extremities of conjugate diameters of the 

r- 1 /'^ i- 

priiicipal elliptic section of the hyperboloid —. + ^..—:.= ! Jtnd the 

generators through P and D form a skew quadrilateral PQDR. If 
the angles QPR, QDR are 20 and 2<f», prove that 

cot2 0 + cot2</>=(«•*' +b'lci. 

67. A generator of .v^+>/- — 2i^=a- through the point (ooosa, 
a sill (x, 0) intersects a genenitor through the point (a cos fj, a sin fi, o) 
at an angle 0. Prove that 3cos'0 2 = 2cos-('/.-/J) 2, and sliow that if 
A,, Ao, Aj, A,, Aft, Aft are the vertices of a regular hexagon inscribed 
in the principal circular section, the generators of tlie one .system 
through A,, A;,, Aft and the generators of the other system through 
Aj, A^, Aft are the edges of a cube who.se volume is 


68 . If a’>bc show that the points of intcr.section of perpendicular 

generators of the hyperboloid central 

circular sections. 


69. The genorator.s through S, any point on the hyperboloid 

O 9 •> 

_r=i 

U)^et tlio plane fx + i7u/ + vz=] in tin* points P nne] Q. The oilier 
genenitors through P an<l Q intersect in R. Fiiul the e<{nation of the 
plane PQR, and pros'e that if R alsvayn lies on iho plane c = 0, S lies 
the plane 

70. If a Ijyporboloid passes throuj^h six edges of a cube it must be 
formed by t)ie revolution of u hypet bola of cceontr ieity about a 
diagonal of the cube. 
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